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Preface 


The term fractal was conceived by Benoit Mandelbrot some 30 years ago. Since then, 
the new area of fractal geometry has been developed and it has quickly penetrated the 
established areas of practically all the disciplines of the natural and life sciences. This non- 
Euclidcan geometry united the often disparate scientific fields by demonstrating a common 
underlying thread that throws new light on the classification and characterization of events 
and processes. This modem approach has gained universal approval in recent years. 

This book. Thinking in Patterns, celebrates Benoit B Mandelbrot’s 80 l,i birthday and 
his momentous contribution to the field of fractal geometry. Every reader interested in the 
broad field of nonlinear phenomena will find something of interest here. The abundance 
of papers and the range of topics appearing here confirm the underlying similarity between 
subjects such as 


finance 
road profiles 
sound diffusion 
image decompression 


cognitive processes 
biological aging 
elcctropolished surfaces 
epidermal ridges 


Alternations of sea levels 
solar magnetic fields 
arts across cultures 


The papers in this book are based on presentations at the S th international conference. 
Fractal 2004, exploring the above mentioned issues. The conferences are now regular 
and well established among the nonlinear series of conferences and provide a unique and 
genial atmosphere to foster exchange and incubation of ideas. This travelling conference 
series is organized in different geographical regions to encourage international collabora- 
tion. Among the many distinguishing features of this scries is its multidisciplinary namre, 
which has becu growing steadily. 

Fractal 2004 was made possible through the help of the following members of the 
programme committee (in alphabetical order): 


P. Allegrini (Italy), J. S. Andrade Jr (Brazil), M. Daoud (France), K. Falconer (UK), 
M. Frame (USA), J.-F. Gouycl (France), R. Hilfer (Germany), A. Holden (UK), S. Love- 
joy (Canada), F. Mainardi (/taly), E. Mosekilde (Denmark), 11. Parlitz (Germany), 
M. M. Novak (UK - Chair), W. H. Steeb (South Africa) 

The Fractal 2004 conference was partially supported by Emergcntis Ltd. 

The details about the next conference in this series will be posted on the web site 
http: //www. kingston .ac .uk /fractal/ . 


M. M. NouaJc 

Kmgsion-upon-Thamcs, uk 


XI 
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SELECTED TOPICS IN MATHEMATICS, PHYSICS, AND 
FINANCE ORIGINATING IN FRACTAL GEOMETRY 

BENOIT B. MANDELBROT 

Mathematics Department , Yale University , New Haven, CT 06520-8283, USA 
email: bcnoit. mandelbrot&yalc. edu 

The bulk of thiB text consists in nonsystematic sketches of the current status of 
diverse very difficult questions in various mathematical sciences. All were triggered 
by actual fractal pictures generated by computer. In physics some of those ques- 
tions outline a nascent “rational rugoinetry," involving quantitative measures of 
roughness. Other questions concern diverse clusters and turbulence. In mathemat- 
ics, some of those questions have been settled — one of them, the 4/3 conjecture, in 
2000. Other questions, however, including a basic property of the Mandelbrot set, 
resist repeated efforts to answer them. In finance, Mandelbrot’s models starting 
in 1963 became the foundation of “econophysics.'’ In all cases, many questions on 
the research frontier — solved or not — can be understood by a good secondary- 
school student, which is why fractal geometry is increasingly affecting high school 
teaching. All those questions involve in essential fashion some shapes long called 
“monsters” and guaranteed to belong to esoteric mathematics lacking any contact 
with the real world. Fractal geometry reveAls them as being extremely “natural" 
and also as having been familiar to artists since time immemorial. 


1 Introductory comments of various kinds 

1.1 Presentation 

Fractal geometry ranges over many parts of the mathematical sciences but the 
questions sketched in this text mostly belong to either pure mathematics or the 
interfaces between mathematics and physics. Specific sections or subsections are 
free-standing and do not require acquaintance with one another or with fractal 
geometry as a whole. 

The paper may also interest those already familiar with fractal geometry because 
it includes recent developments and/or because many of my opinions have either 
evolved or become more focussed. Hence — even though the overall tone is by no 
means introductory — it is appropriate to begin with several separate introductory 
remarks concerned, first, with science, then with mathematics. 

1.2 Dilation invariance and a reinterpretation of fractal geometry, as Uie first 
step towards a “quantitative rational rugometry” 

A basic issue must be touched first: what is fractal geometry today? Largely 
after the fact, it is best characterized as being the first systematic and quantita- 
tive approach to the study of roughness — in both in pure mathematics and in 
mathematical sciences of the “real world.” The latter includes nature (turbulence, 
clusters of statistical physics, broken solids, noises, galaxy distributions, geomor- 
phology) and “culture,” that is, the works of Man (finance, spoken discourse, the 
internet, and even art). 

Roughness is, of course, ubiquitous in the real world and has long been counted 
among the basic “sensation” of Man. However, its study lagged; even finding a 
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quantitative measure for it was a challenge that defied an easy answer. Science 
was powerless to tackle roughness until 1 found that in many cases it obeys diverse 
geometric scaling rules that can be accounted for by a dilation invariance- Fractures 
of metals are iconic from that viewpoint, as pointed out in Section 1.4. 

Three forms of dilation invariance stand out. A fractal whose detailed structure 
is a reduced-scale image of the overall shape (perhaps statistically deformed), is 
called “self-similar.” When the reduction ratios are different in different directions, 
the fractal is “self-affine,” When the reduction ratios vary from point to point, one 
deals with “multifractality” (Section 3.3) 

A first key continuing part of fractal geometry consists in identifying and clas- 
sifying cases ruled by some form of dilation invariance. 

A second key continuing part of fractal geometry results from the fact that 
dilation invariance provides the study of roughness with an increasing number of 
intrinsic quantitative tools — beginning with several distinct flavors of fractal di- 
mension. That is, dilation invariance is the ingredient that makes roughness man- 
ageable. This is also why fractal geometry is a very broadly useful first approxi- 
mation. Rough aspects of mathematics, nature, and culture come together because 
they can be studied by closely related tools, and progress in each aspect benefits 
from progress in the others. But unity stops at a certain point: each example has 
specific features that must eventually be acknowledged. 

In 1975, having conceived and began to develop systematically a nascent ge- 
ometry of roughness, 1 turned to the Latin adjective for “rough and broken up,” 
namely f actus, and coined for this geometry the term fractal. 

Let me now restate the key scientific claim I put forward increasingly forcibly 
and continue in buttressing. A workable path towards rational rugometry has now 
been identified as being made of rough shapes that are dilation invariant. They are 
the fractals. 


1.3 Explanatory background in older sciences that study other sensations of 
Man 

It is good to keep in mind that the earliest sciences started as ways to organize 
substantial collections of messages that Man receives from the various “senses.” 
The complexity of most messages is such that a science can take off only after it 
identifies “representative” special cases to be studied first. 

For acoustics, an important step consisted in recognizing that chirps or drums 
are very difficult to handle, but idealized vibrating strings or pipes lead to periodic 
sums of sinusoids. That is, acoustics became quantitative when it managed to 
define “pure sounds” and measure their pitch by a frequency. As had to be the 
case, this quantitative measure is consistent with “intuition” and the extensive 
earlier knowledge manifested, for example, in music. The limitations of acoustics 
continue to be notorious, but do not prevent it from being extraordinarily useful. 

Similarly, the theory of heat became quantitative when Galileo devised the 
thermometer and measured hotness by a temperature. Here too, a limitation must 
be recognized: far from equilibrium, the theory of heat continues to struggle. 

In the same vein, the examples of real rough curves or surfaces that are usefully 
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close to being self-similar or self-affine allowed me to define “pure” or “perfect” 
roughness as analogous to the classic concept of “perfect gas in equilibrium.” The 
latter is invariant by translation of time, the fractals once again — by dilation. 

Like pure sound or pure elliptic motion under gravitation, pure roughness is 
an abstraction and fractal geometry cannot address roughness that is far from 
being dilation-invariant. But dilation-invariant roughness is useful: its scope is 
considerable and must be expanded before facing further tasks. 

H Fractal dimension as the first intrinsic and quantitative measure of 
roughness; metal fractures and a conjectured fundamental universality 

As first measures of pure roughness, I proposed notions that were known but viewed 
as esoteric: fractal dimension or Holder exponent or codirnension. It was necessary 
to first reinterpret these notorious concepts as being numerical characteristics of 
an invariance (self-similarity, self-affinity, or multifractality) and then expand their 
study, both concretely and intuitively. 

Prom the preceding viewpoint, particular iconic importance attaches to a study 
by myself, Passoja & Paullay {Nature. 308 (1984) 721-2). We found metal fractures 
to be dilation invariant with a dimension that exceeds 2 — the dimension of smooth 
surfaces — by 1/3. This properly has been confirmed by extensive later work that 
went beyond metals to glasses and covered sizes covering five decades at least. 
The range is sometimes even broader, but may be limited by the nature of the 
data. FYactality is the special ingredient making it possible to measure roughness 
intrinsically by what is now often called the “roughness exponent.” 

This discovery of the “universal” excess dimension 1/3 has provided the nascent 
rational rugometry of metal fractures with a broad and fundamental observation. 
It defines a “macroscopic" aspect of the study of fracture that must be added as 
conjecture to the more prevalent “microscopic” approaches. 

An invidious claim one hears is that fractal geometry has solved or advnnced 
no existing problem in physics. This claim is, among others, contradicted in the 
contexts of metal fractures and turbulence. But it may be true that the more visible 
role of fractals in physics has not been directed to what already existed but to the 
future. The very fact of proposing a quantitative measure of roughness has raised 
thoroughly new problems of all kinds. Several have already been solved, for example 
problems concerning the fractal dimensions of two very distinct kinds of physical 
clusters, examined in Sections 2.6 and 6,3. Other new problems remain wide open 
and there is no reason to expect them to be easy. 

1.5 A fundamental formal kinship between the nascent "rational rugometry’' 
and thermometry 

The suitable measure of roughness having been found in previously esoteric notions 
of mathematics, rugometry might have developed in ways quite distinct from the 
sciences based on previously quantified “sensations.” But in important cases fractal 
dimension takes the form Eplogp, which is an “information” hence a further link 
with thermodynamical entropy. This resemblance is far from complete but brings a 
high level of formal unity and suffices to allow many questions concerning roughness 
to be handled by a near-thermodynamical formalism. 
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1.6 Regrettable “ centrifugal" tendencies splitting the fractal synthesis. The 
many historically separate notions of “ scaling * 

Today — to my great, regret - “centrifugal” developments affect several “chapters” 
of my work that, arose in the 1950s and 1960s. All had been slow in acquiring a 
broad following until they were empowered by being subsumed in fractal geometry. 
Now they have taken off and tend to develop on their own. Some are commented 
upon in suitable sections of this paper. One is the study of Zipf 's and other “power 
laws” and I,6vy stable distributions, which I began in the 1951. Another is "econo- 
physics,” which I originated in 1962 without giving it any specific name. A third 
is the study of metallic fractures and the like. If these developments “dismember" 
the fractal synthesis, the resulting fragments would all be harmed. 

Neither is it helpful to replace the term “fractal” by “scaling.” That replace- 
ment is sometimes formally correct but is invariably misleading because scaling 
has multiple meanings — related but not identical. Scaling occurs in probability 
theory since Cauchy (1853) and P. Levy (the 1920s). It occurs in turbulence since 
Richardson (the 1920s) and Kolmogorov (1941). It occurs in increasingly geometric 
fashion in my work, since 1951 for Zipf’s law, and already very explicitly in 1956. 

Finally, scaling occurs in different parts of “core physics,” especially in the 
physics of criticality since K. Wilson in 1972. Criticality had the largest number 
of practitioners and tempts other investigations to use its terminology. However, 
criticality is a very specific situation. The study of critical shapes like clusters have 
been greatly helped by fractal tools hut there was no significant influence in the 
opposite direction. Not only criticality played no role in originating the chapters of 
fractal geometry mentioned early in this subsection, but it evolved no tools to help 
their study. For example, it had no use for Levy stable distributions. Therefore, 
thinking in terms of criticality did not and docs not bring any benefit. 

Added to other reasons, the preceding comments make it useful to ponder the 
broader issue of the place of fractals within physics. I think of fractality as related 
to the emergence of a new stream of thinking sketclied in Section 1.1. Being con- 
cerned specifically with roughness in all its forms, it can be viewed as providing a 
generalized physics. The dream of generalizing physics in this fashion is an ancient 
one but had long been thwarted as long as overly specific features of existing physics 
were preserved too faithfully. 

1.7 The role of fractal geometry in pure mathematics: renewed key role played 
by the , 7nateruU ,> world and the examination of fully-fledged pictures 

Another invidious claim one hears is that fractal geometry has solved no existing 
mathematical problem. This claim has no merit, either, but it is true that I provided 
few difficult proofs but many separate conjectures of all kinds. Fjach turned out to 
be difficult and opened a new field that continues and prospers long after I move 
to other concerns. Notable examples will be mentioned in Section 7 devoted to the 
Mandelbrot set, Section 2 devoted to the dimension 4/3, and several subsections 
throughout devoted to multifrnctality. Other conjectures are scattered elsewhere 
in this text. 

The perceived importance of those contributions to pure mathematics varies 
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but a common feature is that they did not arise from earlier mathematics but in 
the course of practical investigations into diverse sciences of nature or of culture, 
some of them old and well-established, others newly revived, and a few altogether 
new Some branches of mathematics agree that physics, numerical experimentation 
and geometric intuition nre very beneficial but other branches proclaim physics as 
irrelevant, computation as powerless, and intuition as misleading — especially when 
it is strongly visual. A well known irony is that history consistently proves that, 
as branches of mathematics develop, they suddenly either lose or acquire deep but 
unforeseen connections with the sciences — old and new. 

As to numerical experimentation — whidi Gauss had found invaluable, but 
whose practice was long interrupted — it has seen its power multiplied thanks to 
computer calculations, and later, to computer graphics. This allows my practice 
to be dominated, in mathematics as in the sciences, by the role played by fully- 
fledged pictures that are as detailed as possible and go well beyond mere sketches 
and diagrams. 

This feature destroyed a belief that was near-universal among pure mathemati- 
cians around 1980, that a picture can only lead to another, and never to fresh 
mathematics. Hence, my work hears on an issue of great consequence. Does pure 
(or purified) mathematics exist as an autonomous discipline, one that can — and 
ideally should adhere to a Platonic ideal and develop in total isolation from both 
“sensations" and the “real" world? I believe, to the contrary, that the existence 
of totally pure mathematics is a myth — a useful one on occasion, but not on the 
long run. 

My 1 982 book The Fractnl Geometry of Nature, FGN, was meant above all to 
be a “manifesto” in praise of the trained eye. I believe that computer graphics has 
changed the iconoclastic (anti-pictorial) dogma that prevailed in mathematics and 
physics into a serious liability. In search oi' always fresh evidence for this belief, 1 
looked for new facts that the standard pictures leave hidden. The pictures’ original 
goal was modest: to gain acceptance for ideas and theories that I had managed to 
develop without pictures and whose acceptance was reluctant and slow because of 
cultural gaps. To begin with, the pictures did indeed lead to acceptance, but then 
they went on to help me and many others generate new ideas and theories. The 
input of mundane questions gradually grew and became far more ambitious than 
originally intended or recognized. 

Norbert Wiener once described his key contribution to science as bringing to- 
gether — starting from widely opposite horizons — the fine mathematical points 
of Lebesgue integration and the physics of Gibbs and Perrin. Similarly unlike 
“parents" characterize the theory of fractals, which is arguably a multiple second 
flowering of Wiener’s Brownian motion. Also (like Poincare) Wiener was very com- 
mitted (and successful) in making frontier science known to a wide public. 
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1.8 The unexpectedly long htstory of fractals began well before nineteenth 
century mathematics; fractals have now been traced back to art since time 
immemorial 

Anticipating the difficult conjectures mentioned in Section 1.7, the early pictures 
I drew of old standbys like the Koch or Pcano curves and the Cantor set were 
precise, and as a result they became inspiring. They sufficed to thoroughly disprove 
the previously held belief that those sets are “monsters.” Quite to the contrary, 
they were turned around into unavoidable “cartoons" of reality. For example, 1 
“demoted" Peano “curves” from being counter-intuitive monsters to being nothing 
but motions that follow plane-filling networks of rivers. 

More profoundly, giving concrete uses to mathematics allowed it to be compared 
on more equal terms with other human activities and allowed fractals’ history to 
slowly reveal itself as having been long and varied. 

In art and decoration, they have been known since time immemorial, all over 
the world. I noted a few examples in FGI\ r but new examples reveal themselves 
continually. 

Far better known is the already mentioned second broad stage in history: a 
century ago, fractals entered the purest of mathematical esotcrica and a “Polish 
school” of mathematics viewed itself as devoted exclusively to Fundamenta , added 
mightily to the list of monster shapes. It greatly contributed to the deep and long 
— but inevitably of finite duration — estrangement of mathematics from physics. 

Specifically ironical, therefore, is that in a third stage my work, that of my 
colleagues, and now that of many scholars, made those monster shapes, and new 
shapes that are even more “pathological," into everyday tools of the sciences of 
nature and culture. 

This subsection must end by a call for balance. I always agreed with John von 
Neumann that “a large part of mathematics which became useful developed with 
absolutely no desire to be useful... This is true for all science. Successes were largely 
due to... relying solely on... intellectual elegance. It was by following this rule that 
one actually got ahead in the long run, much better than any strictly utilitarian 
course would have permitted... The principle of laissez-faire has led to strange and 
wonderful results.” 

1.9 The beauty of fractals 

Fractal pictures have become ubiquitous. Many strike everyone as being of excep- 
tional and totally unexpected beauty. Some have the beauty of the mountains and 
clouds they are meant to represent; others are abstract and seem wild and unex- 
pected at first, but after brief inspection appear totally familiar. In front of our 
eyes, the visual geometric intuition built on the practice of Euclid and of calculus 
is being retrained with the help of new technology. 

Hence a different, philosophical issue arises. Is there any relation between the 
beauty of these mathematical pictures and the beauty that a mathematician rooted 
in the twentieth century mainstream sees in his trade after long and strenuous 
practice? My lectures often underline these questions, by showing in full colors 
what certain mathematical shapes really look like. 
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1.10 General references 

Due to space restrictions, this survey is extremely sketchy and centers around my 
own contributions. As the field grew, early versions appeared in 1984, 1999, 2000, 
and 2001. Each in turn was made obsolete by the continuing development of the 
field. 

On fractals overall, the basic reference remains my 1982 book The Fractal Ge- 
ometry of Nature, already referenced as FGN. As explained at the end of the paper, 
suitable other initials in italics will reference other books, some printed and others 
only available (now or shortly) on my web: www.math.yale edu/mandelbrot. More 
specific references are made part of the text. 

Alternative surveys include a) a text I wrote with M.L. Frame for The Ency- 
clopedia of Physical Science and Technology in Fifteen Volumes (San Diego CA: 
Academic), third edition (2001): 6, 185-208, b) the Overview chapter of SH, and e) 
several chapters of book MF. A useful commentary on the mathematics is provided 
by the Foreword Peter W. Jones contributed to SC. 

2 Complex Brownian bridge; Brownian cluster and the dimension 

4/3 of its boundary; the self-avoiding plane Brownian motion 

The sequence of examples in this paper follows little order. As mathematics goes, 
the icouic Mandelbrot set is only mentioned in Section 7. I'he present Section 2 is 
concerned with an example that is far less widely known but is easy to understand 
and of greatest current interest. It provided mathematicians with difficult conjec- 
tures and a unifying theme. It provided physics with a new cluster having special 
virtues discussed in Section 2.5. 

2.1 A historically incorrect and continuing misleading “streamtmed” story 

The story of the “4/3 conjecture” was exemplary by the standards of my work and 
this paper but very atypical by the customary standards of mathematics. Therefore 
it is often replaced by the following grossly “streamlined” account. 

Somehow, Mandelbrot had the idea that in the plane the boundary of Brownian 
motion is a curve of HaiisdorfT-Bescovitch dimension 4/3. The conjecture attracted 
wide attention but turned out to be very challenging. The proof took time and 
came in two stages. 

A “field- theoretical" physical argument has been provided by B. Duplantier. 
Phys. Rev. Lett: 82, 1999. 880; 82, 1999, 3940; 84, 2000, 1363. 

A proper proof has been provided by G. Lawler, O. Schramm & VV. Werner, 
much of it is only available on the Web (xxx lanl gov/ abs/ math. PR/0010165) as a 
series of preprints totaling over 100 pages, the first of which has been accepted by 
Acta Mathcmatica. According to a newsweekly ( Science , 8 December 2000, pages 
1883-4) it “drew rave reviews” at an important meeting and was hailed as “one of 
the finest achievements in probability theory in the last 20 years.” 

Between 1982 and 2000, a dozen or so scattered technical conjectures in math- 
ematical analysis had been shown to be equivalent to that “4/3.” Therefore, all 
have now been proven as corollaries and together provide an element of unity that 
continues to be explored. 
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2.2 Preliminaries to the historical seque.nce of events. Definitions of the 
Brownian cluster and of self-avoiding Brownian motion 

The actual history of the 4/3 is more interesting. The key discovery reported in 
1982 — FGN, Plate 243 — relied on a novel processing of Brownian motion B(t) 
in the plane. This very old shape is, of course, a random process whose increments 
0(t + h) — B(t) are two-dimensional Gaussian random variables with mean 0 and 
variance h, and are independent over disjoint time intervals. It is well-known that 
B(t) is statistically self-affine in the sense that 

Pr{0(t + h) - B(t) <b} = Pr{B{s{t + h)) - B{st) < J2b}, 

and the same is true of joint probability distributions for all finite collections of 
time intervals hj. 

Assuming 0( 0) — 0, a Brownian biidge Bbruigcit) was defined by N. Wiener as 
the periodic function of t, of period 2tt, that is defined for 0 < t < 2rr by 

Bbrid^t) = 0(t) - (f/2jr)0(2»). 

In distribution, 0hriu 9 e(f) is identical to a sample of B(t) conditioned to return 
to 0(0) * 0 for t = 2 it. Wiener wrote Bbnd s «(t) as a trigonometric series whose 
nth coefficient is G n /y/n, where the G n are independent reduced Gaussian random 
variables. Combining two statistically independent Brownian bridges yields the 
complex function 0br,d s «-(O — B r (t) -H0j(t). 

The Brownian plane cluster Q is defined in FGN, Plate 243, as the set of values 
of Bsridge^t). This is the (non-traditional) map of the time axis by the complex 
function BsridgrXl)- The classical map of the time axis by 0(f) is everywhere dense 
in the plane, and the map of a time interval by 0(t) is an inhomogeneous set. In 
contrast, conditioning the origin Q of the frame of reference to belong to Q makes all 
the probability distributions concerning Q independent of fl. Therefore Q (see SN, 
Chapters 8, 9 and 10) I called Q a conditionally homogeneous set. This property is 
not only aesthetically attractive, but, as will be seen, proved inspiring. 

The self-avoiding planar Brownian motion Q. This random object is defined in 
FGN as being the closed set of points P in Q accessible from infinity by a path that 
does not intersect Q — P. This Q is also conditionally homogeneous. 

2.3 Steps that led to the Brownian cluster being defined 

Today, after the fact, the boundary of Brownian motion or cluster seems a “natural” 
notion. After all, the overall appearance of planar Brownian motion is known at 
least since J. Perrin, as evidenced in FGN, Plate 13. It inspired Norbert Wiener in 
the 1920s, then pictures’ evocative power was exhausted. In the absence of suitable 
“graphic rendering," the earlier pictures of samples of B(t) did not highlight a 
boundary. Worse, they gave no hint of anything worth studying. 

This boundary came up during a “fishing expedition,” an aimless search moti- 
vated by the feeling that a careful fresh look at 0(f) using better tools may lead 
to new insight. Plate 242 of FGN exemplifies the finite duration samples of 0(t) 
with which 1 began; those pictures “did not talk to me.” I figured that those finite 
samples’ non- homogeneity may overwhelm and hide interesting facts. When the eye 
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Figure 1. This is Plate 243 of FGN, representing the original sample of Brownian cluster. 


is to be trusted, it is good practice to help it and in particular to avoid burdening 
it by extraneous complications — such ns non- homogeneity. 

To the contrary, the Brownian cluster is homogeneous by design. Therefore, I 
asked my assistant to produce a Brownian cluster and also to “paint” its interior 
in order to enhance the graphics. 

The outcome became Plate 243 of FGN, reproduced here as Figure 1 It trig- 
gered an “eureka" moment. With no prompting, what 1 saw looked to roc like an 
island with a clearly visible and especially wiggly coastline. Hence visual intuition 
nourished by experience in geomorphology suggested D as 4/3. This value was 
confirmed by my direct numerical tests. 


2.4 Comment on the relation between the dimension 4/3 and self- avoidance 

Originally, the term “self-avoiding Brownian motion” came to my mind because Q 
is a shape related to Brownian motion and does not self- intersect. The term be- 
came strengthened because I recalled the dimension 4/3 found in the plane for the 
self-avoiding random walk (SAKW) on a lattice. The value 4/3 for SAKW is un- 
questioned but physicists obtained it by analytic arguments that are geometrically 
opaque; its interpretation as a dimension implies yet another unproven conjecture, 
which no one doubts. 
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2.5 Differences between the self-avoiding Brownian motions defined it the 
cluster and via the “ streamlined ’ account 

The mathematicians who take the “shortcut" described in Section 2.1 define “self- 
avoiding Brownian motion" as the boundary of a finite sample of Brownian motion. 
The same Hausdorff Besicovich dimension of 4/3 holds for two clearly distinct 
fractal curves. I suspect that the cluster boundary is the more interesting topic. 

This ambiguity recalls one that specialists in SAItW on a lattice have observed 
long ago: a standard definition and a “true" one had vied for attention. This topic 
is interesting but space lacks to develop it. 

2.6 Brownian clusters, as compared to the clusters of statistical physics 

Section 5 will survey several major clusters in statistical physics: percolation, Ising, 
DLA. All belong to physics on a prescribed lattice. Contrary to fractals, their 
construction docs not proceed by an interpolation that converges strongly to a 
limit, but by extrapolation 

It is the case t hat down-scaled versions of those physical lattice clusters, converge 
weakly to fractals? This is what T conjectured and precise forms of the conjectures 
are widely believed and studied. For DLA (Section 5.3) the issue is murky. 

By contrast. Brownian clusters did not originate in physics but have a special 
asset they follow an explicit definition and involve no conjectural limit process. 

2.7 Squigs and a wide open issue that combines fractals and topology 

Being obtained by extrapolation, S ARW is difficult to study. In the spirit of Section 
2.6, FGN (Chapter 21) introduced recursive alternatives to SARW, called squigs , 
that create self-avoidancc by interpolation. For the simplest squig my heuristic 
argument yielded the dimension log 3 2.5 1.3219... This value was confirmed by 

J. Peyriere, C.R. Acad. Sc. Paris: 286 A 1978, 937 and Ann. Institut Fourier. 
31, 1981, 187. The discrepancy between 4/3 and log 2 2.5 clearly follows horn the 
fact that only the squigs — not the clusters — involve a discrete and recursive 
subdivision of the plane into triangles, squares, or other indefinitely interpolate 
tessellations. Viewing this discrepancy as of secondary importance, I suspect that 
self-avoidance is linked in a profound and intrinsic way to the dimension 4/3. The 
nature of this link is a mystery and a challenge. 

3 Explosive multiplication of new fractal constructions, dimensions 
(including negative ones), and Holder exponents 

Until fractal geometry became organized, the numbers of distinct fractal construc- 
tions and of distinct definition of fractal dimension were both very small. Moreover, 
the values of distinct dimensions used to coincide, except for contrived “counterex- 
amples.” As fractals became common tools in the sciences and favorites in computer 
graphics new constructions multiplied. Moreover, differences between the values of 
distinct dimensions ceased to be exceptional; in many contexts they became the 
rule with every variant contributing its share to an overall description, fractional 
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Brownian motion and multifractal measures led to a rich mathematical literature 
that is exemplified in SH and SN, respectively. Other new constructions are less 
well known. Section 3.1 describes one example. The remainder of the chapter 
tackles the multiplicity of dimensions. 

3.1 A promising but little- explored novelty: embedding the stable processes 
and fractional Brownian motions in a the broader class of functions: the 
fractal sums of pulses 

Brownian motion was generalized in two deeply different ways by the introductions 
of L6vy stable processes (LSM) and fractional Brownian motions (FBM). The LSM 
depend on a parameter a, with 0 < a < 2 and a -- 2 yielding the Brownian as a 
limiting case. They are investigated, among many other places, in SB. The FBM 
depend on a parameter //, with 0 < II < 1 and H — 1/2 yielding the Brownian 
as a critical case. They are investigated, among many other places, in SIl. By the 
definition of the increment £?//(!) — Bii(t') is a Gaussian random variable 

of expectation 0 and standard deviation |f — t'\ H . 

Numerous formal analogies exist between the respective studies of LSM and 
FBM. Those analogies changed from surprising to very natural when I imbedded 
both families in a far broader family, the “fractal sums of pulses" (FSP). The FSP 
also allow a variety of additional behaviors that arc useful in science and may be 
of mathematical interest. The latest reference is my contribution to Long-Range 
Dependent Processes (cds. G. Rangarajan and Ming Ding) Springer 2003, pp. 118- 
135. 

3.2 Multiplicity of alternative definitions of dimension 

Linearly self-snnilar sets are iconic but exceptional. For them, the many definitions 
of fractal dimension yield identical values. A set S is self-si inilar if it is constructed 
recursively and its generator consists of N copies of itself, the ith copy Si being 
obtained from S by a similarity with contraction factor r<. The calculation of the 
fractal dimension D is relatively simple. Under a mild condition (the “open set" 
condition), D is the solution of the Moran generating equation 

5Z r ? = 

where t ranges from 1 to N. 

The original HausdorfT-Bcsicovitch dimension invoked in Section 2 remains es- 
sential in mathematics despite the fact that its value is often hard to obtain. But 
in the sciences, Dbh 1s impossible to measure because its definition contains the 
operation “inf." (In the case of self similar or self-affine shapes, the operation 
“limit” poses no problem.) Far more important is the fact that self-similar sets 
are a special case. Purely mathematical needs demanded concepts of dimension 
distinct from Dub and contrived “counter-examples” showed that, in the absence 
of self-similarity, those dimensions can take distinct values. More recently, concrete 
needs forced fractal geometry to alternative definitions that led to values oilier than 
Dim- Often, considering those values together helps describe an object’s geometry. 
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3.3 Self- similar multifrae.tal measures 

The random multiplicative singular measures that I began to construct around 1970 
are described in papers from 19G8, 1972, 1974 and 1976 collected in SN. They arc 
now called multifractal. They were not intended to become a new kind of esoterics 
but a model in turbulence and (near immediately after) in finance. The conjectures 
I put forward created an active and prosperous subbranch of mathematics and — 
today — the main branch of statist ical modelling of the variation of financial prices. 

The topic is too rich to be dwelt upon here, but it is useful to note that a 
rnultifractal measure is, above all, described by a function /(a) of the parameter a. 
My original 1974 paper dealt with multiplicative multifractals (see Section 3.5) and 
deduced a function equivalent to /(a) from the Cramer theory of large deviations. 
Since they involve a function /(or), multifractal measures involve an infinite number 
of parameters. 

3.4 Negative dimensions as measure of the newly introduced notion of 
quantitative measure of emptiness 

The value of /( a) can be either > 0 or < 0, hence a fundamental distinction enters 
inevitably. When it is positive, / is a suitable set’s fractal dimension, for example 
in the sense of HausdorfT Bcsicovitch. When it is negative, / takes an altogether 
different new role, as a measure of “degree of emptiness.” (Mandelbrot, J. Fourier 
Analysts and Applications (Kahane issue), 1995, 409-432; J. Slat. Physics, 110, 
2003, 739-777). Negative dimensions amply deserve closer study. 

3.5 Multiplicative multifractals : microcamcal, canonical, and products of 
pulses or other functions 

Multifractals’ self-affinity can be approximate or exact. Numerous approaches, 
some heuristic and some mathematically rigorous, apply under quite general condi- 
tions but, as unavoidable counterpart, they are not very specific. Beginning in my 
pioneer papers, I have taken a different tack and deliberately focussed on multifrac- 
tals that — in a statistical sense — are exactly self-affine. They are less general but 
perspicuous and continue to yield very specific and varied results one can “tune” 
by changing the process. 

Step by step, the constraints were made loss and less strong and immensely 
richer structures arose. In 1974, I moved the construction from microcanonical to 
canonical products ( J . Fluid Mechanics 62, 1974, 331-358 and CR (Paris) 278 A; 
1974, 289-292 & 355-358). Recently, the construction moved further to products 
of pulses and of other kinds of functions (Rarral and Mandelbrot Proha Th. and 
Related Fields 124, 2002, 409-430, J. Math. Pures et Appl. 82, 2003, 1555-1589 and 
contributions to the book hYactals (ed. M. Lapidus) Am. Math. Soc., 2004.) 

3.0 Self-affine sets 

When the transformation of S into 5, is an affinity, the evaluation of Dim was 
successful in a surprisingly small number of cases. Contributors include McMullen, 
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Bedford, Falconer, Peres, Kenyon, Lalley, and Gatzouras. 

Furthermore, the many alternative definitions of fractal dimension yield values 
that differ from Dub and horn one another. In particular, my contribution to 
Fractals in Physics (E. Pietronero & E. Tosatti, cds.) 1986 (reprinted in SH as 
Chapters H22, 1123 and 1124) introduced the concepts of local and global dimension. 
They coincide in the self-similar case but greatly differ in the case of self-affinity. 
The global notions of dimension pose many open mathematical issues 

All these computations suggest that, while the notion of fractal dimension can 
be defined under wide conditions, its “natural domain” of practical relevance centers 
around self similarity. 

3.7 The many forms of the Holder (and Hurst) exponent 

In the case of the graph of a self-affine function, the most “natural” quantitative 
description of roughness is not provided by a dimension, but by diverse forms of an 
exponent introduced in the 1970s by the mathematicians by Holder and Lipschitz 
and in the 1950s by the hydrologist H. E. Hurst. The variable a in the multifractal 
function /( a) is a Holder exponent. Chapter E6 of SIS' and Chapter N1 of SN show 
that the original definitions have, in response to concrete needs, branched in diverse 
directions. 

3.8 The exponent yielded by a generalized Moran equation 

As discussed in SR and mentioned in Section 10.3, I put forward the fractional 
Brownian motions of multifraetal “trading time” ns models of price variation. In- 
stead of a Holder-Hurst exponent, they involve “//" exponents of particularly great 
variety. 

Denoting the AP, the increments of such a function over arbitrarily chosen time 
increments Aft, the sum |AP<| has no upper bound, hence P(t) is called a function 
of unbounded variation. More generally, define the 7th variation by starting from 
the formula for the ordinary variation and replacing |dP| by \dP\ q . If the 7th 
variation is infinite for 7 < \/H and vanishes for 7 > l/H , the value 7 = l/H is 
“critical” and defines the tan dimension D r . (The tau dimension is independent 
of the trading time and concern a projection along the time axis of a complex- 
valued “completion” of the function P(f).) The inverse 1 /D T is yet another form of 
Holder’s exponent. It generalizes to all processes and in many cases the equation 
yielding D r is a generalization of Moran’s equation of Section 3.2. 

This is, for example, the case for the “cartoons” that T described in Quantitative 
Finance , 1, 2001, 427-440. 

The properties of D r aud of the “non-Holderian” 1/D r deserve careful mathe- 
matical study beyond what is already known. 

4 Tools of fractal analysis other than the dimensions: ramification 
and lacunarity 

Careful analysis brings in many fractal tools, some new, other old but obscure, that 
are neither dimension-like nor Holder like exponents. 
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4-1 Sierpinski curves and Urysohn-Mcnqcr ramification 

As seen in FGN, Sierpinski’s investigations in the 1900s built on two ancient dec- 
orative designs: one became known as the “carpet,” and the second 1 called the 
“gasket ” The Sierpinski carpet shows that a plane curve can he “topologically uni- 
versal,” that is, contain a (homeomorphic) transform of every other plane curve. 
The construction starts with a square, divides it into nine equal subsquarcs and 
erases the middle one, which I call a “trema” (rpij/zo is the Creek term for “hole”). 
One proceeds in the same fashion with each remaining subsquare, and so on ad 
infinitum. The Sierpinski gasket is a curve with branching points everywhere. The 
construction starts with an equilateral triangle, divides it into four equal subtrian- 
gles and erases the middle one as trema. One proceeds in the same fashion with 
each remaining subtriangle, and so on ad infinitum. 

During the 1920s, the distinction between the carpet and the gasket became 
essential to the theory of curves. Piotr Urysohn and Karl Menger took them as 
prime examples of curves having, respectively, an infinite and a finite “order of 
ramification." 

FGN quotes influential mathematicians for whom the “gasket” gave prime evi- 
dence that geometric intuition is powerless, because it can only conceive of branch 
points as being isolated, not everywhere dense. In fact, Gustave Eiffel himself 
wrote (as I interpret him) that he would have made his Tower lighter, with no loss 
of strength, had the cost of finer materials allowed him to increase the density of 
double points. FVom the Eiffel Tower to the Sierpinski gasket is an intellectual step 
that one’s intuition is easily trained to take. 

The theory of curves that studies carpets, gaskets and the order of ramification 
became a stagnant corner of mathematics. Where can one find the latest facts 
about these notions? The surprising answer is that, after I introduced them in the 
statistical physics of condensed matter, physicists came to view these notions as 
“unavoidable.” Once ridden of the cobwebs of abstraction, they prove to be very 
practical and enlightening geometric tools to work with. Physicists make them the 
object of scores of articles, and invent scores of generalizations that mathematicians 
did not need in 1915. 


4-2 Ramification’s key role in diffusion on fractals 

Early on in the study of fractals in physics (in the wake of CJefen et al Phys. 
Rev. Lett: 15, 1980, 855) we had to investigate random walks on lattices that 
approximate fractals. We found that a key role is played by those fractals' order 
of ramification. The theory was easy for R < oo (for example for tire Sierpinski 
gasket). Hut for R — oo (for example, for the Sierpinski carpet), exact theory is 
impossibly difficult and we had to resort to possibly dubious approximations. 

The theory of diffusion on fractals has grown into an active field of mathematics. 
For R < oo, our heuristic arguments have been given a sound basis but the case 
R — inf continues to be very problematic. 
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4.3 A non-dimensional and non- topological fractal tool that begs to be studied 
further: lacunarity 


The well-known standard construction of a Cantor dust proceeds recursively as 
follows. The “initiator” is the interval 0, 1. Its first stage ends with a generator 
made of N subintervals, each of length r. In the second stage, each generator 
interval is replaced by jV 2 intervals of length r 2 , etc. The resulting limit set arose 
in the study of trigonometric scries, but first attracted wider interest because of its 
topological and measure-theoretical properties. From those viewpoints, all Cantor 
dusts arc equivalent. HausdorfT’s and every other definition of dimension yield 
D — log N/ log( I/r). The value of dimension splits the topological Cantor dusts 
into finer classes of equivalence parameterized by D. 

Fractal geometry showed those classes of equivalence to be of great concrete 
significance. In due time, the needs of science, rather than mathematics, required 
an even finer subdivision. To pose a problem, consider the Cantor-like constructions 
stacked in Figure 2. In the middle line, N — 2 and r = 4 _1 ; k steps below the 
middle line, N — 2 fc , r = 4 -fc and the generator intervals are uniformly spaced; k 
steps above the middle line, N = 2*, r = 4“ fc , again, but the generator intervals 
are crowded close to the endpoints of 0,1. The Cantor dusts in this stack share 
the common values D = 1/2, but look totally different. The Latin word for hole 
being lacuna, motion down the stack (or up) is said to correspond to decreasing 
(increasing) lacunarity. 

Challenge. As k — * oo, the bottom line becomes “increasingly dense” in 0,1, 
and the top line “increasingly close to two dots.” Provide a mathematical charac- 
terization of this “singular” passage to the limit. 

Second challenge. FGN, Chapters 33 to 35, and my contribution to Fractal 
Ce.ome.try and Stochastics (ed. C. Bandt et al) Birkhauser 199, 12-38 describe and 
illustrate several constructions that allow a control of lacunarity. However, for 
the needs of both mathematics and science, the differences between the resulting 
constructs must be quantified. The existing studies of this quantification show that 
it is not easy and also not unique. Identical reduction ratios, like in Figure 2, create 
special complications. 

Of the alternative methods investigated in the literature, one is based on the 
prefactor relation M(R) - FR n that yields t.hc mass M[R) contained in a ball of 
radius R. 

Another method is based on the prefactor in the Minkowski content. 

A third method has the advantage that defines a neutral level of lacunarity that 
separates positive aud negative levels. 

On the line, this level is achieved by any randomized Cantor dust 5 with the 
following property. Granted that any choice of origin in S divides the line into 
a right and a left half line, lacunarity is said to be neutral when the intersections 
of 5 by those half hues are statistically independent. Increasingly positive (resp. 
negative) correlations are used to express and measure increasingly low (resp. high) 
levels of lacunarity. These notions will be used in the sections that follow and in 
Section 6.3. 
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Figure 2. A stack of Cantor sets of equal dimension D = 1/2, whose lacunarity changes from very 
low at the bottom to very high at the lop of the stack. 


4 4 Actual geometric implementation of the formal fractional-dimensional 
spaces that are useful in statistical physics 


The physics of criticality is very successful with spaces whose properties are ob- 
tained from those of Euclidean spaces by interpolation to “noninteger Euclidean 
dimensions. ” The dimension may be 4 — e or 1 + e, where t is in principle infinites- 
imal. Formal calculations are carried out, including expansions in e. Then the 
final stage sets the “infinitesimal” c to c = 1. Mathematically, these spaces remain 
unspecified, yet the procedure turns out to be extremely useful. 

Mathematical challenge : Show that the properties postulated for those spaces 
arc mutually compatible, show that they do (or do not) have a unique implemen- 
tation; describe their implementation constructively. 

Very partial solution: A very special example of such space has been imple- 
mented as a limit ( FGN , second printing, p. 462; Gefen et al, Phys. Rev. Lett. 50, 
1083, 145). We showed that the postulated properties of certain physical problems 
in this space are identical to the limits of the properties of corresponding problems 
in a Sierpinski carpet whose “lacunarity” is made to converge to 0, in the sense 
that it tends to 0 as one moves down the stack on Figure 2. 
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5 Fractality of the major fractal clusters in statistical physics 

While Brownian motion is fundamental in physics as well as in mathematics, the 
Brownian clusters of section 2 are recent, perhaps only a mathematical curiosity. 
However, their property of fractality is shared by all the major real dusters (turbu- 
lence, galaxies, percolation, Ising, Potts) and all the major real interfaces (turbulent 
jets and wakes; metal and glass fractures discussed in Section 1.4; diffusion fronts). 
Bach of these categories raises numerous open mathematical questions, of which a 
few will be commented upon. 

5.1 Percolation clusters at criticality 

Take an extremely large lattice of copper or vinyl tiles. Each tile is chosen at 
random, with the probability p, it is made of vinyl and with the probability 1 — p, 
of copper. Allow electric current to flow between two tiles if they have a side in 
common. A “cluster" can then be defined as a collection of copper tiles such that 
electricity can flow between any two of these tiles. The basic reference is D. Stauffer 

6 A. Aharony. Introduction to Percolation Theory Second edition. London: Taylor 
At Francis, 1992. 

For an alternative, hut equivalent, construction, define at the. center of every 
tile a random “relief function” R(p) whose values are independent random variables 
uniformly distributed from 0 to 1. If this relief is flooded up to level p, each cluster 
stands out as a connected “island.” Physicists conjectured, and mathematicians 
eventually proved, that there exists a “critical probability” denoted by pc, such 
that a connected infinite island, or connected infinite conducting cluster, almost 
surely exists for p < pc. but not for p > pc- 

The geometric complexity of percolation clusters at criticality is extreme, and 
many of the basic new conjectures did not arise from pure thought, but from careful 
examination of computer-generated clusters of unusually large size. 

Open conjecture A. Take an increasingly large lattice and resize it to be a square 
of unit side. At pc , the infinite cluster converges weakly to a “limit cluster” that 
is a fractal curve. 

Conjecture D. The fractal dimension of this limit cluster is 91/48. This value was 
first obtained numerically, then confirmed by den Nijs, from a partly heuristic “field 
theoretical” argument that yields characteristic exponents, filially made rigorous by 
S. Smirnov. 

Conjecture C. Figure 3 shows that, depending on the definition of the boundary 
of a percolation cluster, its fractal dimension is cither 4/3 or 7/4. These con- 
jectures began with experiments (Grossman and Voss, respectively) and rigorous 
mathematical proof have been provided by S. Smirnov. 

It may be worth mentioning that proofs concerning fractal dimensions have at- 
tracted wider interest among mathematicians than the rigorous proofs of previously 
known facts about percolation. 

Open conjecture D. Linear cross-sections of the limit cluster are Levy dusts, 
as defined in FGN. Experimental evidence is found in Mandelbrot & Stauffer, J. 
Physics: A 28, 1995, L 213 and Hovi et. al. Phys. Rev. Lett.: 77, 1996, 877. 

Open conjecture h'. The limit cluster is a finitely ramified curve in the sense of 
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Figure 3. This figure (drawn by Bernard Sapoval for a different goal) helps explain why the critical 
percolation clusters have two sharply distinct boundaries. One is the curve drawn in white. It 
is the common boundary of the black and grey areas that it separates. It is very convoluted 
but without self-contact and its fractal discussion is 7/4. But there are many points where it 
nearly self-contacts so that it creates “pores,” and plugging the pores one defines a “boundary of 
boundaries” of dimension drastically reduced to 4/3. 


Urysohn-Menger. 

5.2 The Istng motic.l of magnets at the critical temperature. 

At each node of a regular lattice, the Ising model places a spin that can face up 
or down. The spins interact via forces between neighbors left to themselves, these 
forces create an equilibrium (minimum potential) situation in which all the spins 
are either up or down. However, a second input is added: the system is in contact 
with a heat reservoir, and heat tends to invert the spins. When the temperature 
T exceeds a critical value Tc, heat overwhelms the interaction between neighbors. 
For T < Tc • local interactions between neighbors overwhelm heat aud create global 
structures of greatest interest. 

My work touched upon several issues in the shape of the up (or down) clusters 
at criticality. 

Long open implicit question. Beginning with Onsager, it is known that in Eu- 
clidean space R E the necessary and sullicieut condition for magnets to exist is that 
E > 1. There are innumerable mathematical differences between the Re for E — 1 
and E > 1. Identify differences that matter for the existence of magnets. 
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Partial answer. The specific examples of the Sierpinski curves and of related 
fractal lattices suggest that magnets can exist when and only when the order of 
ramification is infinite. FGN, p. 139; Gefen et al, Phys. Rev. Lett.: 45, 1980, 855). 
Conjecture : The above answer is of general validity. 

Unanswered challenge. Rephrase the criterion of existence of magnets from the 
present and highly computational form, to a direct form that would give a chance 
of proving or disproving the preceding conjecture. 

5.3 The ever- mys terious clusters of diffusion-limited aggregation (DLA) 

A DLA cluster is generated by allowing an “atom’’ to perform Brownian motion 
starting far away until it hits an initial “seed.” In Figure 4, the seed is the (opened 
up) bottom of a half cylinder. When the atom and the seed hit, they are “fused,” 
and a fresh Brownian atom is launched against the enlarged target. 

Overwhelming evidence from computer simulations shows that the arrival of 
many atoms transforms the seed into a cluster that shows about the same high 
degree of complexity at all scales of observation. Hence any mathematical definition 
of the concept of fractal must be constrained to include DLA. 

The simplicity of the growth rules the DLA and its basic role in understanding 
many physical phenomena have motivated extensive quantitative studies. However, 
a full theory even a more informal understanding of the resulting complex structure 
are lacking. Over many orders of magnitude, the circle of radius R centered on the 
original and contains a mass M{R) as R n with D ■- 1.715. But there are definite 
divergences from strict self-similarity — as seen for example in my paper in Physica 
A 191, 1992, 95-107 and my paper with Kol and Aharony in Phys. Rev. Lett. 88, 
2002, 055501-1-4. 

At an early stage, those deviations were thought to be no worse than those 
relative to critical phenomena. The latter has a well-developed theory, and it was 
hoped that a theory of DLA could be achieved in the absence of a careful and 
complete description. This optimistic view is no longer widely held, and a careful 
description cannot be neglected. 

6 Interrelations between fractality and smooth variability: some 
cases may have a common origin in the usual partial differential 
equations 

6. 1 An apparent quandary: are smoothness and fractality doomed to coexist 
with no interaction? 

To establish the presence of fractals in nature and culture was a daunting task to 
which a large portion of FGN is devoted. New and often important examples keep 
being discovered, but the hardest present challenge is to discover the cause, or more 
probably, the causes of fractality. 

Some cases are reasonably clear. Thus, in the case of the percolation and Ising 
clusters in Section 5, fractality is the geometric counterpart of scaling and renor- 
malization, that is, of the fact that the analytic properties of those objects follow 
a wealth of analytic “power-law relations.” Many mathematical issues, some of 
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Figure I. Reproduction of Figure C19-2 of SC. A smallish sample of plane DLA, called “cylin- 
drical” because it is grown from the bottom of a half-cylinder (opened up). This DLA is small 
enough to compute the Laplaclan potential and draw its isolincs. The latter are a graphic de.vice. 
but also much more: an essential tool of study. A curious visual resemblance is thereby created 
between DLA and the Mandelbrot set. Of the two, DLA has proven the more resistant to analysis. 


them already mentioned, remain open, but the overall renormalization framework 
is firmly rooted. 

Renormalization and the resulting fractality also occur in arguments that involve 
the attractors and repellers of dynamical systems in a phase space. Best understood 
is renormalization for quadratic maps. Feigenbaum and others considered the real 
case. For the complex case, renormalization establishes that the Mandelbrot set 
(see Section 7) contains infinitely many small copies of itself. 

Unfortunately, the usual renormalization fails — even in principle — to account 
for the diffusion-limited aggregates (DLA) and additional examples of fractality. 

Yet another class important occurrences of fractality, to which we now proceed 
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is linked to partial differential equations in real space. It is universally granted 
that physics is ruled by diverse partial differential equations, PDEs. Those of 
Laplace, Poisson, and Navier-Stokes will be referred to as “basic." All differential 
equations imply a great degree of local smoothness, even though closer examination 
shows isolated singularities or “catastrophes." To the contrary, fractality implies 
everywhere dense (or at least widespread) roughness and/or fragmentation. This 
is one of the several reasons why fractal models in diverse fields were initially 
perceived as being “anomalies” that stand in direct, contradiction with one of the 
firmest foundations of science. 

6.2 A conjecture stated and defended in FGN: the. solutions of PDFs can be 
fractal 

This is no longer a conjecture, insofar as many specialized PDEs have been solved 
and found to create fractality. To eliminate the appearance of contradiction between 
smoothness and fractality, FGN conjectured that the same is true of the “basic” 
equation. This implies that fractals arise unavoidably in the long time behavior 
of the solution of very familiar and “innocuous" -looking equations. In particular, 
many concrete situations where fractals are observed involve equations having free 
and moving boundaries, and/or interfaces, and/or singularities. 

As a suggestive “principle,” FGN (Chapter 11) described the possibility that, 
under broad conditions that largely remain to be specified, these free boundaries, in- 
terfaces and singularities converge to suitable fractals. Among equations examined 
from this viewpoint, this paper will limit itself to two examples of critical impor- 
tance. In the case of OLA (Section 5.3), this argument supports self similarity, 
hence is disappointing, thus far. 

6.3 The large scale, distribution of galaxies: Newton’s law as a possible 
sufficient generator of fractality 

Background. The near universally held view is that the distribution of galaxies is 
homogeneous, except for local deviations. 

In the past, however FGN, Chapter 9, Y. Raryshev & P Teerikorpi, Discovery 
of Cosmic Fractals Singapore: World Scientific 2002) a number of philosophers or 
science fiction writers have played with the notion that stars (galaxies were not 
known) follow a hierarchical distribution patterned long in advance! along 
a spatial Cantor set. Those models are excessively regular and necessarily imply 
that the Universe has a center assuming hierarchies leads to no prediction, that is, 
implies no property that was not put in beforehand, and raises no new question. 
For them and other good reasons, hierarchies were dismissed as unrealistic and 
largely forgotten. 

Conjecture that the distribution of galaxies is properly fractal. FGN, Chaps. 9, 
33, 34, and 35.) Granted that the distribution of galaxies certainly deviates from 
homogeneity, existing improvements took two broad approaches. 

One consists in correcting for local inhoinogeneity by using local “patches." 

My next simplest approach acknowledges that one must exclude strict hierar- 
chies as being both physically unrealistic and in conflict with widely held principles. 
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But I also contend that the specific details of the hierarchical arguments are unim- 
portant. What matters is the underlying fractality, which must be recognized as 
being of central importance and broad scope. To dismiss fractality with the hier- 
archies amounted to throwing the baby with the water. 

To buttress this belief, I performed detailed mathematical and visual investi- 
gations of sample sites generated by two concrete constructions of random fractal 
sets. The details are given in I'CN. 

The first construction is The Seeded Universe that I based on a Levy flight. 
Its HausdorfT-dimonsional properties were well-known. I observed that its corre- 
lation properties (Mandelbrot, C. It. Acad. Sc. Pans: 280 A, 1975, 1075) are 
nearty identical to those of actual galaxy maps. The second construction is The 
Parted Universe, which is obtained by subtracting from space a random collection 
of overlapping sets, tremas. 

In a statistical model, the self-similarity ratio is not restricted to powers of 
a prescribed ro- That is, a hierarchical structure is not a deliberate and largely 
arbitrary input Quite to the contrary, either of the above constructions yields 
sets that are highly irregular and involve no special center, yet exhibit a clear- 
cut clustering that, was not a deliberate input. They also exhibit “filaments” and 
“walls," which could not possibly have been imputed, because I did not know that 
they had been observed. 

Conjecture: could it hr. that the observed “clusters, " “ filaments ” and “walls,’' 
need not be explained separately, but necessarily follow from “scale free” fractality? 
This would mean that all those structures do not result from unidentified features 
of specific models but are unavoidable consequences of random fractality — as 
interpreted by a human brain. 

The preceding paragraph is deficient insofar as the word “conjecture” cannot be 
given a strict mathematical meaning, unless a mathematical meaning is advanced 
for the remaining terms. 

Lacunarity. A problem arose when careful examination of the simulations re- 
vealed a clearly incorrect prediction. The original Seeded Universe proved to be 
visually far more lacunar than the real world, in the sense mentioned in Section 
4.3. This means that the holes are larger in the simulations than in reality. The 
Parted Universe model fared better, since its lacunarity can be adjusted at will and 
fitted to the actual distribution. 

A lowered lacunarity is expressed by a positive correlation between masses in 
antipodal directions. Testing this specific conjecture is a challenge for those who 
analyze the data. 

Conjectured mathematical explanation of why one should expect the distribution 
of galaxies to be fractal. In a cubic box in which opposite sides arc identified to 
form a three-dimensional torus, consider a large array of point masses subjected to 
Newtonian attraction. The evolution of this array obeys the Laplace equation, with 
an essential novelty: the singularities of the solution — which are the positions of 
the points — are movable. The numerous simulations I know of (beginning with 
those performed at IBM around 1960) all suggest the following. Even when the 
pattern of the singularities begins by being uniform or Poisson, it gradually creates 
clusters and a semblance of hierarchy, and appears to tend toward fractality. It is 
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against the preceding background that 1 conjectured that the limit distribution of 
galaxies is fractal, and that the origin of lracLality lies in Newton’s equations. 

6.4 The Navie.r- Stokes and Euler equations of fluid motion and the 
conjectured fractality of their singularities 

Background. The first concrete use of a Cantor dust in real spaces is found in a 
1963 paper on noise records by Berger fc Mandelbrot preprinted in SN), a work 
near simultaneous with Kolmogorov’s work on the intermittence of turbulence. 
After numerous experimental tests, designed to create an intuitive feeling for this 
phenomenon (c.g., listening to turbulent velocity records that were made audible), I 
extended the fractal viewpoint to turbulence, and was led circa 1964 to the following 
conjecture. 

Conjecture concerning the geometric, nature of “turbulentltj dissipative” parts of 
spaces. Dissipation should be viewed as occurring, not in domains in a fluid with 
significant interior points, but in fractal sets. In a first approximation, those sets’ 
intersection with a straight line is a Cantor-like fractal dust having a dimension in 
the range from 0.5 to 0.6. The corresponding full sets in space should therefore be 
expected to be fractals with Ilausdorfr dimension in the range from 2.5 to 2.6. 

Actually. Cantor dust and Hausdorff dimension are not the proper notions in 
the context of viscous fluids, because viscosity necessarily erases the fine detail that 
is essential to Cantor fractals. Hence the following weaker conjecture. 

Conjecture: FCN, Chapter 11 and Mandelbrot, C. R. Acad. Sc. Paris : 282A, 
1976, 119, translated as Chapter N19 of SA). The dissipation in a viscous fluid 
occurs in the neighborhood of a singularity of a nonviscous approximation following 
Euler’s equations, and the motion of a nonviscous fluid acquires singularities that 
arc sets of dimension about 2.5 to 2.6. 

Open mathematical problem: To prove or disprove this conjecture, under suitable 
conditions. 

Comment A. Several numerical tests agree with this conjecture (e.g., Chorin, 
Commun. Pure and Applied Math.: 34, 1981, 853). 

Comment B. I also conjectured that the Navier-Stokes equations have fractal 
singularities of much smaller dimension. This conjecture has led to extensive work 
by V. Scheffer, R. Teman and C. l-'oias, and many others, but is not exhausted. 

Comment C. As is well-known to students of chaos, a few years after my 
work, fractals in phase space entered the transition from laminar to turbulent, flow, 
through the work of Ruelle and Takens and their followers. The task of unifying 
the roles of fractals in real and phase spaces is not completed. 

7 Iterates of the complex map + e. Julia and Mandelbrot sets 

The study of iterates of rational functions of a complex variable is an old topic 
of pure mathematics that reached a sharp peak circa 1918 with Fatou and Julia. 
Those authors succeeded so well that — apart from the proof of the existence of 
Siegel discs their theory remained largely unchanged for sixty years. A more 
recent sharp break began in 1980 and has become iconic since most “ordinary” 
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people seem to have hoard of the Mandelbrot set: it is arguably the only tangible 
proof known to them that mathematics is alive and well. The beginnings are now 
fully documented in SC therefore a bare sketch will suffice here 

7.1 The J-set or Julia set 

The Julia set is defined as the repeller of rational iteration. For the quadratic map 
2 — * z 2 he, a more direct definition is available: the filled-in Julia set of a given c 
is the set of points that the map does not iterate to the point as infinity, and the 
Julia set is the boundary of the filled-in Julia set. With few exceptions, it is fractal: 
a nonanalytic curve or a “Cantor-like” dust. Julia called these sets “very irregular 
and complicated.” The computer — which I was the first to use systematically — 
led to beautiful wildly colorful displays that must now be familiar to every reader. 
To associate forever the name of Fatou and Julia, the complement of the Julia set 
is best called the Fatou set and its maximal open components, Fatou domains. 

Starting with the quadratic map, I explored numerically and graphically how 
the value of c afTects the dynamics and the shape of the Julia set. 

7.2 The set Mu and the Mandelbrot set 

The Mu set. Of greatest interest from the viewpoint of dynamics, hence of physics, 
is the set A/o of those values of c for which the map z 2 2 | c has a finite stable 

limit cycle. This set having proved to be hard to investigate directly, I moved on 
to the computer- assisted investigation of a set that was easier to study and seemed 
closely related. 

The M set. The set of those parameter values c. in the oomplex plane, for which 
the Julia set is connected, was called the p-map in FGN (Chap. 19), but Douady 
and Hubbard called it the Mandelbrot set. 

The Mandelbrot set proved to be a most worthy object of study, first for “ex- 
perimental mathematics" and then for mathematics, and it also gave birth to a new 
form of art! It is so well and so widely known, that no further reference is needed. 
But it is good to mention that the M set is a universal object. Curry, Garnett, and 
Sullivan ( Cornmun . Math. Phys.: 91, 1983, 267) discovered that M arises also in 
Newton’s method for cubic polynomials, a dynamical system significantly different 
from 2 — • 2 2 T c. Following this, Douady and Hubbard {Ann. Sc. He. Norm. Sup. 
(Paris): 18, 1985, 287) developed the theory of quadratic-like maps and showed the 
M set arises for a wide variety of functions, and in this sense is a universal object. 

Also, the study of z — * z 1 + c naturally suggested the study of similar questions 
for other polynomials. But even the generic cubic, z — * z 3 + 02 + 6, has proved 
soberingly difficult. Intense study by extremely powerful mathematicians still leaves 
many questions unanswered. 

7.3 Relations between Mq and M\ the incredibly stubborn conjecture that M 
is the closure oj Mo : “MLC” 

Computer graphics approximates Mo by a smaller set and M by a larger set. Karly 
on, extending the duration of the computation seemed to make the two represen- 
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tations converge to each other. Furthermore, when c is an interior point of M, 
not too close to the boundary, it was easily checked that a finite limit cycle exists. 
Those observations led me to conjecture that M is identical to Mo together with 
its limits points. 

In terms of its being simple and understandable without any special preparation, 
this conjecture comes close to the “dimension 4/3” conjecture about Brownian 
motion, discussed in Section 2. Again, I could think of no proof, even of a heuristic 
one. More significantly, the conjecture remains unanswered. 

The MLC conjecture. Many equivalent statements were identified, the best 
known being that the Mandelbrot set is locally connected. This statement was given 
a “nickname,” MLC. It has the great advantage of being local and was proven for 
a very large subset of the boundary of M — earning J. C. Yoccoy, a Fields medal. 
But, compared to the original form, MLC has the great drawback of being far 
from intuitive. (For the generic cubic map, the corresponding local connectivity 
conjecture was proved to be false.) 

8 Limit sets of Kleinian groups 

A collection of Mobius transformations of the form z — * (az -f b)/(cz ) d) defines 
a group that Poincare chose to call Kleinian. With few exceptions, their limit sets 
S are fractal. For the closely related groups based on geometric inversions in a 
collection C\, C?, ..., C n of circles, there is a well-know n algorithm that yields 
5 in the limit. But it converges with excruciating slowness as seen in the top 
panel of Figure 5. For a century, the challenge to obtain a fast algorithm remained 
unanswered, but I met it in many cases as seen in the middle panel of Figure 5. 
For details, see Chapter 18 of FCN and Mathematical Intelligencer. 5(2), 1983, 9, 
both reproduced in SC. 

An interesting contrast. By leading to the 4/3 conjecture, fractal geometry 
opened a brand new mathematical problem and gave it a very active constituency; 
but it failed to contribute to solving it. With inversion groups, fractal geometry 
dealt with a very old problem long viewed as so difficult that it had long to have 
an active constituency. Not only was the problem solved to a significant degree, 
but it was made, in a literal sense, childishly easy: it is a nice example used in the 
high school classes examined in this paper’s Section 11. 

The fast algorithm first described in FCN and illustrated in Figure 6. The limit 
set of the group of transformations generated by inversions covers the complement 
of S by a denumerable collection of circles that “osculate” S. The circles’ radii 
decrease rapidly, therefore their union outlines 5 very efficiently. 

When 5 is a Jordan curve (as on Plate 177 of FGN), two collections of osculat- 
ing circles outline S, respectively, from the inside and the outside. They are closely 
reminiscent of the collection of osculating triangles that outline Koch’s snowflake 
curve from both sides in a construction that is described in Plate 43 of FGN and 
dates to the 1900s. Because of this analogy, the osculating construction appears, 
after the fact, to be entirely “natural.” But this appearance is thoroughly mis- 
leading, as proven by the gap of roughly hundred years that elapsed before it was 
discovered. It was not obvious at all because of the mood of mathematics: even 
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Figure 5. This is Figure C16-2 of SC. It elaborates upon Plate 199 of FGN and page 129 of SN. 
The "generator” part of the diagram consists in six circles filled in gray. The inversions with 
respect to those circles, when combined with prescribed probabilities, define a “decomposable 
dynamical system" also called IFS. The limit set is a self-inverse fractal for which I discovered 
a new algorithm using the diagram’s remaining eight bold circles. The decorative “Pharaoh 
Breastplate” represents four of those circles and their successive inverses represent by four kinds 
of “semi-precious stones." 


after computer graphics had become available, it continued to scorn pictures. The 
algorithm did not start to be viewed as natural until it literally burst out after 
respectful examination of pictures of many special examples. 

A particularly striking example is seen in Figure 5, called “Pharaoh’s breast- 
plate,” a black-and-white rendering of Plate 199 of FGN, of the cover of SN and 
of a figure in SC. A more elaborate version of this picture appears on the cover of 
SN This is the limit set of a group generated by inversion in the 6 circles drawn 
as thin lines on the small accompanying diagram. Here, the basic osculating circles 
actually belong to the limit set and do not intersect (each is the limit set of a Puch- 
sian subgroup based on three circles). The other osculating circles follow by all 
sequences of inversions in the 6 generators, meaning that each osculator generates 
a “clan” with its own color. 

By inspection, it is easy to see this group also has three additional Fuchsian 
subgroups, each made of four generators and contributing full circles to the limit 

set. 

Pictures such as Figure 5 are not only aesthetically pleasing, hut they helped 
breathe new life into the study of Kleinian groups, recently exemplified by the book 
by Mumford, Series, k Wright: Indrn’s Pearls (Cambridge University Press, 2002) 
Thurston’s work on hyperbolic geometry and 3-manifolds opens up the possibility 
for limit sets of Kleinian group actions to play a role in the attempts to classify 3- 
manifolds. The Hausdorff dimension of these limit sets has been studied by Sullivan 
Canary and others. 
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Figure 6. This is Figure C16-1 of SC and a composite of page 173 and Plates 177 and 43 of FGN. 
The two top panels represent two constructions of the limit set of a group based on inversions. 
The lop panel shows the slowly converging classical construction (Poincare). The middle panel 
shows my fast-converging proposed alternative. The latter recalls the Ccsaro construction of the 
Koch snow flake that is shown in the lower panel. 


Challenge. Incorporate laeunarily and multifract.nl measures into the study of 
3-manifolds through these limit sets. 
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9 The study of power law probability distributions and the notion 
that variability and randomness can fall into distinct “states,” 
ranging from “mild” to “slow” and “wild” 

9.1 The evolution of power-law probability distributions, from a neglected 
periphery of statislics lo a central position in fmclal geometry and the 
topic of active interest on its own 

The most widely known analytic tool of fractal geometry consists in power-law 
relations and power-law probability distributions. They are ancient since Ohinori 
discovered such a law for earthquake aftershocks in 1894, predating even the Pareto 
law for the distribution of personal income which was discovered in 1890. Around 
1950, however, power laws were viewed by statisticians and scientists alike as scat- 
tered anomalous. They were often arbitrarily replaced by the lognormal distribu- 
tion, or otherwise questioned and played down. When 1 explained and demystified 
the Zipf law of word frequencies ( CR (Paris) 232, 1951, 1638-1640 and 2003-2005), 
the situation changed completely. To bring power laws together credibly I devoted 
papers too numerous to be listed. References, reprints, and expositions are found 
in my Selecta books. In many sciences, those papers moved power laws to the 
forefront, interpreting them as evidence of the broad geometric scaling property of 
invariance that led to the concept of fractal. 

9.2 A basic distinction between u rnild’' and “ mid r “ stales of variability 
practical aspects 

My early investigations of turbulence and price variation arose in the 1960s and 
used closely related procedures, thus confirming the saying that the Stock Market 
is as unpredictable and irregular as the weather. The analogy has gone much farther 
than one may have expected. 

It led to general considerations about randomness that converged in Chapter 5 
of SE to a distinction that may seem philosophical but is in Tact very practical. In 
principle, Kolmogorov unified probability theory by providing unquestioned foun- 
dations. But in practice it is best to consider a function as belonging to one of sev- 
eral distinct “states of variability and/or randomness." Among random variables, 
iconic examples are the Gaussian distribution for the mild state, the power-law 
distribution for the wild state, and the lognormal distribution for a slow state in 
between. 

The key underlying fact contradicts a widespread but unfounded belief. The law 
of large numbers and the central limit theorem are not universal truths that one can 
blindly rely upon in model making. They are special properties that characterize 
cases of exceptional simplicity that define mild or slow randomness. The contrary 
is true of all the stochastic processes I used in investigating turbulence, finance and 
other fractal phenomena. All are examples of “wild” randomness. 

This distinction deserves further discussion from the mathematical viewpoint 
and is bounded to play an active role in physics as well. The power-law long tails 
and/or dependence that rule all fractal phenomena are clear-cut symptoms of wild 
variability. 
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In many cases, the fractal or multifractal models that 1 put forward have been 
subjected to counter-claims. Alternative models put forward satisfy all the usual 
central limit theorems and appear to avoid both tl»e formal ma Ihei rial i cal difli- 
culties and the “uncomfortable" consequences of wild randomness. Some of those 
models do not try hard and are content truncating the fractal models. Central limit 
behavior is thereby saved but only in an asymptotic sense that is useless because it 
is not reached in practice. Others proceed more indirectly but amount to the same 
thing. 

9.3 A small purely mathematical aspect of the mild-slow distinction. The 
boundary between these states provides the classical moment problem of 
classical analysis unlh a new wrinkle that oiiyinated (of all things!) in 
finance 

This subsection brings us back from finance to the purest mathematical analysis 
that flowered from stieltjes in the 1890s to the 1930s. 

The boundary between the wild and slow states involves the classical central 
limit theorem, a key idea of probability theory. To the contrary, the boundary 
between the mild and the slow states is not at all traditional but marked by what 
I call the criterion of short-run inequality. Let P(x) be the tail probability of X 
and 1'n(x), the tail probability of the sum of N independent variables having the 
same distribution as X. Then, for fixed N and x tending to infinity, F(JN, Chapter 
5 showed the importance of the criterion that Pf/ (x) behaves like XP(x). 

That very simple criterion entered my work in 1960 for very practical reasons. 
Rut it turns out to run close to several complicated criteria that occur in the 
“moments problem" and the theory of quasi- analytic functions. This opened up 
a very interesting issue: could it be that time has oome to study again those old 
topics once classical but lately very much out of fashion? 

10 The variation of financial prices 

Historically, my investigation of roughness was comparatively late in turning to 
physics and mathematics. It began in the early 1960s with investigations in eco- 
nomics that amounted to characterizing the roughness of financial charts. In the 
1990s, this work became the foundation of “econophysics." No other application il- 
lustrates more vividly the potency of the notion of fractal geometry as the beginning 
of a science of roughness. 

In 1800, Louis Bachclicr invented Brownian motion as a model of the variation 
of financial prices. Even before this model became widely accepted in academia, 
mine was the first voice to warn against its pitfalls. I pointed out that its two key 
features are thoroughly unrealistic, hence unacceptable. Having discovered that 
each involves an empirical power law distribution, I modelled both, first separately 
(Sections 10.1 and 10.2) and then jointly (Section 10.3), on the basis of the emerging 
concept of fractality. Under the term “scaling in finance," this concept is the 
topic of Chapter 38 of FGN. Scaling became important in finance before it became 
important in the physics of criticality. 
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10. 1 The essential importance, even in a first approximation, of large sudden 
price discontinuities 

I was the first to argue that the neglect of discontinuities in the Brownian model 
is unjustified. They are not “outliers” one can safely disregard or study separately. 
To the contrary, I argued in 1963 (see Sis) that their distribution is much more 
important than that of the “background noise” constituted by near Brownian small 
changes. 

I followed this critique by showing that the big discontinuities and the small 
“noise" fall on a single power-law distribution and represented them by a scenario 
based on Levy stable distributions. Howard Taylor and 1 introduced in 1967 the new 
notion of intrinsic “trading time.” The originality of this work had been recognized 
all along. In 1964 P.H. Cootner called it “revolutionary.” Cootner also raised many 
questions that have all been answered. Forty years later, the “revolution” is bearing 
fruit in many diverse ways. Fractal trading time and my 1963 model have gained 
wide acceptance. 

10.2 The fact that the “background noise” of small price changes is of 
variable “volatility” 

That the so-called “price volatility" is itself “volatile” could not be denied but was 
ordinarily viewed as a symptom of non-stationality that must be studied separately. 
To the contrary (see SFJ), 1 interpreted this variability in 1965 as indicating that 
price changes differ from being statistically independent. In fact, for all practical 
purposes, their interdependence should be viewed as extending to an infinitely long 
term. Indeed, it too follows a power-law dependence. In particular, it is not limited 
to the short term that is studied by Markov processes and more recently ARC1 1 or 
GARCH and its variants. I followed this critique and illustrated long dependence 
by introducing a process called fractional Brownian motion which has become very 
widely used. 

10.3 Multifractal modeb of price variation 

1 introduced multifractility (minus the term) in 1968 in the context of turbulence 
(see S.V). But I immediately observed and pointed out in 1972 (see SE and SN) 
that — because it combines long power-law tails and long power-law dependence - 
multifractility also apply to finance. I also introduced “cartoons” that realize long 
tails and long dependence and a very simple process understandable to experts nnd 
beginners alike. 

Fractional Droumian motion in multifractal time, and its use in financial mod- 
elling. One half of SE is made of reprints of previously published works of mine, 
but Chapter 6 consists in material never previously published. It advances a new- 
model of variation of prices that is further explored in many publications of mine, 
in particular, in Quantitative Finance.: 1,2001, 113-123, 124-130,427-440, 641-649, 
and 558-559. 

This model represents price as a fractional Brownian motion Bh, that, instead 
of the clock time, t, is followed in a “trading time,” 0. Those two times are related 
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by a multifractal function 0(f) that is the integral of a random multifractal measure. 
That is, P(t) — O//|0(f)|. At this early stage of the theory, I assumed the functions 
Du and 0 to be statistically independent. This process is specified by the properties 
of Du , primarily its exponent II (a Holder exponent) and the properties of 0(f), 
beginning with its f(a) spectrum. This process was found to fit diverse financial 
data very well. From most other viewpoints, it is wide open for exploration. 


11 The directly useful fractal 

Early on, 1 used to point out a striking contrast: in raw nature smooth shapes 
are rare exceptions but in manufactured goods they were the near- universal rule. 
'Fables are meant to be horizontal plains with near-linear or circular edges. Walls 
are meant to be vertical planes. 

My early standard of fractality, the Eiffel Tower, was not accepted as coun- 
terexample: it remains a masterpiece of engineering but one never meant to be 
useful. Engineering seemed to be a systematic reaction against the roughness of 
raw nature. 

An invidious claim added to those voiced in Sections 1 .4 and 1 .6 was that fractals 
have not contributed to any existing engineering problems. 

All this initially led to a question “Did I expect fractals to become practically 
useful, and, if so, how soon?" I used to recommend patience, recalling the fate of 
astronomy: while every stage in its development had immediate users who helped 
support it, all those users were astrologers. 

In due time (and with no direct help from me) fractals have indeed become 
widely useful. Too bad that each real use hits only a specific group of users, so 
that hardly anyone notices. The following list, very schematic and incomplete, can 
only touch fields that allow open publication. This excludes finance where what is 
published may never reflect what is actually used. 

Traffic on iht intcme.t. Early efforts to squeeze the traffic’s extreme variabil- 
ity into the familiar Poisson process soon failed. The multifractal model is now 
generally acknowledged as being the best and it is the topic of intense study. 

Road trajjie. The data are less abundant but one often needs multifractality. 

Antennas. Stick antennas’ properties are easy to analyze mathematically but 
inadequate and for antennas made of even a few sticks the mathematical analysis 
rapidly becomes very complicated. The properties of fractal antennas are both far 
better and easily calculated. 

Capacitors. To achieve one farad, flat capacilators need a very large area and 
a little folding makes the mathematical analysis very complicated. Fractally folded 
one-farad capacitors are easy to calculate and fit on a pinhead. 

Sound- absorbing road barriers. Houses close to roads want to be protected from 
traffic noise. Early on, flat protection panels simply reflected noise. Incoming 
panels with a fractal pattern arc noise-absorbent. 

Chemical engineering. When two gases are meant to react, it is best to control 
the surface of reaction. This is achieved by bringing one reactant in the midst of 
the other with the help of a spatial tree. The reaction is faster and cleaner with 
fewer impurities. 
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12 Fractals in the college and school classroom 

Several examples in this paper share a very nice feature that is also very unusual. 
Among fields of research, fractal geometry may well exhibit some of the shortest 
distances and the greatest contrasts between a straightforward core and multiple 
new frontiers. The latter are filled with major difficulties of every kind, including 
conjectures that everybody can understand but no one can prove. 

Starting with FCN, the core has by now become widely known, even to children 
and adult amateurs. This has opened a wonderful new opportunity that deserves 
brief mention all by itself. 

At issue is the abyss between mathematics and a wider community. Its story is 
old but in the 1960s and 1970s the “new math" fad made it deeper. I think that no 
one benefits from this abyss, yet some continue to welcome it, and many more can 
think of no suitable bridge and view the abyss as inevitable. Therefore, it persists. 
MX. Frame and I have convinced the Mathematics Department at Yale University 
that, in fact, a strong bridge can be based on fractal geometry. 

The upshot: for the last several years, Yale has been offering an undergraduate 
course and associated summer workshops that teach fractals to several groups of 
non- mathematicians Their attractiveness to students depends heavily on three 
assets. 

One is the already mentioned unusually short distance from the simple to the 
complex and even the impossibly difficult. To the contrary, from the viewpoint of 
mathematics education, one of the worst features of most topics is that prerequisites 
are interminable. They are unavoidable but respond to needs that do not become 
compelling until the ends of long paths that allow many opportunities to drop out, 

.4 second asset is that the history of fractals reaches back for several millennia, 
proving that fractality is “natural” to the culture of our species. 

.4 third asset is, of course, that the ubiquity of roughness translates into a large 
number and variety of current applications of every kind in the works of Nature 
and Man. 

Fourth asset: as a very valunhlc by-product, our course teaches the meaning 
of rigor by the most efficient method: when a program is buggy, the computer 
immediately screams Error! at the programmer. 

The book FM explains and motivates our course and reproduces stories from 
several colleagues who work along the same lines. It also refers to two items on 
the web: an extensive set course-notes and a Panorama that collects innumerable 
examples of fractality. Everyone is invited to add to this collection! 
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The purpose of this paper is to provide a generalization of the Poisson renewal 
process and the related Erlang distribution via fractional calculus. We first re- 
call the basic renewal theory including its fundamental concepts like waiting time 
between events, the counting function and Us average, the survival probability. 
If the waiting time is exponentially distributed we have a Poisson process, which 
is Markovian. However, other waiting time distributions are also relevant in »p- 
phc&tions, in particular those with a fat tail caused by a power law decay of its 
density. In this context we analyze a non-Markovian renewal process with a wait- 
ing time distribution described by the Mittag- Leffler function. This distribution, 
containing the exponential one as limiting case, is shown to play a fundamental 
rule in the infinite thinning procedure uf a generic renewal process governed by a 
power-asymptotic waiting time. 


MSC 2000. 26A33, 33B20, 33E12, 44A10, 44A35, 60G55, 60J05, G0KG5. 

1 Essentials of renewal theory 

The concept of renewal process has been developed as a stochastic model for de- 
scribing the class of counting processes for which the times between successive 
events are independent identically distributed (iid) non-negative random variables, 
distributed with an arbitrary distribution. These times are referred to as waiting 
times or inter-arrival times. 

The renewal processes generalize the classical Poisson process, that is known to 
be a counting process where the waiting times are exponentially distributed. For 
an example of a renewal process, suppose that we have an infinite supply of light- 
bulbs w'hose lifetimes arc independent., identically distributed. Suppose also that 
we use a single light-bulb at a time, and when it fails we immediate replace it with 
a new one. Under these conditions, { A'(t), t > 0} is a renewal process when N(t) 
represents the number of light-bulbs that have failed. For more details see e.g. the 
classical treatises by Khintchine ,0 , Cox 3 , Gnedenko &c Kovalenko 6 , Feller \ and 
the recent book by Ross ls . 
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For a renewal process having waiting times 7\, Ti , . . let 

k 

*o = 0, t* = £ T >- fc>l. (1-1) 

That is <i = T\ is the time of the first renewal, h = Ti Tj is the time of the 
second renewal and so on. In general t k denotes the Arth renewal. 

The process is specified if we know the probability law for the waiting times. 
In this respect we introduce the probability density function (pdf) 4>(t) and the 
(cumulative) distribution function <t(t) so defined: 

m-.= P(T<t) = J\(?)dt' . (1.2) 

In the above example, where the nonnegative random variable represent the lifetime 
of technical systems, one refers to $(t) as to the failure probability and to 


tf(t) := P(T > t) 


-Jf 


<t>(t') dt' = 1 - 4>(t) 


(1.3) 


as to the suivival probability, because $(t) and ’l'(t) are the respective probabilities 
that the system does or does not fail in (0, 7']. These terms, however, are commonly 
adopted for any renewal process. 

A relevant quantity is the counting function N(t) defined as 


N(t) := max{fc|t* < t, k = 0, 1, 2, . . .} , (1.4) 


that represents the effective uumber of events before or at instant t. In particular we 
have 'F(t) = P(AT(t) =0) . Continuing in the general theory we set F\(t) = 4>(t), 
/i(t) = 0(C), and in general 

F*(0 := P(t„ rn T, + . .. + T* < 0 , /*(<) = ^F k (t) , k > 1 , (1.5) 

thus F k (t) represents the probability that the sum of the first k waiting times is 
less or equal t and f k (t) its density. Then, for any fixed fc > 1 the normalization 
condition for F k (t) is fulfilled because 


lim F k (t) = P(t k = Ti + 

t^OO 


. . + 7* < oo) = 1 


(16) 


In fact, the sum of k random variables each of which is finite with probability 1 is 
finite with probability 1 itself. By setting for consistency F 0 (t) = 1 and f 0 (t) = S(t), 
the Dirac delta function 0 , we also note that for k > 0 wc have 


Pmt) = k):=P(t k <t,t k+ , >t)= [ fkWMt-t')*'. (1.7) 

Jo 

°We find it convenient to recall the formal representation of this generalized function in R * , 


«(0 := 



t>0. 
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A related quantity is the renewal function m{t) defined as 


m(<) := E{N(t )) = (N(t)) = '£P(t k <t), (1.8) 

fc-i 

that represents the average number of events in the interval (0, tj. The renewal 
function uniquely determines the renewal process, see e g. . It turns out to be 
related to the waiting time distribution by the so-called Renewal Equation , 

m(t) = *{t)+ [ l m(t-tr)4{ *)<&=[ |1 + m(t - *')] (1.9) 

Jo Jo 

If the mean waiting time (the first moment) is finite, namely 

H := (T) = / t tj>(t) dt < oo, ( 1 . 10 ) 

Jo 

it is known that, with probability 1, t k /k » p as k — ► oo, and N(t)/t — » 1/p as 
t — » oo , which imply the Elementary Renewal Theorem, 


m{t) 1 
~ ' P 


t -* oo . 


( 1 . 11 ) 


However, when the waiting time laws exhibit fat tails, the mean waiting time may 
he infinite as in the case of the power law asymptotics considered later, 


<?>(t) = O as t-* oo, if 0 < 0 < 1 . (1.12) 


We now find it convenient to introduce the simplified * notation for the Laplace 
convolution between two causal well-behaved (generalized) functions fit ) , g(t) 


f f(f) g(t - 0 dt ' = f(t) . g{t) = g(t) * f(t) = f /(t - t') g(t') dt' . 

Jo Jo 

Since /*(<) is the pdf of the sum of the k iid random variables Ti,...,T k with pdf 
<t>(t) , and / 0 (f) = S(t) , we easily recognize that 

fk(t)= [*(i)l* fc , * = 0,1,2,..., (1.13) 


so Eq. (1.7) simply reads: 

P(N(t) = k) = \mr k * *W. * = 0,1,2,.... (1.14) 

We also note that in this notation the renewal equation (1.9) reads 


m(<) ^ $(t) + m(t) * 4>{t ) . (1 .15) 

Because of the presence of Laplace convolutions a renewal process is suited for 
the Laplace transform method. Throughout this paper we will denote by f(s) the 
Laplace transform of a sufficiently well-behaved (generalized) function f(t) accord- 
ing to 


_ r+oo 

£{/(<);*} = /(«) = / e-**/(t)dt, 

Jo 


8 > SQ, 
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and for 5(t) consistently we will have d(s) = 1 . Note that for our purposes we agree 
to take s real. Then, in the Laplace domain, the renewal equation reads 


fn(s) — $(s) + m(s) tj>(s) , 

with — <t>(s)/s, from which 

-/ \ 0(a) 1, ^ sm(s) 

m(s) = f— ■ , -r , <K») = - 

WMJ 1 


+ s fh(s) ' 


In view of (1.13) we recognize that Eq. (1.7) reads in the Laplace domain 
C{P ( N(t ) — Ar) ; s} — |#(s)j * $(s) , k = 0, 1. 2, ... , 
where, using (1.3), 


(1.16) 


(1.17) 


(1.18) 


*(«) = 


1 - 


(1.19) 


2 The Poisson process as a renewal process 

The most celebrated renewal process is the Poisson process characterized by a 
waiting time pdf of exponential type, 

<j>(t) = A e~ M , A > 0 , f>0. (2.1) 

Then the moments turn out to be 

(T) = i, <TVi,...(n-i rt ... (2.2) 

and the survival probability 

*(t):= P(T>t) = e~ M , t> 0. (2.3) 

The exponential distribution is characteristic of a process without memory. We 
know that the probability that k events occur in the interval of length t is just 

P(A r (t) =Jfc) = A ‘, t>0. (2.4) 

Furthermore the Poisson process turns out to be a renewal process with linear 
renewal function, namely 

m(t) = At , t>0. (2.5) 

The probability distribution related to the sum of k iid exponential random vari- 
ables is known to be the so-called Erlang distribution (of order k). The correspond- 
ing density (the Erlang pdf) is thus 

fk(f) = x (k^Ty. 9 ' • *-°> k - 1 ' ( 2 - 6 ) 
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so that the Erlang distribution function turns out to be 

fc-i 


a<o = /'/.«-)<«• = i - £ ■ > a o on 

J 0 n=0 m ™ 


In the limiting case k = 0 we recover fo(t) = S(t), Fo(t) s 1, t > 0. 

The results (2.4)-(2.7) can easily obtained by using the technique of the Laplace 
transform sketched in the previous section noting that for the Poisson process we 
have: 

M-ih- = *“>-?• < 2 - 8 ' 

and for the Erlang distribution 

= ‘ 2 - 9 > 

We also recall that the survival probability for the Poisson renewal process obeys 
the ordinary differential equation (of relaxation type) 

= -A#(t) , t > 0; tf(0 + )=l. (2.10) 

at 


3 A fractional generalization of the renewal Poisson process 


A fractional generalization of the renewal Poisson process is simply obtained by 
generalizing the differential equation (2 10) replacing there the first derivative with 
the integro-differential operator that is interpreted as the fractional derivative 
of order 0 in Caputo’s sense, see Appendix A. We write, taking for simplicity A — 1, 

t X>?*(t) = -«(t), t>0, 0 < >0 < 1 ; >P(0 + ) = 1. (3.1) 


We also allow the limiting case 0 — 1 where all the results of the previous section 
(with A = 1) are expected to be recovered. 

For this purpose we have to recall the Mittag-Lcffler function as the natural 
“fractional” generalization of the exponential function, that characterizes the Pois- 
son process. The Mittag-Leffler function of parameter 0 , is defined in the complex 
plane by the power series 


„n 

§ rpnTT) ' /J>0 ' ' €C 


(3.2) 


It turns out to be an entire function of order 0 which reduces for 0 = 1 to cxp(z) . 
For detailed information on the M it tag- Lofflor- type functions and their Laplace 
transforms the reader may consult e.g. 1 ' 8,12 ’ 1 ' 1 . 

The solution of Eq. (3.1) is known to be, see e.g. 2,8,11 , 

*(t) = Eei-t 0 ) , t> 0, O<0<1, (3.3) 


so 


t>o, o < 0 < 1, 


(3.4) 
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Then the corresponding Laplace transforms read: 

= Jw-nb*' 1 35 ) 

The renewal function can be deduced from its Laplace transform by using (1.17) 
and (3.5); we find 

™(- s ) = ^ 7+0 i m (t) = , t>0, 0</?<l. (3.6) 

For /? < 1 it turns out super-linear for small t and sub-linear for large t 

Hereafter, we find it convenient to summarize the most relevant features of the 
functions P(t) and <£(t) when 0 < 0 < 1 . We begin to quote their series expansions 
for t > 0 and asymptotics for t — * 00 , 


and 


*<t) = E(- 1 )" 


t 3n 


sin (fir r) r (fi) 


n=0 


r(/3n + 1) 


^ 1),,r (3n+^) 


t 0n sin(/? 7 r) r(/?+l) 


t/J+i 


(3.7) 

(3.8) 


In contrast to the Poissonian case 0 = 1, in the case 0 < 0 < 1 for large t 
the functions 'l'(f) and <l>(t) no longer decay exponentially but algebraically. As 
a consequence of (3.8) we find the power-law asymptotics (1.9) for the waiting 
time pdf and the process turns out to no longer be Markovian but of long- memory 
type. However, we recognize that for 0 < 0 < 1 both functions <P(t), </>(t) keep the 
’’completely monotonic" character of the Poissonian case. Complete monotonicity 
of the functions <P(t) and <p(t) means 

(■ 1 ) n S *(* ) - 0, T, = 0 ’ 1 ’ 2 ( 3 - 9 ) 

or equivalently, their representability as (real) Laplace transforms of non-negative 
functions, sec e.g. 8 . 

To point out the behaviour of the Mittag-Leffler functions, in Figure 1 we exhibit 
plots of the survival probability 'P (t) = E^(-t^) versus t. for some values of the 
parameter 0. 

For the generalizations of Eqs (2.4) and (2.6)-(2.7), characteristic of the Poisson 
and Erlang distributions respectively, we must point out the Laplace transform 
formula 

C{* k = (1 » ^ >0 - fcsB M,2 (310) 

dk 

with £g\z) := E^(z ) , that can be deduced from the book by Podlubny, see 

(1.80) in 14 . For reader’s convenience we report in Appendix B our proof of (3.10) 
adapted from 14 . 
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Figure 1. The function ♦(t) = £/ t(-t d ) versus I for 0 = 0.25,0.50,0.75, 1. For 9 < 1 we note the 
fast (algebraic) decay for t — • 0 usd the slow (algebraic) decay for t — • oo; for 3 = 1 we recover 
the exponential function exp(-t) . 


Then, by using the Laplace transform pairs (3.5) and Eqs (3.3), (3.4), (3.10) in 
Eqs (1.13)-(1.14), wc have the generalized Poisson distribution, 

rm) = k) = l ^-E£\-t‘ 3 ) > k = 1,2,... (3.11) 

and the generalized Erlang pdf (of order fc > 1), 

fk(>- 1 

AW (-0- (3-12) 

The corresponding generalized Erlang distribution turns out to be 

fc_1 tnff , oo ,nP 

Mods = i - E V 4 4 n) (-0 • (3.i3) 

n=0 ' «=fc " 

It is instructive to consider the special case 0 = 1/2 for which it is known that 

^i/ 2 (-V^) = e*erfc(\/() =e £ f e~ u du, t>0, (314) 

where erfc denotes the complementary error function. In this case we can take 
profit of the recurrence relations for repeated integrals of the error functions, see 
e -9 ■ \ §7-2, pp 299-300, to compute the derivatives of the Mittag-Leffler functions. 
For this purpose we recall: 

^ erfc(z)^ = (-1)" 2 n n!e*V‘erfc(s) , (3.15) 

/" erfc(z) = r‘e rfc(C)dC, » = 0,1,2,..., (3.1G) 


I 1 crfc(z) 



, /°crfc(z) — erfc(z) . 


(3.17) 
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4 The Mittag-Lefller distribution as limit for thinned renewal 
processes 

The procedure of thinning (or rarefaction) for a generic renewal process (character- 
ized by a generic random sequence of waiting times {T*}) has been considered and 
investigated by Gnedenko and Kovalenko 6 . It means that for each positive index k 
a decision is made: the event is deleted with probability p or it is maintained with 
probability q = 1 — p, with l) < q < 1. For this thinned or rarefied renewal process 
we shall hereafter revisit and complement the results available in 6 . We begin to 
rescale the time variable t replacing it by t/r, with a parameter r on which we will 
dispose later. Denoting, like in (1.5), by />(*) the probability distribution function 
of the sum of k waiting times and by f k (t) its density, we have recursively, in view 
of (1.13). 

/i(*) = *(*), A(0= / A-i(‘-OrtO*' = [0(Or*. k>2. (4.1) 

Jo 

Let us denote by (T fl , r /)(f) the wailing time density in the thinned and rescaled 
process from one event to the next. Observing that after a maintained event the 
next one of the original process is kept with probability q but dropped in favour 
of the second next with probability pq and, generally, n - 1 events are dropped in 
favour of the n-th next with probability p" 1 q , we arrive at the formula 

(7',.r/)(t) = £9P"-7n(f/r)/r. (4.2) 

n*l 

Let /„(«) — f£° a'* 1 f„(t)di be the Laplace transform of / n (t). Recalling J\(t) = 
<f>(t) wc set /|(s) = £(s). Then f n (t/r)/r has the transform /„(rs) = (d>(rs)j , 
and wc obtain (in view of p = 1 - q) the formula 

(^( 5 ) = £ qp n ~' ti(rs)Y = — . , (4-3) 

„=i x ’ 1 -( 1 -<7)<Hr«) 

from which by Laplace inversion wc can, in principle, construct, the transformed 
process. 

We now imagine stronger and stronger rarefaction (infinite thinning) by con- 
sidering a scale of processes with the parameters r = 6 and q = t tending to zero 
under a scaling relation e — «(<$) yet to be specified. Gnedenko and Kovalenko have, 
among other things, shown that if the condition 

0 (s) = 1 — a(s) s 0 + o (a(s) s^) , for s — * 0 + , (4.4) 

where a(s) is a slowly varying function 6 for s — > 0 , is satisfied, then we have with 

4 Definition: We call a (mensurable) positive function a(y), defined in a right neighbourhood 
of zero, slowly varying at tern if a{cy)/a(y) —> 1 with y — » 0 for every c > 0, We call a 
(measurable) positive function 6{y), defined in a neighbourhood of infinity, slowly varying at 
infinity if b{ey)/a(y) — 1 with y — » oc for every c > 0. Examples: (logy)'* with i C R and 
exp (logy/log logy). 
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( = e(S) — a(6) for every fixed s > 0 the limit relation 


Ms) := lim ■ 

w o 1 — (1 — e) <p(Ss) 


l + s a 


0 < 0 < 1 . 


(4.5) 


This condition is met with n(s) = A ,Vf(l/s) if the waiting time T obeys a power law 
with index 0, in the sense of Master Lemma 2 by Gorenflo and Abdel-Rehim 7 . The 
function M(y) is the same as in Master Lemma 2, so it varies slowly at infinity, 
whence A/(l/s) varies slowly at zero- The proof of (4.5) is by straightforward 
calculation. Observe the slow variation property of a(s) and note that terms small 
of higher order become negligible in the limit. By the continuity theorem for Laplace 
transforms, see Feller 5 , we now recognize <fo(t) as the limiting density, which we 
identify, in view of (3.2)-(3.5), 

4o(t) = (4.C) 

So the limiting waiting time density is the so-called Mittag-Leffler density, that in 
the special case 0 = 1 reduces to the well-known exponential density, exp(— t). It 
should be noted that Gnedenko and Kovalenko in the sixties failed to recognize 
4>o(s) as Laplace transform of a Mittag-Leffler type function®. 


5 Conclusions 

We have provided a detailed analysis of the fractional generalization of the Poisson 
renewal processes by replacing the first time derivative in the relaxation equation 
of the survival probability by a fractional derivative of order 0 (0 < 0 < 1). Conse- 
quently, we have obtained for 0 < 0 < 1 non-Markovian renewal processes where, 
essentially, the exponential probability densities, typical for the Poisson processes, 
are replaced by functions of Mittag-Leffler type, that decay in a power law manner 
with an exponent related to 0. The renewal function of these processes is no longer 
proportional to time but to a power of time with exponent 0. 

The distributions obtained by considering the sum of k iid random variables 
(fc = 1,2,...), distributed according to the Mittag-Leffler law provide the “frac- 
tional” generalization of the corresponding Erlang distributions (of order fc). Fur- 
thermore, the Mittag-Leffler probability distribution is shown to be the limiting 
distribution for the thinning procedure of a generic renewal process with waiting 
time density of power law character. 

These results are useful to treat renewal processes vtith reward, so providing 
the “fractional” generalization of the compound Poisson processes, in the physical 
frameu’ork of uncoupled continuous-time random walks (i.c. random walks subor- 
dinated to a renewal process). In such processes, occurring in time and in space, 

''Although the Mittag-Leffler function was introduced by the Swedish mathematician G. Mittag- 
Leffler in the first years of the twentieth century, it lived for long time in isolation as Cinderella. 
The term Cinderella function was used in the fifties by the Italian mathematician RG. Trlcomi for 
the incomplete gamma function. In recent years the Mittag-Leffler function is gaining more and 
more popularity in view of the increasing applications of the fractional calculus and is classified 
as 33E12 m the Mathematics Subject Classification 2000. 
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also the probability distribution of the jump widths is relevant. The stochastic evo- 
lution of the space variable in time is modelled by aii integro-differential equation, 
the master equation, which, by containing a time fractional derivative, can be con- 
sidered as the “fractional’' generalization of the Kolmogorov-Feller equation of the 
compound Poisson process, see 9,13,1T . In particular, in 9 Hilfer and Anton have, 
without saying it in such words, subordinated a spatially discrete random walk to 
a “fractional” Poisson renewal process. For more recent results in this respect see 
18 , where we have provided the solution of the time fractional master equation in 
terms of iterated derivatives of a Mittag-Leffler function. 
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Appendix A: The Caputo fractional derivative 


The Caputo fractional derivative provides a fractional generalization of the first 
derivative through the following rule in the Laplace transform domain, 

C { t D* f(t),s} = s* f{s) - s 0 - 1 /(0 + ) , 0 < 0 < 1 , s > 0. (Al) 

By intending /(t) be a causal (generalized) function (i.e. with support for t > 0), 
it turns out to be, see e.g. 2 ’ 8 , 



1 

!' /,,,(T) dr 

O<0< 1, 
0=1. 

tD*m :=■ 

r(i-«j 

>>' 

L c t-TV ’ 

It can alternatively be written in the form 


*/>f /(f) = - 

1 d I 

r i o\ ji / 

“ /(T) dr 

/A “ T 

7777 ST /(0 + ) 


(> 1 . 2 ) 


(A3) 


F(1 


1 d /- 7 ( t )-/( 0 +) 

- fl)dtJ Q (t — t) 0 dT ' ° </?<1 


The Caputo derivative has been indexed with * in order to distinguish it from 
the classical Rieuiaun-Liouville derivative t D&, the first term at the R.H.S. of the 
first equality in (A.3). As it can be noted from the last equality in (A.3), the 
Caputo derivative provides a sort of regularization at t = 0 of the Riemann-Liouville 
derivative; however, it is practically ignored in most mathematical treatises on 
fractional calculus as 16 . The two notions of fractional derivative can be extended 
to any order 0 > 0 by introducing the integer m such that m - 1 < 0 < m; for 
details see e.g. 8 . As a conclusive remark, we point out that the Caputo derivative 
of any order 0 (m — 1 < 0 < m) satisfies the relevant property of being zero when 
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applied to a constant, and, in general, to any function </i(<) = Yl’Jhi c > like 
the standard derivative of order m. On the contrary, the corresponding Riemann- 
Liouville derivative is zero if applied to . 92 ft) — c i ^~ } • as it turns out from 

£>«, ^>" 1 ' t>0 - < A4 ) 

r(7 + 1 - fl ) 


Appondix B: The Laplace transform of the Mittag-Lcffler function 


We would like to prove the Laplace transform formula for any 0 > 0 

C{t fik E\ [k) (±a t fl ) ;*} = , *-0,1,2 »s>|o| ! ' tf , {B. 1) 

with E ( ^(z) ^-Ea(z) . In the particular case 0 = 1 the formula reduces to 

£{f*e la «;s} = - * = 0,1,2,..., ft«>|o|. [B. 2) 

As a matter of fact (B.2) is known to be valid for Rs > ±3? a and its proof is a 
consequence of the analyticity property of the Laplace transform, C{t k f(t);s) = 
( 1)* /<*>(«), applied to /(<) = exp(±at), for which 

£{e ±at ;s} = * = 0,1,2 ,..., tts>±«a. 

(*T«) 

However, Eq. (B.2) can be deduced for fts > |o| by using the method of power 
series expansions as shown below. Indeed, 



OU 

e ±,u du = ^ 

k - 0 


(± 0 * 

*! 



OO 

u k du = ^(±z)* = 
kmO 


1 

1 *F * ’ 


from which, by differentiating with respect to z, 



u k e ±,u du = 


*1 

( 1 T 2)‘ +1 ’ 


|z| < 1. 


Now. by introducing the substitutions u = st and z — a/s (for our purposes here 
we agree to take a real), we get after simple manipulations the identity in (B.2) 
for s > |a|. By analytic continuation the validity is extended to complex s with 
91 s > |a|. The above reasoning can be applied to the integral / 0 °° o~ u E$ (izu 3 ) du 
in order to derive tile Laplace transform formula (B.l). Indeed, 




from which, by differentiating with respect to 2 , 


^e “u 3fc E^(±2u fl ),du=^^ rPT , |*| <1. 

Now, by introducing the substitutions u = at and z = n/s a , we get after simple 
manipulations the identity in (B.l) for s > |a x, '°, namely, by analytic continuation, 
for 91 s > laj 1 /^. 
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Wc investigate the activity of 'id absorbing interfaces with irregular geometry under 
diffusion-limited conditions. First, the theorem of Makarov for Laplacian transport 
is illustrated with a diffusion cell that includes an absorbing fractal interface. The 
transition from molecular to Knudsen diffusion on the activity of this cell is then 
studied through nonequilibrium molecular dynamics simulations. Our results in- 
dicate that the extent of the interface that is significantly active is rather sensitive 
to the governing mechanism of transport. Precisely, the length of the active zone 
decreases continuously with density from the Knudsen to the molecular diffusion 
regime. In the limit where molecular diffusion dominates, we find that this length 
approaches a constant value of the order of the system size, in agreement with 
theoretical predictions for Laplacian transport in irregular geometries. Finally, we 
show that all these features can be qualitatively described in terms of a simple 
random-walk model of tile diffusion process. 


1 Introduction 


The phenomenon of Laplacian transport towards irregular surfaces represents a 
subject of research th.it has relevance in many fields of technology, including het- 
erogeneous catalysis, heat transfer and electrochemistry. In the case of catalysis, 
the role of the local surface morphology at the pore level on the activity of the 
catalyst has been studied with great interest in the past an recent years . 1,2 - 3 This 
problem is intimately related with the accessibility of reagent to active sites located 
along an irregular reactive surface. If the system is diffusion-controlled, screening 
effects may cause a significant reduction on the reactivity of the catalyst surface, as 
compared to its intrinsic chemical reactivity. In the particular case where the reac- 
tivity is extremely high, the surface acts approximately as an idealized source, and 
the system can be described in terms of Dirichlet (absorbing) boundary conditions. 
This situation has been thoroughly studied, specially for the case of two-dimensional 
systems. For instance, an important theorem proposed by Makarov 4 has been used 
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to describe the properties of the current distribution on irregular electrodes 2 * * 5 * (e.g, 
fractal electrodes). In terms of catalytic activity, this theorem essentially states 
that, whatever the shape (perimeter) of the catalyst interface, the size of the region 
where most of the reaction takes place is of the order of the overall size (or diam- 
eter) of the cell under a dilation transformation. Under this framework, several 
studies have been mainly devoted to the calculation and application of the concept 
of active zone in the Laplacian transport to and across irregular interfaces. 5,6 For 
example, through the coarse-graining method proposed by Sapoval, 5 it is possible 
to determine the flux through an arbitrarily irregular surface from its geometry 
alone, avoiding the solution of the Laplace problem within a complex boundary 
domain More recently, it has been shown that this technique provides consistent 
predictions for the activity of catalyst surfaces. 7 * * 

When dealing with the concept of active zone in Laplacian fields, there is always 
t he implicit assumption that molecular diffusion is the governing mechanism of mass 
transport. Such an approximation, however, can only be locally valid inside of the 
void space between the fins or extended protrusions of an irregular surface if the 
mean free path of the diffusing molecules is sufficiently smaller than the width 
of these irregularities. As shown in Fig. 1, Knudsen diffusion may become the 
dominant, mechanism of mass transport determining the reactivity of the system 
if the reagent is a diluted gas for which the collisions among molecules are less 
frequent than the collisions between the molecules and the catalytic surface. 8,9 The 
molecular mean free path therefore constitutes a lower cut-ofT for the validity of the 
molecular diffusion description. 

The aim of the present, work is threefold. First, in Section 1, we illustrate 
the theorem of Makarov by calculating the activity of an absorbing irregular in- 
terface subjected to Laplacian transport. Second, in Section 2, we investigate the 
transition in activity of an irregular absorbing interface when the mechanism of 
mass transport changes from Knudsen to molecular diffusion. Our approach is to 
use a nonequilibrium molecular dynamics (NMD) technique in order to simulate 
a nonuniform and steady-state profile of reagent concentration between two active 
interfaces with an arbitrarily given roughness. Third, in Section 3, we show that a 
simple random-walk model of the diffusion-absorption process can provide a con- 
sistent description of the behavior observed in the NMD simulations. Finally, some 
conclusions are drawn in Section 4. 

2 Laplacian Transport and the Theorem of Makarov 

The Laplacian transport phenomenon is illustrated here through direct numerical 

simulation of diffusion and absorption in a two-dimensional continuum system. 10 
For this, we consider the basic cell depicted in Fig. 2 and assume that mass is trans- 

ported by diffusion from a source at its center line of length />, towards its fractal 

interfaces of perimeter L p . More precisely, in the bulk of the cell, the transport 

of mass obeys Pick’s law, J(r) = —DVC, where J represents the mass flux vector 

field, C(r) is the local concentration at position r and D is the molecular diffusion 

coefficient.. Under steady state conditions, the concentration field satisfies Laplace 

equation V~C = 0. In addition, a constant unitary concentration is imposed at. the 
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Figure 1. Pictorial representation of different diffusion regimes. On the top, the molecular diffusion 
regime, where the mean free path is small relative to the pore dimension. In the middle, as the 
mean fee path becomes of the order of the pore diameter, the diffusive species collide with the 
walls more frequently. Finally, the Knudsen regime is shown on the bottom. In this case, the 
mean free path is so large compared to the pore diameter, that the collisions between the particles 
and the wall are more frequent than the collisions among particles. 


source line (f? 0 = 1) and Dirichlet boundary conditions (C = 0) arc assigned to 
each elementary unit of the interface. The solution of the Laplacian problem for 
the concentration field inside the diffusion cell is obtained here through numerical 
discretization. Due to the symmetry with respect to the source line, only the con- 
centration field in half of the domain needs to be calculated. A structured mesh 
comprising quadrilateral elements is then generated and the solution is obtained by 
means of finite-differences. 

In Fig. 2 we show the contour plot of the resulting concentration field in log- 
arithmic scale From the solution, wo can compute the local diffusive fluxes q, 
crossing each element i of the interface. We measure the efficiency of the interface 
in terms of the active length L a defined as 11 

L a = l/£>? (1 <L a <L p ), (1) 

i=i 

where the sum is over the total number of interface elements I, p . and 4>, = q,/ J2 <lj 
is the normalized mass flux at element i (see Fig. 3). From the definition (1), 
L a — L p indicates a limiting state of equal partition of fluxes (<Ai = 1 /L p , Vi) 
whereas L a = 1 should correspond to the maximum “localization” of the flux 
distribution. The calculated active length for the Laplacian cell is found to be 
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Figure 2. Zebra contour plot of the. strndy-stateconccntration field obtained from direct numerical 
simulation of a Laplucinn cell. From the solution of Laplace equation, the logarithm of the 
concentration is linearly binned in a sequence of block and white stripes (sec Ref. [10]). Going 
from the flat to the fractal interface, the decrease in concent ration from one stripe to the next 
corresponds to a factor of approximately 2. 


L a = 22.9, a value that is much closer to the size of the system L = 27 than to the 
perimeter of the interface l. p = 125. 

Such a result can he explained in terms of the theorem of Makarov As already 
mentioned in the previous section, it describes the properties of Laplacian fields 
on two-dimensional interfaces of arbitrary shape, subjected to DirichJet boundary 
conditions. Precisely, the theorem states that the information dimension of the 
harmonic measure on a singly connected interface in d — 2 is exactly equal to l. 
In terms of activity, this means that, regardless the shape of the interface, the 
total length L a of the region where most of the activity takes place should be of 
the order of the size L of the cell under a dilation transformation (see Ref. [11] 
for a detailed discussion of the active zone concept). Therefore, our result for the 
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Figure 3. Distribution of the logarithm of the noraiali/.ed (luxe* trussing the wall elements along 
the absorbing irregular interface of the l>ap!aciati cell. 


continuum description of the Laplacian transport is compatible with the prediction 
of the Makarov theorem, L a ~ L. 

3 The* Nonequilihrium Molecular Dynamics Model 

In principle, the transition from molecular to Knudsen diffusion can only be pre- 
dicted in terms of a microdynamical model. For this purpose, we adopt an NMD 
method that has been originally proposed for the study of self-diffusion in pure 
fluids. 1 -' The technique is entirely based on the standard molecular dynamics (Ml)) 
at equilibrium, but includes a special scheme to identify and exchange labeled and 
unlalxlcd particles during the simulation. 

The MD part of the simulation consists in a two-dimensional cell of size L r lx L y l 
containing N identical particles that interact through the Lennard-Jones potential, 
<fr(Ar,j) = Ac [(<r/Ar*j) 12 — (<r/Ar,j) 6 ], where A is the distance between particles i 
and j, c is the minimum energy, and <r is the zero of the potential. Periodic boundary 
conditions are applied in both the x and y directions. Distance, energy and time 
are measured in units of <r, < and (me 2 /*) 1 / 2 , respectively, and the equations of 
motion are numerically integrated using the Verlet algorithm. 13 

After thermalization, two identical irregular interfaces of size L v l and perimeter 
L p l are symmetrically placed into the system to simulate the roughness geometry 
of an absorbing material (sec Fig. 5). At this point, the non-equilibrium dynamics 
is put forward through the following schemer (1) half of the particles in the MI) 
cell are randomly selected to carry a label, while the other half arc left unlabeled, 
(2) every time a labeled (unlabeled) particle crosses the interface at right (left) 
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moving in the e* (— e») direction it becomes unlabeled (labeled), and (3) when 
reinjected from the right (left.) through the periodic boundaries in the x axis, an 
unlabelcd (labeled) particle becomes labeled (unlabeled). A typical configuration 
of the system showing the positions of labeled particles is shown in Fig. 4. In Fig. 5 
we show the resulting stationary profiles along the x coordinate of the number 
fractions 0/ = n//(n/ + n„) and 0 U = 1 — 0/, where n/ and n„ are the number of 
labeled and unlabeled particles, respectively, inside a vertical slice of fixed length 
in the system. From this point on during the simulation, we keep updating at 
each time step the number n/ of particles being “absorbed” by the element i of 
the interface in order to compute its local mass flux <7, = n,/ At, where At is the 
elapsed time after the steady-state has been established. The active length of the 
interface is then computed according to the definition (1). 



Figure 4 . Typical configuration of the NMD system. Only the rough interface at right and the 
positions of labeled particles are shown. 



0 (x) 


Figure 5. Schematic representation of the NMD diffusion cell. The absorbing interfaces arc square 
Koch trees. Also shown in this figure is the dependence of the local number fraction 9 of labeled 
(full circles) and unlal>eled (empty circles) particles on the position along the a; direction in the 
cell. In the case of the random walk model, particles are released from random y positions at the 
dashes! line in the center. 
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Based on this NMD method, wc performed simulations for different values of 
the reduced temperature T, and reduced densities in the range 0.025 < p < 0.5, 
corresponding to systems with N = 1250 to 25000 particles. As shown in Fig. 6, 
the computed active length decreases sharply with p for low density systems at 
T = 1.25, up to a point where it remains constant at L a « 27. The results From 
simulations performed at a higher temperature, T = 3.33. show that the behavior 
of the active length remains nearly the same, at least within the range of densities 
considered here. The decrease with density of the active length L a reflects the 
transition from Knudsen to molecular diffusion in the distribution of activity at the 
interface. Because the mean free path of the particles for small p values is larger 
than the smaller length scale / of the irregular interface, the activity is highly 
sensitive to geometrical constraints in the Knudsen regime. At higher densities, 
the invariant behavior of L a is a consequence of molecular diffusion and can be 
explained in terms of Makarov’s theorem. 4 Translating to our diffusion cell, where 
square Koch trees of third generation are the absorbing interfaces, the theorem of 
Makarov predicts that the value of L a should be close to the size L y — 27, in good 
agreement, with the NMD limit obtained for denser systems. 



figure 6. Dependence of the active length /.„ on the reducer! density of the NMD cell for a fixed 
temperature, T = 1.25. The average values with error bars refer to simulations with 5 different 
realizations of the NMD process. The horizontal dashed line at the top corresponds to the system 
size, L v = 27, while the one at the bottom indicates the value of the active length obtained from 
the simulation with the Laplacian cell, /.„ — 22.9. 
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4 The Random- Walk Mtnlel 

At this point, we propose a very simple random-walk model that incorporates the 
basic features of the difTiision-absorption process and is capable to describe, at least 
semi-quantitatively, the behavior of the active length for different diffusion regimes. 
Adopting the same geometry of the NMD cell, a particle is released from a random 
position in the center line. The walker travels through the medium taking steps of 
random directions, but constant length A, till it crosses one of the wall elements of 
the irregular interface and gets absorbed. The flux at this element is then updated 
and the active length L a of the interface recalculated. For a fixed value of the 
step length A, the simulation goes on with particles being sequentially released 
and absorbed, till the active length reaches an average value that is approximately 
constant. This value is usually obtained with less than 10 5 particles launched in 
the system. 

In Fig. 7 we show the dependence on the parameter £ = (<r/A) of the average la 
computed for the third generation of the square Koch tree. For a two-dimensional 
gas, A can be interpreted as the mean free path, which is inversely proportional 
to the surface density of the system, A oc 1/p. Similarly to the NMD simulations, 
two distinct regimes of activity can be clearly identified and directly related to the 
different governing mechanisms of mass transport, namely, Knudsen and molecular 
diffusion. At low values of £, the sharp decrease of L a reflects the strong influence 
on the mass transport process of the irregular geometry of the interface. 



Figure 7. Dependence on the riUHiom-w.dk parameter ( of the active length La of the irregular 
interface for the random- walk model. 'I"he horizontal dashed line at the top corresponds to the 
system size, t, = 27, while the one at the bottom gives the active length of the I -aplacian cell, 

L a = 22.9. 
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At. sufficiently large values of £, the length L a reaches a plateau of minimum 
activity that is practically coincident with the value of the active length found for 
the Lapiacian cell, = 22.9 (dashed line at the bottom in Fig. 7). Compared to 
the lower limit of the random-walk model, L a fts 24, the higher value found for the 
active length with the NMD technique, L a as 27, can be explained in terms of the 
structural features and collective behavior of the simulated fluid. 

5 Summary 

In conclusion, we have investigated through molecular dynamics the transition from 
Knudsen to molecular diffusion transport, towards 2d absorbing interfaces with ir- 
regular geometry. Our results indicate that the length of the active zone decreases 
continuously with density from the Knudsen to the molecular diffusion regime. In 
particular, the active length for absorption of molecular diffusing fluids is found to 
be very dose to that of a purely Lapiacian system. Generally speaking, we have 
shown that the active fraction of an irregular absorbing interface should be sensi- 
tive to: (i) its geometrical details; (ii) the governing mechanism of transport and 
(iii) the structural aspects of the diffusing fluid These observations may lead to 
new guidelines to the problem of diffusion and absorption on arbitrarily irregular 
interfaces. Furthermore, we have proposed a simple random walk model t hat pro- 
vides substantial insight on the effect of the diffusion mechanism on the interface 
activity and has the virtue of being computationally cheap. Finally, the approach 
introduced here is flexible enough to represent specific characteristics of irregu- 
lar interfaces as well as other types of “absorption" mechanisms (e.g., finite-rate 
chemical reactions) limited by diffusion transport. 
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FRACTAL DEFORMATION USING DISPLACEMENT VECTORS 
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In this paper, wc propose a new fractal deformation technique. An “extended unit 
Iterated Shuffle Transformation (ext-unit-IST)" is a mapping that changes the 
order of the places of a code on a code space. When it is applied on a geometric 
space, it constructs a fractal-like repeated structure, named “local resemblance". 

In our previously proposed fractal deformation technique, a geometric shape was 
deformed by applying an ext-unit-IST to displacement vectors (d- vectors) given 
on the shape. In the new technique proposed in this paper, the ext-unit-IST is 
applied to the increasing rates of the d- vectors. This allows the d- vectors to change 
widely without disturbing the shape and improves the deformation quality. Several 
examples demonstrate the performance of the newly proposed technique. 

Keywords: computer graphics, geometric model, deformation, IFS, 1ST. 


1 Introduction 

Shape deformation provides not only mathematical interest but also practical use- 
fulness, such as in computer graphics (CG). Common deformation techniques often 
deform a shape continuously; in CG, such techniques have been proposed a lot.® As 
another type, we have fractal deformation. This deforms every subpart of a shape in 
all scales recursively, and is expected to be useful for creating the shapes of various 
natural objects. Several fractal deformation techniques have been proposed. Bow- 
man’s method 2 deformed an IFS attractor by changing the fixed points and tlveir 
strength of attraction of its mappings. Burch and Hart 3 proposed a method for 
maintaining the connectedness of a deformed IFS attractor. Gonzalez 7 proposed a 
technique for creating a moving fractal tree. Montiel et al. 9 defined and deformed a 
fractal shape using a recursive functional equation. Sherman and Hart 10 proposed a 
method for directly manipulating RIFS models. In addition, fractal interpolation 1,6 
is a topic related to fractal deformation. Zair and Tosan 11 proposed a method that 
combined IFS and smooth interpolation and achieved fractal deformation. 

We proposed a fractal deformation technique, which deformed a shape by giv- 
ing displacement vectors ( d-vectors ) and applying an extended unit Iterated Shuffle 
Transformation ( ext-unit-IST ) to them. 5 This technique handles an original shape 
and d-vectors for deformation separately, while most other techniques handle the 
original shape’s definition parameters themselves. Thus, our technique enables flex- 
ible and intuitive control to achieve desired deformations easily by giving arbitrary 
d-vectors. Besides, using an ext-unit-IST, 1) the shape is deformed in a fractal-like 
repeated manner, named “local resemblance ”, 2) it is possible to combine a con- 
tinuous deformation and a fractal deformation continuously, 3) any shape can be 
deformed if it is addressed appropriately. However, this technique often disturbs 
the shape seriously when large d-vectors are given. To avoid this problem, in this 
paper, we propose a new technique. This technique applies an ext-unit-IST to the 
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increasing rates of d-vectors instead of d-vectors themselves. As a result, the shape 
is deformed by changing the expansion rate of area without breaking its topology. 

Section 2 gives the definition of ext-unit-IST’s, and Sec.3 gives a brief expla- 
nation of our fractal deformation technique proposed before; the details of these 
sections are presented in our previous paper. 5 In Sec.4, we propose a new fractal 
deformation technique. In Sec.5, we describe the conclusion and future work. 


2 Extended Unit Iterated Shuffle Transformation 


Let El denote the code space of L symbols, L > 1, given by 

El = {a = ajajas--- | a^G Z L , j = 1,2,3,,..}, (1) 

where Z /, = {0, 1,. . . , L — 1}. We define an ext-unit-IST on El and obtain some 
theorems as follows. Their proofs are given in our previous paper.' 1 

Definition 1. For a € El, let D* u : El -* El Jor integers kb> 0 and k > kb+ 1 
be the mapping given by 


a = Oj • • • Ok t ojt 4+ i • • • ajb_ la/tat+i • • • , (2) 

D'_ u (k b , k, a) = aj • • • a^akQkt+y • • • a fc _iafc4.i • • ■ • (3) 

When kb = 0, symbols qj, • • • , a jt* are omitted from the equations. 

Definition 2. An ext-unit-IST is defined as the mapping D^_ uni : El -» El for 
integers kb and k e , 0 < kb < k e , given by 


De-unifa, 



a 

Dj;_ u (kb, T>«_ u „i(kfc, K - l,o)) 


if k b - k e , 
if kb< k r . 


(4) 


Theorem 1. For fixed kb and k K , the mapping D^_ unl is one-to-one and onto. 
Theorem 2. If kb< k e , then the mapping D^_ uni is formulated by 

a = aj (5) 

D e-u * * • «*»<**„<**.- 1 * * ’ « fc *+ 2 a**t * * * • ( 6 ) 

Theorem 3. Fori/ a G El, if a' = D^_ unt {kb,k e .a) then a = D^_ unl (k b ,k e ,a'). 


3 Fractal Deformation by Applying 1ST to Displacement Vectors 

3.1 Addressing Points on Geometric Shape 

The fractal deformation of a geometric shape S is achieved using an ext-unit-IST 
working on 5. This is realized by giving a code a G El to each point s € 5 uniquely 
as its address using a one-to-one and onto addiess mapping M : S — ► El> 

M(s) = o. (7) 

Figure 1 (a) shows an address mapping M, L — 4, for a square S. This illustrates 
how to give addresses a on points s G S, showing the first and second places of a 
given to each region. This addressing proceeds to infinity to give a infinite places. 



59 



Figure 1. Address mappings and rxt-unit-IST’s on a geometric shape, (b) is obtained by giving 
0.5. 5| = Ci - 0. i m 0, 1,2, (e 0 ,/o) = (0,0), (et,/i) «= (0.5,0). (ej,/a) = (0,0.5) to Bq.8 


When a shape S is an IFS ( Iterated Function System) 1 attractor, we can utilize 
the following addressing rule. 1 An IFS consists of a complete metric space X and 
a finite set. of contraction mappings tr, : X -» X, t = 0, ...,L - 1. When X — R 2 , 
t he mappings tr, are often given the following affine mapping form: 

- ,w — ([2])- fc*][2] + [J!]' ‘ £R1 - (8 > 

The notation of the lb's is {X; u*, » = 0. . . . , L 1 }. The set S C X is referred to 
as the attractor of the IFS if S U| L =o' w i(S). Then, each point s € S is given an 
address determined in terms of the sequence of mappings tr, applied. Figure 1 (b) 
shows the case of a Sierpinski gasket, L = 3, on X - R 2 . Tlte numbers show how 
to determine addresses o in the same way as (a). 

3.2 Ext-umt-IST on Geometric Shape 

Using D^_ mi in Eq.4 and M in Eq.7, we define an ext-unit-IST working on a 
geometric shape S as the mappiug F£_ mi : S -* S for integers mid k r . 

Ft M(a))). (9) 

Each point jCS can be giveu various attributes. So, let F„ : S -> Air la* mi 
attribute function that gives mi attribute value a € Atr to a point s. 

F a (s) = o. 


( 10 ) 
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For example, a coordinate function F x : S -+X gives a coordinate x € X to a point 
s € S, where X is the space on which S is defined. 

F k (b) = x. (11) 

Attribute values a given to points a by the attribute function F a are transformed 
on the shape S by the application of the cxt-unit-IST. Using Equations 9 and 10, 

S — » Atr is expressed as follows. 


the resultant function F~ M|1| n 


F t-uni,a(kb. 8 ) — F a {F e _ u „i {h.kr.a)) 


( 12 ) 


Waik'kb'k,.^) 


-C 


Moreover, Eq.12 can be superposed as follows. 

F s-*-u n i,a(kb,k e ,s) = W a (k 1 k t ,ke,s)Ff_ un i a (kb y k, a). (13) 

The weight function W a , k b < k < k e , is defined using a ratio function S a (s) > 0. 

F {1 -<5«(-)}{(5a(a)} fc - fc */(l - if <*„(«) / 1, 

l/(k e -k b + 1) if <S 0 (s) = 1. 

(14) 

Equation 14 satisfies W a (k,kb,k r ,s) = 1. The weiglit function and ratio 

function are given s as an argument so as to be variable for different points a € S. 

An ext-unit-IST constructs the structure of “local resemblance in space/scale 
directions" 4 ' 5 on a geometric space. This structure is a combination of “locality in 
space directions” in Euclidean geometry and “self-similarity in scale directions” in 
fractal geometry, where space directions are the directions along which a point of 
view changes, and scale directions are those along which a field of view changes. 

Figure 1 (c) shows how ext-unit-IST’s work on a geometric shape S, a square, 
in local resemblance manner when different pairs of kb and k, are given. The shape 
S is given the address mapping of Fig.l (a). A point s € S is given a color value 
c = (R,G, B) £ C by a color function F e : S — ► C. The image in the position 

(k b ,k e ) is colored by F f . using the values kb and k e (cf. Eq.12). Each image 

in the column “superposition” is colored by Ff-_ e _ uni c using k b of its row, k e = 5, 
and 6 e (s ) = 1 for all s (cf. Eq.13). Each image has a different fractal-like repeated 
structure. The value k t controls the level of detail of the repeated structure. For 
a fixed kb, as k e increases, the structure is constructed into the scale direction by 
scattering colors over the square; even though k e increases, the color proportion 
of R, G, B depends on the position in the space direction. This shows the “local 
resemblance in space/scale directions” constructed by the ext-unit-IST’s. The value 
kb restricts the extent within which a point s can be transformed. For each k b , the 
leftmost image shows that a point s can be transformed only within the region 
that is enclosed by a white square and includes the point. Comparing the cases of 
kb = 0, 1, 2 shows that, as k b becomes greater, the scattering of colors is localized 
within smaller regions. This property realizes a continuous transition between a 
continuous deformation and a fractal deformation (cf. Sec.4.2). 


3.3 Fractal Deformation Using Ext-unit-IST to D-vectors 

The fractal deformation proposed in our previous paper 5 is achieved by giving 
displacement vectors (d-vectors) to the points on a geometric shape to deform and 
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applying an ext-unit-IST to the d-vectors. Let F v : 5 -* X be a displacement vector 
function (d-vector function) to give a d- vector v € X to each point s on a shape S. 

/V(«) = v. (15) 

When F y is directly added to the coordinate function F x of S , the coordinate of a 
point s € S is obtained by the following function P XiV : S -» X. 

Fx,v(a) = F x («) + F v (s). (1C) 

We consider F v such that v varies continuously on the space X, which is the 
range of F x . In this case, by Eq.16, S is deformed continuously. We refer to this 
deformation as continuous deformation. On the other hand, the fractal deformation 
we proposed - ' is defined using Eq.9 as the following function F/l unt x v : S -> X. 

P e-tini = ***(•) + ^v(F/_ xn< (kb, fc«, «)) 

= F x (s) + F/l ttniiV (*», *,,«). (17) 

In Eq.17, F e L _ uni rearranges the d-vectors given liy F v on S in local resemblance 
manner (cf. Sec.3.2). Using Eq.13, the superposed case is obtained as follows. 

^ > S-e-uni,xy(kbik e ,s) = F x (fl) + 53*=fc»^v(ki h>, k e , e)F^_ vniy (kb, k, s) 

= F x (s) + F^_ r _ unity (k b ,k e ,a). (18) 

The weight function W v for v is obtained by a ratio function 6 V (cf. Eq.14). 

The transformations above are easily extended for nou-integers and fc* by 
interpolating the four results obtained for (|fc£], [fc*)), ([fcj], [fc*] + 1), ([fcj] + 1, [fc*]), 
and ([fcj] + 1, |fc*| + 1), where \x\ means the integral part, of a non-integer x. 

4 Fractal Deformation by Applying 1ST to Increasing Rates of 
Displacement Vectors 

In this section, we propose a new fractal deformation technique. When using the 
previous technique described in Sec.3, the movements of points s on a geomet- 
ric shape S can be overlapped (cf. Fig.2 (c-1,* • -,4), Fig.3 (c-1,* • *,4)), because 
each point s is moved only by the d-vector given to the point independent of the 
movements of other points. Thus, when large d-vectors are given, the shape is seri- 
ously disturbed. To avoid this problem, the new technique proposed in this paper 
transforms the increasing rates of d-vectors, which are obtained by considering the 
neighboring d-vectors, instead of d-vectors themselves. This results in transforming 
the expansion rate of area on the shape without breaking its original topology. 

In the following, we treat the case when X = R 2 , x = (i, y) € R 2 , and v — 
(t’x.t’y) 6 R 2 . For convenience, in the following description, we use a instead of v z 
and v y . The a’s that appear in the following can be replaced with v z ’s or e v ’s. 

4- 1 Fractal Deformation Using Ext-unit-IST to Increasing Rates of D-vectors 

Let Foa/Oz(») and FoajO v (») denote the functions that give the increasing rates of 
an attribute value a, which is given by F a (s) of Eq.10, in the x and y directions. 
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Then, applying an ext-unit-IST to these functions makes the folk wing (cf. Eq.12). 

^£-»B •,aa/0*(^‘l>’ 8 ) = ■ F 9o/0*( F «-n»« (fcft, &*,«)), (19) 

^ r, «-ttni.ao/dy(^» 8 ) = ^ 9a/&y{f'c-uni (.kb.k r ,s)), (20) 

The superposed cases are the following. 

^S-e-uni. da/dx^ b ' k e ,s) = Wda /8x(k, kf,,k t , a )^'/l UI ,, i ao/a*(^’ a )‘(21) 

F S-e-sni, da/fty(^ b ' s ) ~ ^8»/fl»(^> kb,k r , <)^'/'_ knl> 3 a/dy(k> s )-(22) 

()ur goal is to obtain the function „(/%, A:«, s) whose increasing rates arc 

equal to Equations 19 and 20, or Fs-^-vni, *) 10 Equations 21 and 22. We 

adopt a numerical way. We take N calculation points (r.-pointa) s iy i — 1,... , TV, 
on the shape S and obtain the increasing rates Fax , and Fay , on these c-points. 

faxi = F'._ uni f ta /ff x [kb,k e ,ai) or F^_ K _ unifia ^ x (kb,k e ,ai), (23) 

Faifi = *«>*<) or F s-«-»»i,aa/ 0 y(^<*e,«.)- (24) 

It is generally difficult to obtain attribute values a< on the c-points s, using com- 
mon numerical integration methods, because the shape S does not always have a 
continuous domain and Is hard to determine a path of integration on, such as usual 
fractal shapes. Therefore, we try to obtain an approximate solution; we find a set 
of a,- on all the c-points a, so that the increasing rates on each a, calculated from 
the set of Oj are close to Faxi and Fay, as much as possible (*). 

We approximately represent the increasing rates of a on each c-point s, using 
a set of a, as follows. We consider that, each a, has a coordinate p, = (x t ,y,,Oi) 
on the three-dimensional space x-y-a. Using {x,. y , ). a two-dimensional Delaunay 
triangulation can be constructed on the x-y plane. This makes a triangulated polyg- 
onal surface on the space x-y-a. Then, we define the normal vector n, of jq on the 
surface. First, let Si k , k = 1,... , TV,-, denote the TV, c-points connected to s, on the 
Delaunay triaugulatkin, where the c-points from s,, to are placed counterclock- 
wise around a, on the x-y plane. The coordinate of is p< k = (x jk , y ik , a , k ). Then, 

using the relative vector r ik = p ik - p, = (rx ik , ry ik , ra, k ), the normal vector n, k of 
eadi triangle polygon around #< is represented by the following outer product. 

Dj k — r, k x r, (k+ ,| = (nx< k , ny< k , noj k ), k 1 , . . . , A/, . (25) 

If s, is au inner point on the polygonal surface, then »i has jV, triangles and A/j = TV,. 
The notation (fc + I] means that if k / Ni then [k + lj = fe + 1 and if k = TV< then 
(ib + 1] = 1. If is a boundary point, then a, 1ms Ni — 1 triangles and M, = Ni — 1. 
Using Eq.25, we define the normal vector Ui of a* as the sum of ni k 

n, = £*2i n n. = («*»> ™i)- (26) 


“The normal vectors n, k in Eq.25 are not normalized. This means that not only the direction but 
also the length of each n, k affects n, We need to investigate what occurs by this definition. 
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Each element of n, is represented as follows. If the c-point Si is an inner point, then 


~ 51*^1 — W[» + ,j)ot k i (27) 

n Vi ~ 5Zit=i( x *[»-i) ~ *»[*->) )°»*> (2®) 

,,a * — “ y*k x «[i,+i] )i (29) 

where if k ^ 1 then [A: — lj = k — 1 and if k — 1 then (Ar — 1] = JV). If the c-point a< 
is a boundary point, then 

~ Vu + >)“ n 

HVi„, ~ I/.! )* + (»<- + (th N< _, - Vi)Oi Ml , (30) 

n Ui — J2k = 2 ( x <* + 1 — Xl k i ) a >* 

+(*<, -*1^)** + (*<*- + ( 31 ) 

na * = Ek^T 1 ( x uJ/«» + ,-y.* x i* + i) 

+(*iVii~ + (*i Ni Vi- ( 32 ) 


Considering the relation between normal and tangential vectors on the space x-y-a 
gives the increasing rates Dux, and Day, of a on in the x and y directions. 


Daxi = -nxi/ru i<, Dayi = -nyi/nai. (33) 

To achieve our goal ((*) above), we consider the following error function. 

E a = £ili {{Faxi - Dax.f + (Fay. - Day,) 2 }. (34) 

Determining the values of a*, i = 1, . . . , JV, so as to minimize E„ achieves our 
goal. We use the method of least squares; we solve the system of linear equations 
dEa/daj = 0, j — 1 with N unknowns a<, t = I,..., N. These equations 

are transformed to the following form using the fact that nx, and ny, include a, as 
variables while na. do not (cf. Equations 27 to 32). 


N 


D lhlXi LniJ/i , \ ^ r 

• ~eT +UVi ' “ -2^iUh{Faxt 

ito 1 3 


Dm, 

doj 


N 


thiXi 

dai 


+ Fay, 


i>ny, 

da } 


}• (35) 


In order to complete Eq.35, the values of dim/ da j and dnyi/daj liave to be doter- 
mined. Using Equations 27, 23, 30, and 31, they are obtained as follows. 


(1) The case when i—j: If the c-point s, is an inner point, then 

dnxjdaj = 0, dnyjda , = 0. (36) 

If the c-point s, is a boundary point, then 

dnii/doj = y iSi - y it , dnyi/da, = x tl - x,„ t . (37) 

(2) The case when the c-point s, is connected with the c-point Sj : 

If the c-point s. is an inner point, then 

dnxjdaj = y i|m+ „, dnyjdaj = x q M+I ,-*i If ._ l |, where j = i TO . (38) 
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If the c-point a, is a boundary point, then 

(i) If j = ti, then dnxi/daj = i/i - y*,, dnyifdaj = x ia - x,. (39) 

(ii) If j ~ iNi, then dnxjdaj =■ y iNj _, - y„ Ony,/Oa } = x, - (40) 

(iii) If j = »m ^ *i,*jv 4 , then 

dnxi/daj = , - y. m+1 , dnvi/da, = x,„ +l - x, m _ x . (41) 

(3) The case when the c-point s, is not connected with the c-point Sj : 

dnxi/daj = 0 , dny t /da } = 0 . ( 42 ) 


Actually, the solution of Eq.35 cannot be determined because the N equations 
are not independent by the fact each equation is based on relative vectors r; t . 
So, we solve the equations as a system of linear equations with JV — 1 unknowns 
Oj, i = 1 ,...,1V — l, by living ay = 0. Then, we choose Nj c-points a /*(!)» 
/ = 1,...,JV/, 1 < ft[l) < JV, as fitting points and give attribute values as 
constraints. The attribute values u' of other c-points a, are determined by 

a'i - + £i*W‘(*> a /»(0)(°/i ( 0" a /t(i))> * ^ /*(0. / = 1 iV/, (43) 

where o< and Oft(i) are the solutions above, u'/ f gives a weight value inversely 
proportional to the distance between a, and s/t(i), and */((<)) = 1- We 

finally obtain the objective function F,l ™^ ■ 0 or Fgi r “* uni a by interpolating the 
values i = 1, . . . , JV, on the Delaunay triangulation of (x t , j/,). We actually obtain 

pL,rat _ / pL,rot pL % rat \ pL,rat _ / pL,rat pL,rat v 

4-2 Examples 

Figures 2 and 3 are examples produced by the proposed technique. 

i> The animations of these examples ure shown at the following web site. 
http://www-cg.cis.iwate-u.ac.jp/~fbjimoto/frac04/ftuimoto-Crac04-fig.ht ml 
They help readers understand the following explanation. 

In Fig.2, (a) is an IFS attractor of L - 4 named “fractal square (f-square)”. 
This is treated as F x and given the same addressing rule as Fig.l (a), (b) is a 
continuous deformation by Eq.lfi. (c-1,* • -,4) are fractal deformations by Eq.18 of 
the previous technique, (d-1,* • -,4), (e), (f) are fractal deformations by the new 
technique proposed in Sec.4.1 (superposed cases). These fractal deformations are 
given different pairs of kb and <5», the same k e — 6, and the same d- vector function 
F v as (b). Technically, F v was defined by giving d-vectors to 4 x 4 control points 
over the f-square and applying Bezier interpolation, which is represented by the 
white grid in each image. For (d-1), . . . , (f), N = 4 6 = 409(3 c-points were used 
(these were also used for (b), .... (c-4)). The small white squares in the images 
iudicate L — A fixed points used as fitting points s /qq, l = l, . . . , 4, which are given 
constraints Fff c , in , v (fcL.fc..S/»(q): the same applies to the cases in Fig.3. For 
displaying the shapes, plenty of points were produced by interpolating the c-points. 

In (c-1,* • - ,4) , F v gives too large d- vectors to keep the deformations stable; the 
movements of points overlap one another, and the deformed shapes are disturbed. 
On the other hand, in (d-1), . . . , (f), transforming the increasing rates of d-vectors 
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Figure 2. (Wlnl deformations (1). (a) is Hcflnrt) hy a, = rf, - 0.46, b, = c, = 0, i = 0 3, 

(«-o./o) = (0,0). (r,,/,) = (0 65,0). (e 3 ,/ 3 ) = (0,0.56), (ej./j) - (0.55,0.55) in Eq.8. 


results in replacing the expansion rate of ami in the vicinity of a point with that 
of nnothr point; on the deformed shapes, fractal-like repeated changes are given to 
the expansion rate of area without breaking their original topology. 

The continuous deformation (b) deforms the whole f-squarv continuously. The 
draw of the upper right (UR-) corner is propagated around continuously; the neigh- 
bourhood of the comer is deformed greater, and far regions are less deformed; the 
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region near the lower left (LL-) corner is hardly deformed. On the other hand, 
the fractal deformations (d-1), (f) deform the f-square in the way that each 

subpart is deformed recursively. The draw of the UR-corner is scattered all over 
the f-square in fractal-like repeated manner; every sub-f-square hi all scales and all 
regions, even near the LL-corner, is deformed, although the sub-f-squares near the 
UR-corner are still deformed greater than those in far regions. This deformation 
manner indicates the property of local resemblance. 

tn (d-1,- • -,4), as kb increases from 0 to 2, the sub-f-squares near the UR-corner 
get to deform greater while those in other regions get to deform smaller. This means 
that the scattering of the draw of the UR-corner is localized into each original posi- 
tion on the f-square (cf. Fig.l (c)). When kb reaches k r , this localization converges; 
the fractal deformations by Fg-r'-uni v become the continuous deformation by F y , 
and we obtain the same result as (b). This is easily understood by Eq.4; if kb = I fc c , 
an ext-unit-IST gives no change to a. Thus, an ext-unit-IST enables a continuous 
transition he tween a continuous deformation and a fractal deformation by chang- 
ing kb continuously (cf. Sec.3.2). By using non-integer cases, such as (d-2), the 
continuous transition is perfectly realized (cf. Sec.3.3). 

In (d-l,---,4), 6 v (s) is set to 1.0 6 for all s to make the deformation effects 
clearly understandable. In (e) and (f), 6 y (u) Ls set to 0.5 and 0.75. As d v («) 
becomes greater, the movements of points in smaller scales stand out. This effect 
is changeable according to positions by making <5 V («) vary over s. 

The images from (a-0) to (e) in Fig.3 show Sierpiuski gaskets, L — 3. (b) is 
a continuous deformation by Eq.16. (c-l,---,4) are fractal deformations by Eq.18, 
while (d-l,---,4) and (e) are fractal deformations by the new technique. They are 
given the same F y as (b) and the same h e = 7. (a-0) shows N = 3 7 = 2187 c-poiuts. 
(a- 1,3,4) show the regions within which points can move in (c, d-1, 3, 4) in the same 
way as Fig.l (c). Compared with (c-l,---,4), the shapes in (d-l,---,4) and (e) are 
deformed without being broken. Besides, every triangle in all scales and regions, 
even near the left side edge, on the gasket is deformed in local resemblance manner 
in (d-1,- • -,4) and (e), while the whole gasket is continuously deformed and triangles 
near the left side edge are hardly deformed in (b). Because a Sierpiuski gasket has 
large holes, the increasing rates by Eq.33 based on the Delaunay triangulation of 
c-points lack correctness at some points, particularly near large holes. This made 
the disturbances near large holes in (d-1,- • -,4) and (e), although these disturbances 
were reduced by averaging the increasing rates in the vicinity of each point. 

The images from (f-1) to (k-2) in Fig.3 show Twin-dragons, L — 2. (f-1,2) show 
the addressing rule. For the original shape (g), (h- 1,2) are continuous deformations 
by Eq.16. (ij,k-l,2) are fractal deformations by the new technique. (h,ij,k-l) are 
given the same F y , and so are (h,iJ,k-2). N = 2 12 = 4096 c-points were used. 
In these cases, F^_ uni (to/9x {kb,k,s) in Eq.21 and F^_ uni 8a/{ty {h,k,8) in Eq.22 
are rotated by tire rotation factors of the IFS mappings from u> at , to w ak , where 
a — M(s) by Eq.7. This provides spiral deformation effects. In (i-1), the movement 
of the right part of the dragon, shown in (h-1), is scattered everywhere, resulting 
in deforming spirally every tip in all scales and regions, even on the opposite side. 

‘This means that the weights in all scales are the same, although a fractal shape usually reduces 
its weights into smaller scales. 
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Figure 3 ftattnl deformations (2). (r): Sicrpitiski gaakH u, — li, — 0.5, b, r, = 0, 

i = 0.1,2, (*o,/o) = ( -0.25,0), (r,./,) - (0.28,0), (e,,/ 3 ) - (0. v^/4). (f-1) (k-2) Twin, 

ilr/igon Q|a ^ s ^ s 0.5. r« = —0.5, i — 0, I, (ro,/o) = (—0.5, 0.375), (ri,/i ) — (0 5,0.5*25). 
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Comparing (i jtk-1), when Ar fc approaches k t — 12, the deformation approaches (h-1). 
The same applies to (i j,k-2) and (h-2). 

The average calculation time for an image above is the following; f-squares: 6~8 
min., Sierpiuski gaskets: 1~3 min., Twin-dragons: 12~15 min. c We used Silicon 
Graphics 230 Visual Workstation 800 (Pentium III 800MHz, 768MByte). 

5 Conclusion and Future Work 

We have proposed a new fractal deformation technique by applying an ext-unit- 
IST to the increasing rates of d-vectors given to a geometric shape to deform, and 
shown its effectiveness. This technique provides easy control by changing a d-veetor 
function intuitively, although real-time interactive operation is currently difficult. 
Improving its computational efficiency is required in future. This technique can be 
applied to any shape if it is given a proper address mapping. So, a method to give 
proper address mappings to various shapes other than IFS attractors is needed for 
pract ical use, such as deforming objects in pict ures. Besides, we should extend this 
technique for shapes with multi-addressed points such as overlapping IFS’s. 
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Klectropolishing is a century-old technical treatment used to obtain bright and shiny 
surfaces by electrochemical removal. Choosing the operating point in the transpassive 
region, the interplay between rising gas bubbles and a falling film of dissolutcd metal leads 
to complex surface structures. The choice of the electrolyte and the applied electrical 
potential have a significant influence on the surface structure on different length scales. 
The aim of the paper is a characterization of height profiles resulting from different elec- 
trolytes. Apart from estimating characteristic length scales and different scaling regions 
representing different physical or chemical processes, the multifractal scaling behaviour 
of the rough surfaces is investigated within the framework of wavelets. In particular, the 
wavelet transform modulus maxima method (WTMM) provides a robust estimation of 
the full spectrum D{h) of Holder exponents h of the height profiles. From a statistical 
point of view the characterization of surface profiles by means of multifractal spectra 
is still incomplete. We apply a new stochastic approach, which is based on the theory 
of Markov processes and which allows the complete stochastic characterization of the 
surface profiles by means of a Kramers-Moyal expansion for the conditional probability 
distribution, which, in special cases, reduces to a Fokker-Planck equation describing the 
evolution of conditional probability distributions over scales. 

Keywords Electropolishing, surface roughness, scaling, wavelet transform, maxima 
fines, Markov process 


1 Introduction 

Electropolishing is a wide-spread technology discovered in the 1920s for obtaining 
smooth, shiny surfaces by electrochemical metal removal, i.e. the workpiece acts 
as an anode. The operating point of electropolishing is either the so-called passive 
region, where metal is dissolved slightly, or the tmnspassive region , where two com- 
peting processes occur in the case of vertically arranged electrodes: the dissolution 
of metal leading to a falling film of spent electrolyte containing dissoluted metal, and 
the hydrolysis of water, where oxygen is formed at. the anode causing gas hubbies to 
rise. The interaction of the two processes leads to local hydrodynamic instabilities, 
which mainly influence the formation of the surface structures on different scales 1,2 . 
As a result., an unwanted pattern of so-called gas lines appears on the micrometer 
scale 3 . The choice of the metal, the electrolyte and the applied electrical potential 
have a major influence on the surface structures. 

In this study we investigate the surface topography of brass sheets, which have 
been electropolished in perpendicular position in the transpassive region. The work- 
pieces are scauned with a 3D-laser-focus-scanner (UB.V1) with a micrometer resolu- 
tion. Two different electrolyte solutions containing phosphoric acid and an amount 
of alcohol, denoted as METHANOL-electrolyte (METH) and GLYCERJNE-electro- 
lytc (GLYC), are used. Although metal surfaces electropolished in METH are very 
smooth, they show tiny ripples in the vertical direction caused by rising gas bubbles 
(Fig. la). In contrast, GLYC leads to a rougher surface structure with higher and 
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Figure 1: Brass surfaces oleciropoliahcd in MKTH (a) and GLYC (c). Corresponding laser scans of 
height profiles *(x) and rooms transversal to the direction of gas lines for surfaces electropoliithcd 
in MKTH (b,c,d) and GLYC (fjt.h). 


sharper (teaks causing a more mattfinished, isotropic appearance of the workpiece 
(Pig. lb) 1 ,2 . We aim at a multifractal and stochastic characterization of surface 
height profiles depending upon the electrolyte used in order to get insight into the 
underlying interacting chemical and physical processes. This study is subdivided 
into three steps. 

In the first step, classical spectral methods are used to extract Uie range of char- 
acteristic length scales introduced by the gas lines and different scaling regions indi- 
cating the interaction of different processes. While power spectra are useful in find- 
ing scaling regions, they only provide estimates about the global roughness or Hurst 
exponent h and thus about the self-affinity of the fractal height profile 5,9 . Informa- 
tion on the spatial distribution of possibly varying local Hurst or Hoi tier exponents, 
i.e. fluctuations in the surface roughness resulting from multi-aifine properties, are 



71 


usually determined by means of the structure function method based on increments 
of the surface height profile 7 . However, there are fundamental limitations in the 
structure function approach, in particular, irregularities in the derivatives of the 
profiles can not be accessed. Using wavelets with more regularity and higher joint 
time-frequency resolution instead of increments (consisting of the difference of 6 - 
functions) allows for a complete and accurate multifractal analysis, which may even 
follow different power laws in different regions. The wavelet transform modulus 
maxima (YVTMM) method 3 provides a robust method for the determination of 
singularity spectra 10 . 

From the point of view of statistics, a characterization of the surface by means of 
multifractal spectra is still incomplete, since possible correlations of the roughness 
measures on different scales are not taken into consideration ,9,20,17 . In a third 
step, we therefore apply a new stochastic approach bast'd on the theory of Markov 
processes. This method allows to derive a stochastic differential equation for the 
evolution of the conditional probability density function (pdf) in the scale r directly 
from measurements without any assumption on the underlying data. The pdf’s of 
increments on different lenght scales display a similar deformation as in the case 
of turbulent flow indicating intermittency effects. The analysis of multiconditional 
pdf’s suggests that the statistics has Markov properties, which is the pre-condition 
for the applicability of the new stochastic method 20 . 

The paper is organized as follows. In section 2, we estimate the range of length 
scales characterizing the gas lines and different scaling regions. After a brief review’ 
of the continuous wavelet transform (CWT) and the wavelet transform modulus 
maxima (VVTM.M) method, the inultifractal spectra for surfaces electropolished in 
METH and GLYC, respectively, arc estimated in section 3. It. can be seen that 
at least two processes .ire interacting leading to different multifractal behaviour on 
different scales. Section 4 deals with the evolution of the probability density distri- 
butions of surface height increments for varying scales and gives a short introduction 
into the recently developed stochastic approach based on the theory of Markov pro- 
cesses, which is used for a complete stochastic characterization of the profiles. A 
preliminary stochastic analysis of the height profiles based on the theory of Markov 
processes is given. Finally, section 5 presents our conclusions and perspectives of 
further investigations. 

2 Characteristic length scales and scaling regions 

The laser scan (fig. lb) of a brass surface electropolished in METII (fig. la) shows, 
that the gas lines introduce a natural length scale into the surface structure. On the 
other hand, the brass sheet electropolished in GLYC (fig. le,f) has a rough, fractal- 
like structure with high peaks, suggesting scaling properties. Figs. lc.d,g,h show 
typical surfatre height profiles transversal to the direction of the gas lines together 
with zooms for METH and GLYC. Note the different scales in z-direction. 

In order to estimate the characteristic length scale introduced by the gaslines 
we measured the anisotropy introduced by the rising bubbles calculating the pow-er 
spectral density of ensemble averages transversal and parallel to the gas lines for 
METH (figs. 2a, b). From the ratio of the corresponding power spectra, the charac- 
teristic length scales can be readily extracted (about 24 gas lines/cm) *. 
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Figure "2: Comparison of power spectra of ensemble averages transversal and parallel to the gas 
lines for METII (a). Ftom the ratio of power spectral dutniiita (b), the range of length scales 
corresponding to the gas lines can be extracted. Power spectral densities fv(Jt) for ensemble 
averages of surface profiles transversal to the gas lines for METH and CJL.VC (c). 


Fig. 2c shows the power spectral density E(k) as a function of the wave number k 
for METH and GLYC, where wc considered ensemble averages of profiles transversal 
to the direction of the gas lines and applied moving window averaging. For both 
power spectra, two regions with different decay can be seen, indicating the inter play 
of two different processes. For large scales the workpieces eleclropolishcd in MFTII 
appear much smoother than those treated with GLYC. Therefore, the METII power 
spectrum displays a faster decay for large scales than the GLYC power spectrum. 
For small scales the behaviour is just reversed (cf. fig.l). 

3 Multifractal analysis based on wavelets 

While the power spectral density E(k) is of great interest revealing scaling laws, 
it gives only limited information about the mono- or miiltifractal pro|>erties of the 
surface roughness. It only allows for an estimation of a ylobal Hurst or Holder 
exponent /i via the relation E(k) ~ k~ l ~ 2h . Local fluctuations in the degree of 
’roughness’ call for a location di|>cndent Holder exponent h(x). The standard way 
to extract the mulliscaling properties of a function f(x), is to study the scaling 
behaviour of the structure functions S,(r) 7 

S,(r) =< 6f r * >~ r<« 

of order q of the increments <5/ r = f(x + r/2) - J(x - r/2). Multifractal 
leads to a nonlinear scaling exponent (»■ By Legendre transforming the 
C«i one obtains an estimate of the spectrum D(h ) of Holder exponents 7 

D(h) = m\n(qh - + 1). (2) 

i 

A severe drawback of this method is, that one has only access to Holder exponents 
< A < 1, i-c- singularities in the derivatives of the function can not lie identified. 
In addition, negative moments q < 0 lead to divergencies 9 . 


( 1 ) 

behaviour 

exponents 
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These limitations can be circumvented using the wavelet framework. The con- 
tinuous wavelet transform (CWT) 

+oo 

W+f(a, fc) = i f /( i) V > ( ^) dl (o, b € R, a > 0) (3) 

-OO 

decomposes the function /(z) € L 2 (R) hierarchically in terms of elementary com- 
ponents ip which are obtained from a single mother wavelet rp(x) by dilations 

and translations. Here, a denotes the scale and b the shift parameter. A unique 
reconstruction of the function /( i) is ensured if rp(x) € f-'(R) has zero mean. 

Increments can be rewritten as poor man’s wavelets consisting of the difference 
of two 6 functions 9 . Choosing wavelet functions, which are well localized both in 
physical and Fourier space a much better joint space/frequency resolution can be 
achieved leading to an improved data analysis. Among the multitude of possible 
choices for wavelets the Gaussian family of real wavelets, which are obtained as 
derivatives of the Gaussian function, 

tM*) = e~ z ' /2 , Vn(z) = ^n-i(i) (n e N, n > 1) . (4) 

is especially suitable for detecting and characterizing irregularities in a function or 
even in its derivatives. For this purpose, we require wavelets with n^, vanishing 
moments 

+oo 

x k rp(x) dz = 0, Vfc, 0 < k < n^, (5) 

— OO 

Wavelets allow to precisely detect and quantify singularities. Assuming a cusp 
singularity with Holder exponent /i(z 0 )r(n,n + 1) at z 0 , the CWT scales like 

|HV/(a,z 0 )|~a fc ‘* o >, a-M) + , (6) 

provided the analyzing wavelet chosen has > h(x o) vanishing moments *' 9 . In 
contrast, if one chooses a wavelet with n* < h(x o), the CWT scales with an ex- 
ponent It can be shown, that this scaling behaviour is also valid along the 
maxima lines of the modulus of the CWT, which point to the singularities*. Hence, 
for practical applications, these lines are conveniently used for extracting the Holder 
exponents and can be regarded as fingerprints containing the complete information 
on the scaling behaviour. A direct tracing of these maxima lines reduces the time- 
consuming calculation of the full redundant CWT even so being sufficient for the 
characterization of the scaling properties of /(z) 13 . The so-called wavelet trans- 
form modulus maxima (WTMM) method 9 ’ 10 allows (in the absence of oscillating 
singularities) a robust estimation of the full spectrum of singularities. 

The WTMM method is a generalization of the classical multifractal formal- 
ism u,la , where box functions are replaced by wavelets as oscillating variants. The 
partition function Z(q,a) can be considered as a modified wavelet based structure 
function 9 

Z(q,a)= 5Z (sup IWVfto'.MI 

6,fcrnax. lines — ° 



( 7 ) 
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For a given scale a, Z(q, a) contains the qlh moments of the contributions of | IF^/I 
along the maximal lines, where the supremum in eq. (7) is related to a Hausdorff- 
like covering with scale-adapted wavelets. Using this definition, divergencies due 
to negative order moments are removed 9 . From the power-law behaviour of the 
partition function (cf. eq.l), Z(q,a) ~ a — > 0 + , the whole spectrum of Holder 
exponents D(h) is obtained by Legendre transforming the scaliug exponents r(q): 

D(h) = min [qh - r(q)). (8) 

The spectrum of Holder exponents D(h) is used to characterize the fluctuations 
in the roughness of electropolished surfaces. We apply the WTMM method to 
profiles transversal to the gas lines for brass sheets electropolished in METH and 
GLYC. For each electrolyte, we use an ensemble of five profiles transversal to the 
direction of the gas lines for the calculation of the partition function Z(q,a) defined 
in eq. (7). In accordance with the observation of two different scaling regions in the 
power spectra (fig. 2c), two regions with different power law behaviour occur, which 
lead to different distributions of the corresponding Holder exponents. Up to 12800 
maxima linos are used for the evaluation of D(h). The corresponding singularity 
spectra D(h) for small and large scales are plotted in fig. 3. Due to the finite 
resolution of measurements and cross-over effects between small and large scales, 
the spectra depend to some extend on the scale interval selected for the evaluation 
of D(h). 

The spectra of Holder exponents displayed in figs. 3a, b show that the strengths 
of singularities for METH and GLYC are quite similar on small scales. To be more 
specific: although the support of the D(h) curve of METH is slightly shifted to 
smaller values of h as compared to the D(h) curve of GLYC, the most, frequent 
Holder exponent ho is around 1.25 in both cases. A further difference is that the 
maximum D(h 0 ) is smaller for GLYC indicating that the corresponding singular- 
ities arc less frequent. Thus, in contrast to the visual impression received from 
figs. lh,e, surfaces electropolished in GLYC are smoother on small scales than those 
treated with METH (cf. fig. 2c). For large scales, how’ever, the GLYC spectrum 
is clearly shifted to smaller h- values with h» = 0.79 as compared to ho = 1.02 for 
METH, which corroborates the observation, that GLYC produces sharper higher 
peaks on large scales than METH. The spectra D(h) can therefore be considered 
as a quantification of the qualitative conclusions drawn from inspecting the profiles 
shown in fig. 1 . The main difference in the surface topography of brass workpieces 
electropolished in different electrolytes seems to be caused by the rising gas bubbles, 
their magnitude, adhesion time and dynamics producing different patterns on large 
scales. This is due to the fact, that the gas bubbles are generating a flow of fresh 
electrolyte etching the surface in the gas lines effectively M . 

4 Stochastic Analysis 

For rough surfaces displaying scaling behaviour the singularity spectrum D(h) can 
be regarded as a complete multifractal characterization of the singularities 4 5 ®. How- 
ever, from a stochastic point of view, this characterization is still incomplete, since 
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Figure 3: Spear* of Holder exponents D(h) for (a) METH and (b) GLYC for different scaling 
regions. 


joint statistical properties of several height increments on different scales are not 
taken into account l7,18 . In a series of papers a new approach for the stochastic 
analysis has been proposed which allows to extract the explicit form of the underly- 
ing stochastic process directly from experimentally measured data without making 
any assumptions, provided the process is Markovian 19,20,IT . Considering the height 
increment z r (x) = z(x + r/2) - z(x — r/2) of a surface profile z{x) as a stochastic 
variable in (he length scale r, the aim is to describe the evolution of the condi- 
tional probability density function (pdf) as r is varied, where the conditional pdf 
p( 2 i , r 1 1 22 , r-i) describes the probability for finding the increment z\ on scale n pro- 
vided that the increment zi is given on scale rj. A stochastic process is Markovian, 
if the conditional probability densities fulfil the relations 

/K*i,ri|3j,r f ;...;3 n ,r n ) =p(zi,ri|zj,ra) where n < r 2 < ... < r„. (9) 


In this case, the conditional pdf satisfies a master equation. Expanding the distri- 
bution function into a Taylor series, the evolution equation can be written as 21 * 20 


- r j£.P{Zr,r\ZO' r o) 


-m 


flikCzr^Mz.-.rlzo.ro) 


( 10 ) 


where the so-called Krainers-Moyal coefficients £>*(: r ,r) can be directly estimated 
from experimental data 


D k (Zr,r) = lim Af*(z r ,r, Ar). where (11) 

Ar-*0 

A/*(z r ,r,A (z - z r ) k p(z,r - Ar\z r ,r)dz (12) 

In the special case of Dt(z r ,r) = 0, eq. (10) reduces to the Fokker-Planck equation 

- r j£P(*r' r \za, r o) - />(z r ,r|zo.ro). (13) 

The partial dilferential equations (cqs. 10,13) completely describe the underlying 
stochastic process. For details the reader is referred to 21,20 . 
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Figure 4: Probability density functions of for METH based on (a) height increments and (b) Meyer 
wavelet coefficients for different scales r,. Meyer wavelet (c) and its Fourier transform (d). 


Next, we show first results needed for the application of this stochastic approach. 
In figs. 4a,b the probability density functions of ^-increments and Meyer wavelet 
coefficients ,B (sec figs. 4c, d) for METH arc plotted for various scales r*. The pdf’s 
are normalized to their respective standard deviations a T and shifted in vertical 
direction for clarity. For small scales the shapes of the curves deviate strongly from 
Gaussian distributions indicating pronounced intermittency effects. In a next step, 
we test the data for evidence of an underlying Markovian process. Since a general 



Figure 3: (a) Contour lines of the conditional pdf’s p(ii,ri|zi,rj) (red lines) and 

p(*i,ri|i 2 ,rjj*s = 0 ,rj) (black lines) for rj — lOpin.rj — 108pm,rj = 216 pm for METH 
(b), (c) Cuts through the conditional pdf’s for 23 — ± 0 / 2. 


test of the condition, eq. 9, for all sets of scales ri,r a , ...,r n and for all n is not 
possible we test the validity of the following necessary condition 

P(*i»ri|za.ra;z3,r3) sptxi.nlxj.rj) where n < r 3 < r 3 . (14) 

The results for a brass sheet electropolished in METH are presented in figs. 5,6. In 
Fig. 5a, the contour plots of p(zi.ri|z 2 ,r 2 ;z 3 ,r 3 ) (black lines) and p(z|,r||z a ,r 2 ) 
(red lilies) are shown in units of the standard deviation a of the z-data. The good 
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correspondence over several orders of magnitude is corroborated by two cuts for 
zi = ±a/2 displayed in figs. 5b,c indicating the validity of the necessary condition 
eq. (14). In fig. 6a the same contour plots are presented for a different choice 
of scale increments. In this case, the two sets of contour lines deviate strongly 
from each other, i.e. here a Markovian condition is not satisfied. Similar results 
are obtained for the GLYC case. Thus, the Markov properties are likely to hold 
for large enough differences in the scales r,-, but are violated for small differences. 
Further investigations are necessary to estimate the range of validity of Markov 
properties. In a next step, we estimate the K rainers- Moyal coefficients D \ , D-i and 
Da (eqs. 11,12), which allow to set up cq. (10) or cq. (13), respectively, and thus to 
describe the stochastic process completely. 



£,S»I 

Figure 6: Like Ggure 5, but Tor different scale increments: ri = 52 /irn.rj = SO /jm, rj = GS fim. 

5 Conclusions 

We presented various numerical techniques including the wavelet framework and 
stochastic methods for a characterization of surface electropolished profiles. The 
complete information about the multifractal scaling behaviour is contained in the 
singularity spectra D(h) which are estimated using the WTTM method. We have 
shown, that it is passible to distinguish between the surface structures caused by 
two interacting processes, namely rising gas bubbles introducing an anisotropy into 
the topography, and the dissolution of metal. This anisotropy is more pronounced 
in the case of METH. While workpieces electropolished in GLYC appear rougher 
on a large scale than those treated with METH, an opposite tendency is observed 
on the small scales. The main difference in the surface structures is caused by the 
specific peculiarity of the gas lines. For a complete stochastic description of the 
surfaces, we use a new approach based on the theory of Markov processes. 

Further investigations include the question, if the Markov analysis allows to set 
up a Fokker-Planck equation for the different interacting processes for electropolish- 
ing in the transpassive regime. The corresponding Langevin equation would open 
the possibility for a direct synthetization of surface profiles. Also, we are interested 
in whether or not one could benefit for the Markov analysis from a replacement 
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of the height increments by wavelet coefficients or the CWT-valucs of li\,z(a, 6,) 
along the maxima lines, respectively. This work is under progress. 
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and many stimulating discussions with R, FYicdrich, .7. Peinke, M. Wachter, A. 
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In this, paper we address and propose a solution to the problem of numerical esti- 
mating the generalized y-d intensions of affine KIPS invariant measures Unlike the 
commonly used chaos game approach, our method gives good results for the poten- 
tially whole range of q (including the problematic large negative q) in an efficient 
and robust manner. In this goal, wc use a deterministic, Markov-operator-based 
algorithm of approximating the measure on a lattice. Wc show that the algorithm 
makes it possible to approximate the measure at any accuracy with respect to 
the Hutchinson metric. Then, we give the rigorous proof that our lattice approx 
imatiou is ideally suit for computing the generalized dimensions by means of the 
overlapping box approach. The results included and their comparison with those 
obtained from the chaos game confirm the strength of our approach when applied 
in practice 


I Introduction 


Originated by the Hungarian mathematician A. R6nyi in information theory and 
introduced to fractal geometry in the generalized dimensions are one of the ba- 
sic tools to describe global properties of fractal distributions (measures) in the 
form of powerlaw behavior of </th order moment generating functions. First of all, 
thanks to the whole range of values that the generalized dimensions take in the case 
of a multifractal measure, they can be considered one of the ways of quantitative 
characterization of multifractalily and, thus, the most fundamental property distin 
guishing multifractals from monofractals, because for the latter all the dimensions 
are just equal to the box-counting dimensions of the supports. Secondly, via the 
Legendre transform, they give the basis for describing local scaling behavior of a 
measure in the form of the multifractal spectra and. further, for multifractal anal- 
ysis in general. Therefore, there is no surprise that much work has been devoted 
to find explicit formulas for the dimensions of different classes of measures. As a 
result, the formulas are known for self-similar measures: from the classical binomial 
and multinomial measures to infinite multinomial ones 2 , and further for self-similar 
measures defined by the multiplicative Moran cascade processes 3 and their exten- 
sions to graph-directed constructions 4 , as well as for random analogues of the above 
classes . While the self-similar class is well-investigated, the self-afline measures 
are much harder to analyze and only in rather special cases the explicit formulas for 
the generalized dimensions can be derived 8,9 . In addition, all the mentioned classes 
require the open set condition to hold (more precisely, in 7 a little bit weaker con- 
dition was assumed). In the case of the general self affine measures arising from, 
possibly, overlapping constructions the only way to deal with multifractal analysis 
in general and the generalized dimensions in particular is via numerical estimation. 
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The common way to analyze measures arising from general IFS constructions 
is to approximate fin IFS measure on a lattice from a long trajectory of points 
generated by the chaos game 10 and, then, apply lattice-based (i.e. box-counting) 
methods (see e g. 11 ), By Elton’s crgodic theorem 12 the time-averages along the 
random process converge to an invariant measure (which in the IFS case is unique), 
so this dynamical-system approach seems to be, at least theoretically, legitimate. 
But is it in practice? As far as the subject of interest are the generalized dimen- 
sions the answer is, unfortunately, ’no’ in general, and this follows from the vague 
"long” concerning the chaos game trajectory. First of all, there are no error bounds 
saying how long the trajectory should be so as to approximate au IFS measure at 
accuracy given. What is more important, however, is that probability of reaching 
a box of a positive measure by a finite trajectory can be arbitrarily small (just 
by treating an IFS measure in the ’residence- time” manner). Consequently, the 
boxes of a nonzero but small measure relatively to the others are either not vis- 
ited or the number of the chaos game steps would have to be arbitrarily large in 
general Thereby, the ncar-zero-measurc boxes are undistinguishable from the zero- 
measure ones While the omitted boxes have almost no impact on the values of the 
generalized (/-dimensions for positive q (because their contribution to the moment 
generating function is almost null), the case of negative q reverses this situation 
and the boxes of small measure play now the major role in calculating the dimen- 
sions. As a result, the practical application of the chaos game approach usually 
significantly underestimates the generalized dimensions for large negative q 

In this paper we cure this problem by exploiting the other, i.e. space-mean, side 
of ergodicity and approximate a RIFS measure on a lattice in a deterministic way, 
using the measure’s invariance under the corresponding Markov operator It should 
be noted that a totally different deterministic method of approximating a "usual” 
IFS measure (which also utilizes the definition of the Markov operator) has recently 
been proposed in 13 . Though that method is theoretically appealing, yet given nxn 
it requires computing the left -eigenvector of a n 2 x n 2 transition matrix of a Markov 
chain, which makes it both memory and computationally expensive (ignoring the 
problems related to numerical stability). Our method of approximation is based on 
the ideas used previously in 14 (which we adapt here to the lattice context) and, in 
contrast to l3 , is efficient, numerically stable, and extends the scope to Recurrent 
IFS measures. The algorithm is completed with the proof concerning the quality of 
approximation it provides. Then, we give the rigorous proof that our method when 
accompanied with the overlapping box approach 1 '' is ideally suit for the numerical 
estimation of the generalized dimensions. Finally, we compare results supplied by 
our approach with those obtained from the chaos game. 


2 Preliminaries 

2.1 Generalized Re.nyi dimensions 

Let /r be a Borel measure on R d with a bounded support. Let S n be a se- 
quence such that S n — * 0 as n — * oo. Denote by G^ n the collection of boxes 
D = ( a »^n, (o* + 1)<M, € Z, belonging to the -coordinate lattice 
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covering of R d , so that p(B) > 0. Define the function lh„ '■ Gt u -* R by 
= — log/u(B). Typically, the rescaled moment generating function is a 
renormalized version of the Laplace transform E[exp( - At/^ )j of Us„, and is de- 
fined by r(q) - lim„.^oo log 5>i E[exp(- i/I/aJ] if the limit exists, where q € R and 
the expectation is taken with respect to the Lebesgue measure After rewriting, r 
takes the well-known form 


7(0) = lim 

n—*oo 


- log <5„ 


( 1 ) 


The generalized Rcnyi (lattice) dimensions D(q) are defined by 


D(g) := 



Huso. 




9/1, 

otherwise. 


( 2 ) 


Unfortunately, there are some problems with (1) (and. hence, with (2)) even if 
it is considered from the pure theoretical viewpoint 15 . First, the limit sometimes 
depends on the sequence <5„ , which is not only undesired theoretically but also 
makes numerical estimation unstable. Secondly, just like the Laplace transform, 
the limit is often not well-defined for the negative values of q — more precisely it is 
just 30 whenever q < 0 . As shown in l!i , a method, which improves the behavior of 
r, is to use the lattice of overlapping boxes (B) K = - *)^n> (a* + 1 + *)<J n )» 

i.e. each box B of the standard lattice is ” blown" up by a factor k 6 N = {1.2,...}. 

Let us denote by f* v the image of a measure p on X under the mapping 
f X —> X, that is [f*u)(E) •.=■ o(f *(£)) for E C X. The following proposition 
proved in 15 states an important result about the overlapping box approach, which 
we will use in the sequel. 


Proposition 1. Let /: R d — * R d be. a bi-Lipschitz map. Let (<5 n ) be n sequence 
such that S n > <5 n+ | > a5 n for all n € N and a constant c > 0 . Then for all q c R 


lim sup 

n— * exs 


i°g ^ BeG*„ /*(<*)«.)* 


-log <*,. 


lim sup 
<sio 


1 °8E BfcC< (/v((fl)jr 

- log 6 


(3) 


for any m.Ki € N. a 


2.2 IFS and RIFS invariant measures 

Let K he a compact metric space. A recurrent iterated function system (abbreviated 
RIFS) is a triple (K: { t/J, } 1 : P), where u\ : K — * K are contractive maps and 
P € R a * N is an irreducible row-stochastic matrix, N c N. From the viewpoint of 
Markov chain theory, P = [p,*,] is a transition probability matrix w r hich specifies 
a homogenous Markov chain on N states {tui}, so that probability of transition 
from tc, to U’fc is given by p,*. Since a homogenous irreducible Markov chain with 
finite state space is positive recurrent, it follows that the chain is ergodic with the 

unique stationary distribution 7r — (tti , 7r/v] being the unique normalized left 

eigenvector of P , i.e., r = rP and , rr, = 1 . (If. for each k e {l,...,Af}, 

“Note that in (3) the sums run over the boxes B with p(/J) > 0, and not the expanded [U) K . 
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p ik — p k for every i € then the RIFS reduces to the ’’ordinary” IFS 

written usually as (A', {p,}^). Evidently, in such a case 7r = 

Each RIFS is the input for the so-called chaos game which, exploiting the un- 
derlying Markov chain given by P, generates a random walk {x, }™ 0 on A', so that 
x„ = u\„ (i n -i) and xo is any point of K. One can show that the walk is a random 
process of asymptotic behavior specified by a unique stationary (Borel) measure 16 
Pr(E) = hm,,.,^ whenever E is a Borel set with p r [dE) - 0 

Moreover, p r is supported by a set >4 being the unique compact and nonempty 
solution of the set equation 

N 

A = U A{i) ' A{i) = U (4) 

• -1 {*:»>», >0} 

that is spt p r A is the attractor of the RIFS. 

The main conclusion of Elton's ergodic theorem 1 2 16 is that the time mean p r co- 
incides (almost everywhere) with the spat e mean f x 1 t;dp in which E is Borel, and 
p is the /C-projection of a unique measure being invariant for the ’vector” version 
of the so-called Markov operator. (By 1 r we denote the indicator function of a set 
E.) More precisely, the Markov operator associated with a RIFS (A*; {w, }fL, ; P) 
acts on the space V(K A ) of normalized Borel measures on the Cartesian /V- product 
of A', and is defined by 

N N 

M (P) := Pkiwf PkN'E , (5) 

>=i *=i 

where P = v k are Borel measures on K such that , v,(K) = 1. 

One can show that. M possesses a unique fixed point. Ji — \f(p) on the subspace 
{P e P(K N ) : Vi(K) = jr,,t = l,...,A r }, where tr is the unique distribution of 
the underlying Markov chain. Moreover, spt Ji — [A (1) . . . . , /l (jV >j. Thus, the RIFS 
invariant measure can be expressed in terms of Ji as 

N 

P(B) s p(E N ) = Y, *i E ) for E C A\ (6) 

1=1 

Both from the theoretical and practical viewpoint, it is often useful to introduce 
a function that says how two given measures are ’’close” to each other In the IFS 
theory to determine a distance between measures usually the Hutchinson metric is 
used, which is defined by 

(Ih(p,I')= sup {I f f dp- f fdui } , (7) 

/€Lip(<l) ] Jk Jk 1 

where Lip(< 1) denotes the set of Lipschitz functions /: K — * R with the Lipschitz 
constants not greater than 1 (with respect, to the metric on A'). Assuming K to be 
compact, one can prove that dp is indeed a metric on the compact space V(K) of 
normalized Borel measures on K. Another noteworthy property of the Hutchinson 
metric is that the metric generates on V{K) the same topology as the one induced 
by weak convergence of measures. One of the important consequences is that the 



83 


convergence of a sequence of measures in the sense of the Hutchinson metric implies 
the weak convergence of the sequence. 

3 Lattice approximation of RIFS invariant measure 

3.1 Lattice-measure matching 

So long as the pure theoretical lattice based analysis of a measure takes place, one 
does not have to take under consideration the problems related to the localization, 
orientation and extent of the support of the measure with respect to a coordinate 
system, because such an analysis utilizes i5-lattiee coverings of the whole space with 
arbitrarily small A. However, when there is a need to investigate a measure numeri- 
cally, then, due to finite computer memory resources, we have only representations 
of hounded lattices with a restricted range of A at. our disposal. Therefore, in prac- 
tice, it is essential to match such a non-perfect representation of 6 lattice to the 
support of the measure, so that the lattice is ’’filled” with the measure as much as 
possible. On the other hand, assuming the overlapping box approach to be used, 
Proposition 1 states that "^-moment” properties of a measure are invariant under 
bi-Lipsehitz transformations. Consequently, it is usually more convenient to t rans- 
form the measure itself to fit in a given lattice of a bounded extent. Using (5) and 
(6) it is easy to check that, given the measure p specified by a RIFS (K ; {te,}^, ; P), 
the image of p under a bi-Lipschtiz (and, hence, invertible and continuous) map 
f;X—>X,KcX.is specified by the RIFS (J(K); {/ o u>, c Z' 1 }^ ^P). (More- 
over, by (1) it is readily seen that spt /*p = f(A ) as expected.) 

In practice, given a RIFS, it is convenient to transform the invariant measure 
by an invertible affine map (aud. thus, bi-Lipschitzian) in order to obtain the image 
of the measure with the support bounded by the box of lire unit side. Since the 
transformation of a measure implies the transformation of its support, the problem 
of the determination of an appropriate affine map is, in essence, equivalent to the 
determination of d-dimensional parallelepiped which bounds the RIFS attractor as 
tight as passible. (The problem is of the computational geometry character and 
as such is beyond the scope of this paper — for a heuristic algorithm see e g. 17 .) 
Therefore, in the sequel wo will assume the measure to be contained in the unit 
box. 


3.2 Approximation 

Let (K, {u;,}^,; P), where w, : K — K on compact K C R'\ he an affine RIFS 
with the invariant measure p supported by the attractor >1, such that A is a subset 
of the unit box C — n?=i[0> !]• Moreover, wc assume that R' 1 is endowed with the 
Euclidean uortn, so the RIFS is contractive with respect to the Euclidean metric. 
(Note that a bi-Lipschtiz transformation of a RIFS being contractive with respect 
to the Euclidean metric, we did in the previous section, may result in a RIFS which 
is not contractive w.r.t. the metric. Nevertheless, it is easy to show that there is 
still a metric induced by a norm on R d in which the maps of the transformed RIF'S 
are contractions. Consequently, we can do the above assumption without any loss 
of generality, because all norms on R d are equivalent, i.e. they generate the same 
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topology.) 

Our method of the approximation of RIFS invariant measures ut ilizes a recurrent 
recipe for expanding the measure into a sum of component measures supported by 
sets of diameters less than given <j > 0. We used the idea of the decomposition 
itself previously in 14 to visualize 3D RIFS measures but in this paper we adapt it 
to the lattice context. In turn, the measure decomposition approach can be viewed 
as a RIFS generalization of the adaptive-cut algorithm for ’’usual’' IF.S invariant 
measures developed in 18 . 

Let p = p, be the RIFS invariant measure (6). Since spt p C C. by the 
definition of the corresponding Markov operator (5) it is easy to show 1 1 that, p can 
be expanded into a Siam of "nonzero” measures 

n-l ^ 

■ (n **♦»<*) 0** °-" ot,, <-i) V'- (8») 

k=\ 

n-l 

with sptp„...j„ c w„ o . . . o tv,,, (C) and Pi,...,„(C) = (II 

km 1 

where each component measure /i*, can be further decomposed into the sum of m 
(m < A r ) "nonzero” measures p,, such that p,. M > 0, t„ , t 6 { 1, . . . , A r }. 

As a result of the recurrent use of the recipe above, p can be decomposed into 
a sum of measures supported by subsets of diameters less than a given S > 0 with 
respect to the Euclidean metric. Unfortunately, the Euclidean metric is "unpleas- 
ant” for computing the diameters of sets (8b), because it requires, among others, 
the calculation of maximal eigenvalues of symmetric matrices in order to determine 
spectral norms of matrices specifying linear parts of the affine map compositions in 
(8). However all norms on are equivalent, so we can do such a decomposition of 
p with respect to any metric induced by a norm, even if the RIFS is not contractive 
in the metric chosen. By its "friendly” computing properties the maximum metric 
seems to be the best choice In the lattice context 8 . Since spt p is a subset of the 
unit cube C, by (8b) we obtain 

d 

diam(sptp„...,J < ||A/„ = max V' (9) 

t — 1 . ,d ‘ — ' 
k - I 

where A/p. — m,i] is the d x d matrix specifying the linear part of 
u>,, o ... o w, n . As a result, taking advantage of the maximum metric we can 
obtain the decomposition of p into a sum of measures supported by subsets of the 
horizontal and vertical extents less than S. 

Let L n be the lattice covering of R d by d-dimensional boxes B — 
nf=|[2 "o„2 "(a, + 1)) of side 2 Let C„ be the subcollection of L n specified 
by the lattice coordinates a* € {0, ... ,2" - 1}. that is, ignoring the "right-hand” 
boundary points of j lf_j[0. 1), C n constitutes the 2”"-lattice covering of the unit 


should be noted that in 14 , no lattices were employed, and to avoid the problem of computing 
diameters w.r.t. the Euclidean metric, the Frobenius norm was used. 
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rube C. Further, denote by Q n the family of finite sequences (not neces- 
sarily of equal length) of indices ij € so that /i = JT, i K su„ Pn u 

and ||M, 1 ...,J|oo < 2 _n < ||M, Hoc, where p t , ... u and ||A/,, ,J|oo are given by 
(8a) and (9) respectively. Now, we can define the function 4 > : Q n — ♦ C„ by 


*(» i •••»*) 


{ B : x„ . , k € B if Xi, u € IntC. 
B : Xi, , 4 € B otherwise, 


(10) 


where x t ,_. denotes the image of a point of the RTFS attractor subset. ,4 <u) under 
the map composition u>„ o ... o u>, k _, (if k = 1, we just take the identity map). 
It is easy to see that the definition is correct, because x„... t* € A C C. for by 
(4) Wi, o ... 0 Wi t _ t takes to a subset of /4^*\ and the second case in (10) 
solves, in the unique way, the C vs. C n boundary problem (so in both cases <b 
chooses uniquely B from C n ). Equipped with the above definitions, we define the 
2“"-lattice approximation of p by the measure 


y , ( lla ) 

o...uen.. 

where the components U,,. , lfc are measures that are uniform, lattice analogues of 
Hi, ...it in (8), which are defined by 


f 1 «i,... ik) dx (lib) 

Jb 

whenever F C R“ is Borel. Clearly, 

t k (C)-Ht> , k (C) and sptW„ ... ik = <j>(ii . . . i k ). (11c) 


Proposition 2. a) U it . ..h(^(»i . . .»*)) (C) = /r„ ((<^(*i - - *fc)) x ). 

b ) u _ »*l ^ \/3d-2-" - Mi, ...»(<?). whenever f € Lip(< 1) 

and K C R d is compact. 

Proof, a) By (10) and (lib) U„ . H (tf>(»i • • • »*)) - Ui, <» (d>0i ... **)), so the first 
equality follows immediately from (11c). Now, we prove the second one. Denote 
:= w u o . .. o w tk (C) to shorten notation. We have x„ u € C t , „ and 
by (10) e <p(i i . ..ik)- Moreover, dian^Ci,...,*) < 2 -n with respect to the 

maximum metric, because ||A/,, < 2~" and diam(C) = 1. Hence, by the tri- 

angle inequality, diAm(C|,... u U0(i) . . . t*,)) < 2 •2 -n with respect to the maximum 
metric. Thereby, C,, C (<»(* 1 ...i*)),. But by (8b) spt/i,,...,, C C, Thus, 
the second equality holds. 

b) First of all, / as a Lipschitz function is a Borel function and, thus, 
Hi t ...i k and U„ i k arc measurable^. Further, by (11c), spl£A, u C 

c It is the well-known fact that if id is a Borel map (i e . /“’(£) is a Borel set whenever £ is open) 
and p is a Borel measure, then us* p is also Borel As u>, arc Lipschitz continuous, they are Borel 
maps and thus all p,, , t are Borel measures, because p is Borel The same is true for 
which being (rescaled) restrictions of the Lcbcsgue measure are naturally Bore. 
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(0(«i .. - *ic ) ) j - so /k *k ~ Similarly, f K fdp^ l ...i h 

/ W(l| , t) ), fd»n ik> because spt /*<,.. u C (0(*i . . • t*)) v by the point (a) 
of this proposition. Now, (^>(* 1 . . •»fc)) 1 is bounded and / € Lip{< 1), 

so •••**)) , ) is a subset of an interval [0,6] such that |6 - a| < 

diam((^(ti . . . tfc))j) = \/3 d • 2 -n (w.r.t. the Euclidean metric). Hence, evidently 
€ l°^i (W*i - - - **))i) . *#*t| ...u((4(*t •••(*))!)] and anal 
ogously for /<*(*,...«»)>, A* a rcsu,t I/k/^i ■*. " = 

|/<*( j ,... ik )) 1 M*.,. n - W •...«• | < l*>-n|Pt,...i fc (C) by the point (a) of 

this proposition. □ 

Theorem 3. Let /r 6e a RIFS invariant measure with spt p C n?_,|0. 1]. and lei 
14" be the approximating measure defined by (11). Then the Hutchinson distance 
between p and 14" obeys 

d H (p,l4 n ) < >/3d-2-«. 


Proof. dp(p,l4") = 

fiU P{ Ik f d P ~ SkIM ' 1 |} = sup{ 

su p{ E w€ n„ (Sk f d P» ~ Ik Mk) 


Ik /^(E^€ n„ thl) Ik /^(E u»€n„ } — 

} < su P{Ewen„ \Ik f d Pv ~ f K f^\\ — 


V3d-2~", where the suprema are over Lip(< 1) functions, and the last inequality 
follows from Proposition 2(b), because J] w6n p^ (C) = p(C) = 1. □ 


On the basis of the above the sequence {W n }S°_o converges to p with respect, to 
the Hutchinson metric. Let us note, however, that the distance between a measure 
and its approximation when expressed only in terms of the Hutchinson metric 
cannot be considered as some authors seem to suggest an objective measure of 
the quality of approximation in the space covering (e.g. lattice) context, because 
it docs not take into account the size of the support of the measure relatively to 
the size of a covering element. (To see this, just scale a measure down to fit in a 
single element.) It seems that, both from the theoretical and numerical viewpoint, 
a good solution to this problem is to multiply dp(p,U n ) by c ^r ) > 0 ) » 

because the value of the factor can be interpreted as a quantity of ’’stuffing” C„ by 
the support, and in the limit it is just the reciprocal of the generalized dimension 
D( 0) — the box-counting dimension of the support. 


4 Computing Renyi dimensions 

Let p be a RIFS invariant measure on K C R d with spt p C f]?=il^’l]’ anc ^ 

14" be the lattice L n approximation of p, constructed in Sec. 3.2. Let G* be 
the ’’standard” collection of boxes from the <5- lattice L& with positive p measure, 
i.e. G% := {B € L/> : p{B) > 0). Further, define the 14" analogue of by 
G% {B € L n : U"(B) > 0}. (Using the function <f>: — * C n (10), it is readily 

seen that G% is just the image of the family fl n of sequences defined in Sec. 3.2 
under <f>, i.e. G% = 0(n„), and hence G“ C C n .) Since the convergence of measures 
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Figure I. A RJFS measure supported by the Sierpiibiki Triangle; a) a comparison of estimations 
of generalized dimensions obtained with our method and the chaos game approach the solid 
line represents the analytical result, b) the theoretical Legendre spectrum and coarse grained 
histograms, c) a draft of coarse grained Holder exponent# — the values of exponents are mapped 
to line component of HSV color space 


on a compact space with res|>ect to the Hutchinson metric implies weak conver- 
gence, by Theorem 3 (and the fact that both real and imaginary parts of e ,,T are 
continuous and bounded functions for all t t R) we immediately obtain that the 
characteristic functions E exp(«f/(/', 1 )|, q e R, (and, thus, the Laplace transforms) 
of U„ - - log W‘[B). B € G%, converge (poinlwise) to the characteristic function 
(respectively the Laplace transform) generated by \i. Below we show that the use 
of the overlapping box approach allows one to state the same in the case of rescaled 
moment generating functions. Wc will need the following lemma: 


Lemma 4. Let ft^(B) > 0, where ui € fl„ , B € L„, and ft^, is one of the mea- 
sures of the decomposition of p with respect to ft n . Then (d»(ui)) ( D B, and, thus, 
W.((fl),)=/i w (C). 

Proof. By the construction of li" and Prop. 2(a), there is a box ^(w) 6 C 1 , 4 , such 
that /A* ((<£(“')) t ) = p*(C) % and it follows that /iw(^\(^(w)),) = 0. Because 
fiu(B) > 0, the last equality implies B g K\(^ui)) lt so Bn (<^(“0), / <*. But L„ 
is a lattice of disjoint boxes, therefore the nonempty intersection implies (d*(u»)). D 
B. □ 


Theorem 5 (On approximation of r). For ull q e R 

lo *E8£Cjl 1 (( B )*ir ,. 1 , i in / / n, \1 

tm ,S r fe = £ u "«0>-,)’. 


410 

for any ki.kj € N. 




Proof. Denote by G{| the L„ lattice version of G£, that is CjJ :■» {B € L n : 
ft(B) > 0}. Furthcnnore, to shorten notation, let .S»‘(n, k) :«■ YIbsgz 
imd, similarly for U n . S“(n,«) £ flco u W" ((//)« )’, 


88 


Let B € G \ (. So, by definition, p(f?) > 0 and, hence, //((£?) i) > 0. Decomposing 
ft with respect to fl„, we obtain /i((B)i) = ^J w c-n Pw((®) l) > 0. so there are some 
component measures with > 0. Since (B)i consists of 3 d boxes of the 

2~" -lattice L„ and, naturally, IKj{G) > P*((B)i), by Lemma I we obtain that 
> Mw((^)i). and thus U n ((B)j) > p((B)i). But B not necessarily 
has to be a member of G%. However, by the assumption, B € so there is a 
component measure fi w of the decomposition of p with iKj{B) > 0, and it follows 
(again by Lemma 4) that there is 1 0(w) e such that (<^(u;)) l 7) B Thereby 
(0(u;)) 3 D (B) 2 and, as a result, for each B € G{(, there is ^(w) € G“ such that 
U r ‘ { 3 ) > fi({B)i). The correspondent, however, does not. have to be one- 

to-one. Nevertheless, the number of boxes from G|J, which the same box <f>(u) 
can be assigned to, is bounded by the number of boxes from L n that (j>(u:)) ] 
consists of. namely 3 d . Consequently, repeating each term 3 d times in and 
respectively yields the inequalities S%(n, 1 ) < 3 d 5j / (n,3) for q > 0 and, respectively, 
3 d 5£(n, 1) > S%(n, 3) for q < 0. As a result, we get 


lim sup 

n— oo 


1 ) 

— log 2 -n 


< lim sup 

n—ac 


log iff (n, 3) 
- log 2-" 


for q > 0, 


(12a) 


and the opposite inequality for q < 0. 

Now, let B € G%. Then, by the definition of U'\ U’‘{(B) i) is equal to the sum 
of Uu({B)\). where u e <fi~ 1 ((B) t ). Next, using Prop. 2(a), we show that for each 
W w , M u ((B)i) < Pu,((B) 2) and. hence, U n ((B)\) < /i((B) 2 ). Then, the analogous 
reasoning to that used in the previous case, leads to the inequalities 


lim sup 

n— 00 


log iff (n, 1) 
— log2 -n 


< lim sup 

n »oo 


log5y(n,3) 
- log2~" 


for q > 0, 


( 12 b) 


and the opposite one for q < 0. 
Since 6 n = 2“ n satisfies 6„ 
l0KS;(a,3) 

we obtain lim sup = 

n->oo “ * 


— ^n+l ^ c6 n 
1; logS^n.l) 

lim sup _ 2~ •» 

fl— *oo 


for c > 5, using Prop. 1 
.. log5^(n.Ki) , 

= hmsup _* og j , and 


,, logS*'(n, 3 ) 

lim sup _ 1^2 -.- = hmsup 

n— *oo n— 00 

by (12) we get the thesis. 


lofiSS'tn.l) 

loia-"‘ 


= lim sup 
n— «oo 


log S|/(n,« 2 ) 
-log2-" * 


/<i,K2 € N. 


I lence, 

□ 


5 Discussion of results 


III order to test the accuracy of our method, .as the first example we choose the RIFS 

* 1/16 5/16 s/s ’ 


measure specified by P = 


and supported by a Sierpinski Triangle. 


6/13 3/13 4/13 
4/19 14/19 1/19 ] 

Since the RIFS satisfies the open set condition, it can be regarded as a special case 
of the Mauldin- Williams fractal construction and, thus, the generalized dimensions 
can be determined analytically by means of the auxiliary functions theory 4 . Here, 
r(q) is defined as the unique solution of the equation A„ mx ([0.5 r(<7) p^|) — 1, where 
A, tmx (.) is the spectral radius of a matrix. Fig. 1(a) depicts the comparison of 
estimations of generalized dimensions obtained with our method and the chaos 
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Fijurr 2- A RIFS mrawirf xupporterl by the llariixlry hm: a) grnvniliinJ dmictwion* — a rntn- 
pari«*i of oulcojncs supplied by our method and the churn cninc approach for different numbers 
of step*, b) the theoretical Legendre spectrum and roarae grained histograms, c) a draft of coarse 
grained Holder exponents. 


game approach, respectively. The lattice of 2" x 2 11 taxes was used, and to 
approximate the measure with the chaos game, the huge number of 10* iterations 
were |>erforiried. While both approaches has provided good results for i/ > 0, 
however, as one may have expected, due to relatively small diagonal entries of P the 
chaos game failed for negative q. Another noteworthy characteristic of this example 
is that r, as arising form the Mauldin-Williams construction, is an analytic function 
of q and, lienee, differentiable. Consequently, the Garther-Ellis theorem 11 applies 
and. thus, the Legendre and large deviation spectra are equal, i.e. the multifractal 
formalism holds. The convergence of the coarse grained histograms (determined 
from the lattice approximation of the measure supplied by our method) to the 
Legendre spectrum seems to be convincing. Fig. 1(b), but the "bumps" for a > 2 
cannot be unnoticed (probably affected by the relatively large range of values in 
P). Finally, the asymmetry of the spectrum reflects the "recurrent" character of 
the RIFS measure, beenuse the "usual" Sicrpiriski-TWnngle IFSs with probabilities 
specify measures with symmetrical spectra. 

The second example is the classical IFS of the Barnsley fern 10 , which wc 

■ 1/7 3/14 1/2 1/7 

equipped with the probability matrix P - Y/Y Y/a to Rel a WFS mea- 

1/5 1/15 2/15 o/isj 

sure. Since the IFS is Affine and. in addition, overlapping (see Fig. 2(c) for a draft 
of the measure after a transformation to fit in the square), there are no formulas 
to determine the generalized dimensions analytically in this case. Estimations of 
generalized dimensions of the measure obtained from our method and the chaos 
game are depicted in Fig. 2(a). The good results from the previous example as 
well as the noticeable but slow convergence of the chaos game outcomes towards 
the area occupied by those supplied by our method allows us to assert that again 
our approach has turned out much more accurate (and much more efficient if one 
takes into account the enormous numbers 10 7 , 111 8 , and 10 9 of the chaos game 
steps necessary to produce the presented results). Just like previously, the lattice 
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of 2 n x 2 H boxes was used. Fig. 2(b) shows the Legendre spectrum and coarse 
grained histograms computed on the basis of our method of approximating a RIFS 
measure. 

In the two examples the overlapping box approach (k = 1) was used both for 
counting boxes tilled with our approximation of a measure and those by the chaos 
game respectively (in the latter case to overcome the negative q problems mentioned 
in Sec. 2.1). Also in both examples the final results were obtained by means of 
linear regression over n — 5, . . . , 11. Finally, due to accuracy of our method, the 
measures of some boxes can be extremely small numbers (especially in the case 
of high-resolution lattices), so as to avoid numerical range problems and improve 
numerical behavior for large negative q, we additionally scaled up the values in the 
lattice and then used the formulas modified adequately to take into account the 
scaling factor applied (in spite of the fact that the scaling, being independent of n, 
has no impact on the limit, yet in practice we deal only with a finite range of n). 
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The Caspian Sea is the largest intracontinental reservoir without water outflow and 
thus demonstrates the unique global evolution extending over a huge time interval. 
The economies of communities around the Caspian Sea are highly dependent on sea 
levels. Therefore, development of correct models for the sea level prediction is very 
important. Existing linear models of reservoirs without outflow and also non- linear 
stochastic models are based on hydrologic balance equation and have a number of 
limitations. We have applied the cmbcdology technique to study the dynamics 
of the Caspian Sea level and have demonstrated bistability of the level dynamics 
for various time scales. Fractal approximation allows us to obtain an extended 
equidistant annual time series, which is used for global nonlinear Caspian Sea level 
forecasting with the help of the Artificial Neural Network. 


1 Introduction 

The Caspian Sea is the largest intracontinental reservoir without water outflow. 
On geological scales, the history of the sea is represented by the repeated change of 
transgressive and regressive phases *. That is reflected by faint traces of paleodata, 
by scanty historical information and also by the monitoring on the relatively short 
period of measurement. The regular monthly Caspian Sea level (CSL) data are 
available only since 1837“. The Caspian region is lowlands, thus even slight rise of 
the water level may result in floods covering huge areas near the sea. Sometimes 
big fast moving waves of water come to coasts with speed of a train, penetrating 
inland for up to 100 km. During the last Caspian Sea regression of 1883 1977, the 
level has dropped up to -26.4 m 6 and large sea nroa, of about 100 km 2 , became dry 
land 2 . Then the transgression started, from 1978, and by the beginning of 1996 
the water level had risen by 2.4 m. The area of the sea had increased by 40,000 
km 2 . At present, a stabilization is observed. It should be noted that, as researches 4 
have shown, the regression observed over 1883-1977 as well as the t.ransregrcssion of 
1978-1996 can not be reasonably explained by influencing on CSL of nnt.hropogenic 
factors such as irrigation, draining etc. 

The Caspian region is a huge oil region and the environment and the economies 


“there are two variants of the instrumental CSL data, annual data beginning from 18110 and 
monthly data beginning from January 1837 

’’the sign minus’’ means that the CSL is below the World Ocean level; more precisely, the CSL 
is given according to the so called Baltic reference system 3 
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of that region are highly dependent on the nearest episode of the sea level dynamics. 
In the event of further sea level rises, the territory of the costal cities, villages with 
farm fields, roads and railways are likely to be flooded. Therefore, development of 
correct models of the sea level prediction is very important. 

At the first sight, the problem of modelling the dynamics of such a reservoir, 
without outflow, is not so difficult . But simple schemes of probabilistic prediction 
based on balance arithmetic of the flow and evaporation were not successful: the 
correlation connections of balance components are very simplified and the evapora- 
tion is not described by correct methods s . Consequently, an alternative approach 
to modelling and prediction of dynamic regimes of sea level, and based on the 
chaotic dynamics, is applied in this paper. The structure of this paper is as follows. 
In Section 2 we describe briefly the Caspian Sea level data used in our investi- 
gation. Moreover, their dynamical and fractal characteristics, the reconstruction 
of the topological model and fractal approximation of historical data are also to 
be found there. The results of CSL predictions are presented in Section 3. The 
summary is found in the concluding section. 

2 Caspian Sea Level Data Description and Methods of Analysis 

There are three types of the Caspian Sea level data, in particular instrumental 7 , 
historical 6 ((300 B.C.-1700 A.D.) and ancient (starting from 14,000 B.C.) time 
series . The last group of data is not used in our investigation. The Caspian 
Sea level data have been measured only since 1830 and they do not contain the 
information about global variations of the sea level (cf. Figure 1). The historical 
time series was obtained by indirect methods: historical information, l4 C dating 
and with the help of regression between CSL and temperature of the Volga basin, 
and between CSL r as well as the oceans' level 0,1 . These data are nonoquidistant 
and contain essential errors of observation concerning absolute radiocarbon dating 
and inherent uncertainties of regression relationships. Nevertheless, the synthesized 
equidistant decennial time scries was constructed and used by Russiau researches 1 . 

2.1 Reconstruction of the Topological Model 

Contemporary investigat ion of the processes influencing CSL in a frame of the ’sea- 
at.mospherr-land’ system shows that the Caspian Sea represents a nonlinear system. 
It has a few meta-steady states with noise-induced transitions among them 5 . This 
is the reason, why application of nonlinear dynamics for data analysis and prediction 
is necessary. 

The idea of the dynamics reconstruction from time series is based on the follow- 
ing statements. s,9,1 ° Let Xf (t) is a differential manifold, and the map T : M — » M 
is a diffeomorphism, when the underlying dynamics is described by differential 
equations. It is said that M is a phase space of the smooth dynamical system 
T. The observation function h : M — * R converts a trajectory of the system 
T : (io, T’(.xo), T 2 (xo), ...) = (xq, xj , ^ 2 , •••) into a time series or sequence of records 


regression was used for CSL reconstruction starling from 1760 
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1840 1860 1880 1900 1920 1940 1960 1980 2000 

years 


Figure 1. Mean monthly Caspian Sea level data from 1837 till 2002. 


hc,hi,h 2 , where h n = h(7' n (xo)) = h(x n )- Let a trajectory T^(r) after suf- 
ficiently large n belong to the d-dimensional attractor. Let us define the delay 
coordinates map 4»(T, h) : M — > R m as 

= (/»(**), fi(T(x fc )),..,fi(T m - , (i k )) = h*. ( 1 ) 

Then, according to the Takens theorem 11 , it is a generic property that /i) 
is an embedding, when dimension m > 2d. A corresponding dynamical system 
F : $(Af) — » $(M), where 

f’(h fc ) = <J»oro$"‘(h fc ) = = $o T(x k ) = tf(x fc+1 ) = h t+ , (2) 

in delay space <t>(M) c R m is a diffeomorphic copy of the original system T : M — > 
M. Recall that a smooth map: €> : X\ — * X 2 , where Xi and X 2 arc smooth 
manifolds, embeds X 1 in X 2 (is an ’’embedding”), if <1' is a diffeomorphism from 
Xj to a smooth submanifold of X 2 , where X 2 is called the embedding space with 
dimension dimX-i ^ dimX\. One can think of <h(Xj) as being the realization of X\ 
as a submanifold X it in other words the topological structures of X\ and 4>(Xj) C 
X 2 are diffeomorphically equivalent 9 . It moans that if we can find the embedding 
: M — * R 2d+I , then we can analyze the structure of the dynamical system 
trajectory in /? 2d+1 and then readily deduce the properties of the actual trajectory 
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Figure 2. The phase portrait of monthly CSL time series 


on the attractor in M. So, in particular, Lyapunov exponents and entropy of 
system can be extracted from the reconstruction. 12,13 In practice, the components 
of vectors h* € R'" must be independent, thus time series records are chosen with an 
appropriate value of the lag r: h* = The proper value m 

of the embedding dimension is estimated by means of well-known algorithms. 12,14 
For monthly instrumental CSL time series we have estimated that ms8 10. 
Figures 2 and 3 demonstrate the 3D -delay reconstructions of the instrumental and 
historical decennial time series (note that 3D reconstruction guarantees only immer- 
sion d , but not embedding). Both reconstructions indicate that the CSL dynamics 
is bistable as there are two essential states in the phase portraits connected with 
high and low values of the CSL. 

2.2 Fractal Approximation of Historical Data 

Historical decennial CSL time scries (600B.C.-2000A.D.) contains about 260 
records. However, this number of records is insufficient for a long-term CSL pre- 
diction, in particular for 10 years and more, a period that is of great practical 
interest. One way to avoid the data shortage is to use historical annual time se- 
ries 7 obtained from decennially sampled historical time scries by means of linear 
interpolation. However, in this case the CSL fluctuations on time intervals shorter 
than 10 years are totally lost. Thus, for proper reconstruction of annual CSL data 

^i.e. differential of 4> is one-to-one map 
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Figure 3. The phftflc portrait of decennial CSL time series. 


we used the method of fractal approximation 15 . It is stated that using such a 
method is optimal, when 

• there is no prior information on data structure corresponding to the short 
scales, and 

• initial time series exhibits fractal properties e . 

In our approach we rely upon the following facts. First, the Hurst rescaled range 
method points out that CSL has fractal structure as the Hurst exponent of CSL 
increments equals 0.767 17 . Second, bistability of the CSL dynamics on various 
time scales (cf. Figures 2, 3) indicates that there is a self-similarity in CSL be- 
haviour. Third, the instrumental CSL time series has a well-defined multifractal 
spectrum. Figure 4 demonstrates both such multifractal spectra 18 : the Legen- 
dre spectrum and the large deviation spectrum, obtained by means of FracLab 
software l9 . Consequently, we assume that fractal scaling properties of CSL are 
invariant under transition from decennial scale to annual. 

We pose the fractal interpolation problem 15 16 with a set of input points 

{(*<»y<)Jilo w ' t * 1 nodes 0 = t.q < Xi < < xy = 1 and ordinates y, — 

t'app (Xi) 6 R assuming some continuous function F app : [0, 1] — * R. Classically, 

'for example, variogr&mnie behaves as £((s(t|) - =c(ta)) a | oc (tj — tj)“ 
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Figure 4. Multifractal spectra for instrumental CSL time series. Abscissa axis corresponds to 
singularity exponent a, while ordinate axis to dimension f{ot) of fragments of measure with sin- 
gularity Or. 


if Fapp is assumed smooth, then the input points are interpolated globally with 
a single polynomial of degree JV, or piecewise with low-degree polynomials. An 
alternative assumption is that the interpolation function F app is self-similar, and 
typically not smooth but fractal. Such a function is called a Fractal Interpolating 
Function (FIF) 15 . Let Gr(F npp ) — {(i, y) | y — F npp (x)} stands for the graph of 

F 

r app 

We construct an Iterated Function System (IFS) whose attractor is the graph 
Gr(F app ). For i — 1,2, ...\ r , let T, : (0, 1] x R — * [0, 1] x R be affine transformations 
of the form 16 : 



( 3 ) 


where Jc,| < 1 is given as a parameter controlling the roughness of the function, 
and a,, 6,, d, and e* are determined by either the constraints 


-fi(0,J/o) — (^t— lijfi— 1 )» 
2i(i.y/v) = 


or the “reflected” constraints 
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li(i.yw) = y«—i)» / 5 \ 

T i (0,y„) = (x i ,y l ). W 

Choosing the appropriate metrics it can be easily shown that each X, is a contractive 
map in the corresponding metric space. Hence, by the fixed point theorem, there 
exists one and only one function F app satisfying the invariance 


Gr(Fapp) = M T,{Gr(F app )), lim T n (A) = Gr(F app ), (6) 

n— *oo 

where T = (JT;,T n = T(T n_l ), and A is a compact set from R 2 . Finally, we 
obtain the resulting graph Gr(F npp ) having a much better resolution in time. 

Our approach was based on the fact that the reconstructions of historical de- 
cennial data, implemented by various researches, have considerable divergences for 
the 1540-1590 time period. In particular, according to researchers 1 , there was a 
considerable minimum of CSL at -31.0 m in 1560, however, such a value absents in 
CSL data given by another information source T , where CSL value in 1560 has been 
estimated around -27.1 m. Consequently, we implemented our own reconstruction 
of the fragment of 1540-1590 in the original historical time series *, relying upon 
nonlinear dynamics of the Caspian Sea. The data of this fragment were regarded as 
"missing” and were recovered with the help of the method of modelling the missing 
data in small-dimensional manifolds 21 . Fractal approximation were applied to the 
both, original and recovered, time series. Obtained data and their differences are 
shown in Figure 5. 

Both variants of fractal approximation were chosen on condition that they were 
fitted to instrumental annual CSL data in the best wayF At the final stage we 
included records of the actual annual instrumental measurements from 1837 to 2002 
years instead of modelled ones. So, we obtained two time series of 2603 records in 
length to predict future annual CSL data. To estimate the quality of the fractal 
approximation, the Holder exponents of time series were computed 20 . We found 
that there was no marked distinction between the Holder exponent behaviour of 
the instrumental time series and the fractal approximation, i.e the synthesized time 
series has uniform regularity. The Holder pointwise exponent mean values of both 
obtained time series were evaluated as (0.77 ± 0.20) and (0.84 ± 0.24), respectively. 

3 CSL Forecasting by Artificial Neural Networks 

Takens’ algorithm enables a construction of a nonlinear predictor l2,23 : h fc+r = 
F(h if). As regards function F, it is known only that this function is nonlin- 
ear, continuos and probably differentiable. For such predictor approximation the 
local and global approaches are used. So, Farmer et al 22 applied local lin- 
ear techniques, where a local neighbourhood containing h* was used for predic- 
tion. The global nonlinear approximators F(h k . w) : R m — R can be defined as 
F(hjt.w) = |jhjt — h, ||), where <p is either radial basis factions, i.e.”gaussian" - , 

1 the genetics algorithm was used for this purpose 
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Figure 5. The historical CSI,(m) data and annual obtained by fractal approximation together 
with instrumental ones. 


or "sigmoitT functions, for example, <r(x) = tank wx. In the latter case, we obtain 
Neural Networks- approximator 2S , which has only one hidden layer in its simplest 
variant: F(hfc,w) = rr(^ n uijfy)). In general, the Artificial Neural Net- 

works (ANN) arc extremely flexible apparently capable of approximating very com- 
plicated multivariate functions with the help of superposition of standard (sigmoid) 
univariate functions 2<12s . In this work we used multilayer ANN with feed-forward 
training algorithm for prediction of CSL basing on historical and instrumental time 
series. 

8.1 The Results of Monthly and Annual CSL data Predictions 

The predictions were made on the basis of monthly instrumental data and annual 
time series obtained from the historical ones with the help of fractal approxima- 
tion. The training set was constructed as an m-dimensional delay vectors table. 
The various values of reconstruction parameters were used. In particular, for the 
monthly instrumental time series they were m — 9; r = 80 and m — 29; r — 84 for 
the annual time series. 

The example of prediction of the monthly CSL data is shown in Figure 6. The 
records from 1837 to the end of 1999 were used for the construction of the training 
set. All available data from December 1999 were used by the network for testing, 
i.e. those points were not included in the training set. The prediction was obtained 
for a whole time interval from January 2003 to August 2009, simultaneously with 
the test. Note that using r > 1 for prediction model gives the possibility to obtain 
a vector prediction, i.e. the number of simultaneously predicted values equals to r. 
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Figure 6. The example of monthly CSL(m) prediction. 


The Lyapunov prediction horizon for this monthly time series equals 50 months, 
but this estimation is not much reliable as the concept of Lyapunov exponents is 
defined only for deterministic systems. For stochastic dynamical systems, however, 
a naive application of known algorithms 26,27 for the estimation of all or at least 
the largest Lyapunov exponent can give spurious positive exponents 28 . 

The predictions of yearly Caspian Sea Level time series were made in the same 
way. The training sets were constructed from both variants of fractal approxima- 
tions of the historical time series. Predictions were made with different values of 
a lag, so that the length of the predictions varied from 45 to 84 points. Figure 7 
demonstrates the set of variants of predictions up to 40 years. 

Presence of a number of predictions here can be explained by the following way. 
Let y = {{xi,y<} € R d x R }' is a set consisting of data, which has been obtained 
by random sampling a function /, belonging to some space of functions X. The task 
is to recover the function /, or an estimate of it, from data of the set g. But this 
problem is clearly ill-posed , since it has an infinite number of solutions minimizing 
approximation error: £ ( (/(x) ~Hi) 2 ~ * win. In the case of ANN, each solution (i.e. 
prediction) corresponds to individual initialization procedure of ANN weights. In 
order to choose one particular solution we need to have some a priori knowledge of 
the function that has to be reconstructed. For example, form of a priori knowledge 
often consists in assuming that the function is smooth, in the sense that two similar 
inputs correspond to two similar outputs. So, regularizatiou theory maintains that 
the solution of the ill-posed problem can be obtained from a variational principle, 
which contains both the data and prior smoothness information. However, we did 
not use any regularization technique for predictions demonstrated here. 
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years 


Figure 7. The set of predictions of the annual CSL(m) time series. The thick black curve was 
obtained through averaging of these predictions. 


4 Conclusions 


Our experiments indicate the possibility of CSL predicting with the help of com- 
bination of the embedology and ANN approach. The technique assumes that CSL 
time series trace all the factors influencing on the dynamical scenario of the Caspian 
Sea and, hence, it does not depend on physical model of Caspian Sea dynamics. 
Apparently, dynamical scenarios have properties of statistical self-similarity, i.e. 
CSL regressions and transgressions can be observed on different time scales from 
decades to thousands years. 

Prediction can be realized on the basis of accurate instrumental monthly time 
series (1830-2002). However, in this case the prediction horizon does not exceed 5 
years for one prediction iteration as we have a deal with vector-based prediction. 

The investigation of the instrumental and historical CSL time scries have shown 
that these data have explicit fractal characteristics. In particular, monthly CSL 
data have well defined multifractal spectrum and obey to the Hurst law. The 
historical data regularity is entirely described by Holder function with the mean 
approximately amounts to 0.0 ±0.3. Thus, the existence of fractal properties of the 
CSL data has allowed application of the fractal approximation technique to process 
decennial historical data and to obtain animal ones. Consequently, this synthesized 
time series has been used for long-term CSL predictions up to 30-40 years. 
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Self-similarity is a conspicuous feature of many plants. Geometric self similarity is com- 
monly expressed in terms of affine transformations that map a structure into its com- 
ponents. Here we introduce topological self-similarity, which deals with the configura- 
tions and neighborhood relations between these components instead. The topological 
self-similarity of linear and branching structures is characterized in terms of recurrence 
systems defined within the theory of L-systems. Wc first review previous results, relating 
recurrence systems to the patterns of development that can be described using deter- 
ministic context-free L-systems. Wc then show that topologically self-similar structures 
may become geometrically self-similar if additional geometric constraints are met. This 
establishes a correspondence between recurrence systems and iterated function systems, 
which is of interest as a mathematical link between L-systems and fractals. The distinc- 
tion between geometric and topological self-similarity is useful in biological applications, 
where topological self-similarity is more prevalent then geometric self-similarity. 


1 Introduction 

In her 1950 hook, Natural Philosophy of Plant Form 1 , the eminent British botanist 
Agnes Arber 2 wrote (p. 7): 

It is well to return, even at long last, to such early work as is notably 
rich in content, to see whether it still offers suggestions, which formerly 
passtnl unheeded because the time was not ripe for them, but which 
the intellectual climate would now foster. Originality is so rare in the 
human mind that we need to harvest it to the last gleanings. 

In this paper, we follow Arber’s suggestion by revisiting the notion of self-similarity 
in plants. Mandelbrot 3 defined self-similarity by referring to an underlying gener- 
ative process (such as the Koch construction) as follows: 

When each piece of a shape is geometrically similar to the whole, both 
the shape and the cascade that generates it are called self-similar. 

Selected plant structures, such as the inflorescences of cauliflower and broccoli, 
compound fern leaves, and branching structures of trees, are often presented as 
canonical examples of self-similarity in the literature on fractals 4 . Yet aspects 
of self-similarity were characterized by botanists 5 even before the term itself was 
coined. One of the best such characterizations belongs to Arber herself, who wrote 
the following in Chapter IX (“Repetitive branching and the Gestalt type, with 
special reference to parallelism”, p. 142) of her book 1 : 

The relation to one another of a compound leaf, a simple leaf, and a 
mere lobe or hair, may perhaps be described as identity- in- parullel. A 
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leaflet of a compound leaf comes in, as it were, on both sides of the 
equation: to the compound leaf, the leaflet stands in the relation of part 
to whole, but it is also the equivalent to the compound leaf as the whole, 
though in another generation. 

This quotation is interesting for several reasons. First, Arber’s identity- in- parallel 
clearly anticipated the notion of self-similarity in a botanical context. Second, 
Arber referred figuratively to an equation, in which a form, “though in another 
generation”, would appear on both sides. Third, Arber did not imply that this 
equation must necessarily have a geometric character. This leads us to the key 
question considered in the present paper: 

IIow can the equation anticipated by Arber be formulated in mathemat- 
ical terms? 

We first examine iterated function systems as one possible interpretation of 
Arber’s identity- in-parallel equation, and point to the botanical inadequacy of this 
interpretation (Section 2). We then show that Arber’s identity in- parallel can also 
be formalized in a different way, at the level of plant topology rather than geometry. 
This topological self- similarity can be expressed using recurrence systems 6,7 (Sec- 
tion 3) and their variant, catenative formulas 8 (Section 4), both of which have been 
defined within the theory of L- systems 910 . A method for conceptualizing and visu- 
alizing recurrence systems and catenative formulas makes use of data flow networks 
(Section 5). Recurrence systems may describe both linear and branching structures, 
which makes them well suited to characterize self-similarities in plant architecture 
(Section 6). Furthermore, with an appropriate geometric interpretation, recurrence 
systems may yield forms that are self-similar in both the topological and geometric 
sense (Section 7). 

2 Identity-in-parallel and iterated function systems 

One obvious candidate for the identity-in-parallel equation is the global character- 
ization of fractals 11,12,13 , defined by the equation: 

m 

A = (jT i (/l). (1) 

t=i 

Here, the self-similar form A is the attractor of the set {T lt T it . . . , T m } of con- 
tracting transformations (usually similarities or affine transformations). This set is 
referred to as an iterated function system (IFS). Consistent with Arber’s descrip- 
tion, the attractor A appears on both sides of Equation 1. Furthermore, assuming 
that the initial structure is given, this equation can easily be extended to a 
sequence of “generations” : 

m 

A' n) = U Ti(A' n ~% n = 1,2,3,... (2) 

i=i 

The above definitions of an IFS and its attractor can be extended ter cases where 
different parts of a form are mapped into each other, instead of the whole form being 
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mapped into its own parts. These cases are captured by the closely related notions 
of recurrent IFS 14 , controlled IFS 15 , and language-restricted IFS 16,17 . In all cases, 
the different parts Ai , Ai , , . . . , A t of the attractor satisfy the set of equations: 


raj 

Aj = {jTM t )\ j = (3) 

<=i 

where z is the total number of parts, aud mj is the number of transformations Tj ( 
that map properly re-indexed parts -4i , .42, . . . , -4 r into part .4;. Unfortunately, 
even with these extensions, iterated function systems do not adequately character- 
ize the self-similarity of plants. On one hand, IFS are insufficiently constrained: a 
small change in parameter values can change an attractor representing a branching 
structure into a set of unconnected points or segments, thus violating fundamental 
properties of the structures being modeled. On the other hand, IFS arc too con- 
strained: they impose a strict geometric correspondence between the form and its 
parts. Such correspondence is not frequently found in real plants, which is why 
plant-like structures generated using IFS are confined to the small set of examples 
that appear repetitively in the literature. 


3 L-systeins, recurrence systems, and self-similarity 

In this section, we consider identity-in-parallel and self-similarity from a different 
perspective, focused on topology (the arrangement of components in a structure) 
rather than geometry. This approach is rooted in the theory of L-systems 9,,0 ' ,!i . 
After background definitions, we first review a theorem linking DOL-systems (de- 
terministic context-free L-systems) to recurrence relations between the generated 
strings of symbols 6-7 . We call these relations recurrence systems in a slight modi- 
fication of the original definition 6 of this term. We then show that the recurrence 
systems closely correspond to Arbcr’s notion of identity-iu-parallel, aud thus con- 
stitute a description of self-similarity. 

Definition 1 (from ,s ). Let V denote a set of symbols called an alphabet, V" the 
set of all words (strings of symbols) over V, and V + the set of all nonempty words 
over V. A DOL-system is an ordered triplet Q = (V,cj,P) where V is the alphabet 
of the system, w € V' + is a nonempty word caller! the axiom and P : V -* V* is a 
finite set of productions. A production (a,x) € P is written as a The letter 
a and the word \ 416 called the predecessor and the successor of this production, 
respectively. 

Definition 2 (from !& ). Let p — a\ . ..a,„ be an ar bitrary word over V. The word 
v — xi . . . Xm € V'* is directly derived from (or generated by) p, noted p => v, if and 
only if a, \i for all i = 1, . . . ,m. A word v is generated by Q in a derivation of 
length n if there exists a developmental sequence of words po.pi, . . . , p„ such that 
Po = w, p n - v and p« =>■ pj =»...=*• p„. 


Theorem 1 (from 6 ). Consider a DOL-system Q = {V,ui,P), and for each a € V 
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n steps 



Figure I: Illustration of the proof of Theorem I 


and n > 0 denote by a ,n) the word derived from a in a derivation of length n: 

a=2*a< n l (4) 

if a — » b\b 2 .. . b m is a production in Q, then for any rt > 1 the word a*’ 1 ' satisfies 
the recurrence formula: 

a (n) =6 (n- 1 ) 6 (n- ,) ( 5 ) 

Proof. We decompose the derivation a => into the first step and the remaining 
n - 1 steps (Figure 1): 

a 6,6 2 •• . 6 m 2=* b\ n ~ l) b { 2 n ~ X) • • • &Sr 1} - (6) 

Thus, a<"> = b\ n ~ l) l 4 n-,) . . . b { m~ l) □. 

Definition 3. Given a DOL-systcm Q = (V,uj, P), we call the set of the recurrence 
formulas given by Equation 5, along with the initial conditions a (<1) = a for all 
a 6 V', the recurrence system associated with Q. 

Note. Recurrence systems can also be specified independently of L-systems. For a 
formal definition and equivalence results see 6,7 . 

Example 1. Consider L-system Qi = ({a, 6} , a, /^) with productions 

a -f ab , b — > a . (7) 

This L-system can be viewed as a model of the development of a filamentous or- 
ganism, with symbols a and b representing individual cells. The first production 
states that, over a certain time interval, a cell of type a divides into adjacent cells 
a and 6. The second production states that, over the same time interval, a cell 
b changes its state into a. The above model is related to the development of the 
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Figure 2: A comparison of two methods for computing sequences of words generated by I ,-system 
0 \- by direct application of L-systcm productions (7) (left) and using recurrence relations (8) 
(right). 


filamentous bacterium Anabaena , which is characterized by the unequal divisions of 
cells l5,18 . To keep the example simple, we ignore here the polarity of cells, which 
would determine whether a cell u divides into ab or ba. 

According to Theorem 1, the recurrence system associated with is: 

« (0) = a fc<°> =b 

a (n) - a (n-l)£(n-l) ft (n) _ a (n-l) V 8 ) 

where n — 1,2,3, — These equations provide an alternative to the usual method 
for generating words in an L-system, as illustrated in Figure 2. The alternative 
method closely corresponds to Arber’s characterization of identity-in-parallel. We 
can make this evident by paraphrasing Arber’s words quoted in the introduction to 
express the sample relation 

A substring of the whole string u (n) comes in on both sides of 

the equation: to the whole string, the substring stands in the relation of 
part, to whole, but it is also the equivalent to the whole string, though 
in another generation. 

Equating identity-in-parallel with self-similarity leads to the first, most straight- 
forward interpretation of recurrence relations as a formal description of topological 
self-similarity. According to this interpretation, the words on which a recurrence 
system operates represent consecutive developmental stages (generations n) of a 
growing structure or a set of related structures (such as the structures derived from 
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Figure 3: Self-similarity of the developmental sequences generated by L-system Q i from Exam 
pic 1. Sequence A has itself and sequence B as its parts. Sequence B has sequence A as its part. 
This is a summary representation of the relations shown in more detail in Figure 2 (right). 


a and h in the Anabac.na example). The recurrence system specifies how the younger 
stages (with a lower index n) can be combined to produce the older stages. The 
pattern of the recurrence relations is independent of the age (generation step) n: 
for all n greater than some minimum value, different developmental stages of the 
same seqtience are related to each other in the same manner. 

The second interpretation of recurrence systems as a formalization of topolog- 
ical self-similarity deals with entire infinite developmental sequences, rather than 
individual words. To see this, let and {iq>, • -} denote two 

developmental sequences over some alphabet V, and K and o denote operations on 
these sequences defined as follows: 


. ( 10 ) 

Thus, the A/ - operator represents a unit delay of a developmental sequence, with the 
initial element replaced by a given word £. The o operator represents concatenation 
of developmental sequences, defined as the sequence resulting from pairwise con- 
catenation of corresponding strings in the argument sequences. By applying these 
definitions to the sequences 

A=:{a< 0 >,a< l \a<« B = fr< 2 >,...} , (11) 

defined by the recurrence system (8), we obtain: 

A = A^o, A o B) , B = Afi (6, A) . (12) 

Thus, the developmental sequences A and B include themselves as subsequences, 
as illustrated in Figure 3. This self-similarity of developmental sequences corre- 
sponds to the self-similarity of “cascades” in Mandelbrot's definition quoted in the 
introduction. 

The third interpretation of recurrence systems exposes self-similarity within 
individual words. To see this, let us formally interpret productions of an L-system 
Q as local zooming operations. A derivation step /i, => p,+i then represents the 
effect of globally zooming into the sequence /i, or, conversely, zooming out of the 
sequence /q +l . Returning to Example 1 and Figure 2, a pair of words (u <n) , (/’■)} 
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Figure 4: Self similarity of the words generated by L-system Gi from Example 1. Productions and 
their inverses are formally treated as scaling operations. 


with n > 1 is then equal to a combination of “scaled” versions of these words 
themselves, and in this sense these words are self-similar (Figure 4). 

Independent of the interpretation used, Theorem 1 shows that, recurrence re- 
lations are a mathematical consequence of any developmental process that can be 
modeled with a DOL-system. This is important from the biological perspective, 
because it explains why repetitive developmental processes in plants lead to topo- 
logical self-similarity in developmental sequences and the resulting structures. 

4 Catenative formulas 

An important variant of recurrence relations are c alenativc formulas 7 * , which have 
the form 

a (n) _ a ("-di) a (»-d») . . . a ("-<f~) . (13) 

Here n Is greater than some minimum value, and delays d\,d 2 , . . . ,dm arc fixed 
positive integer numbers (i.e., they do not depend on n). Catenative formulas 
express older words as combinations of younger words from the same developmental 
sequence 0 . A detailed account of the application of this concept to the description 
of filamentous organism (algae) is presented in 19 . 

Referring once again to L-system Qi from Example 1 and the related recurrence 
system (8), we observe that 6 (n_l ^ = n*" -2 ^ for all n > 2. Using this substitution, 
we can express words o/ n) as combinations of younger (lower n) words from the 
same sequence as follows: 

a^=b, a>°> = o, (14) 

Thus, the developmental sequence generated by L-system Q\ satisfies the catenative 
formula (14). 

Catenative formulas are important as a topological counterpart of iterated func- 
tion systems; in contrast, recurrence systems are a counterpart of recurrent iterated 
function systems. In general, we may also consider a combination of both notions: 
recurrence systems that operate simultaneously on several sequences of words, and 
involve different, delays 6 . 

“The term commonly used in literature is locally catenative formula. It reflects the property that 
“to get a new word by catenation of some previous words it is enough to rememher previous words 
at most p steps back in the sequence” 7 . However, while in this sense catenative formulas arc local 
in time, there are not local in space. For this reason, we have dropped the reference to locality 
from their name. 
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Figure 5: A data flow representation of the recurrence relations given by Equation 8 and illustrated 
in Figure 2 


5 Data-flow network representation of recurrence systems 

Iterated function systems .ore sometimes conceptualized as Multiple, Reduction Copy 
Machines (MRCM) 4 , which repetitively combine reduced copies of tin original figure 
to produce a sequence of approximations of the attractor according to Equation 2. 
Similarly, recurrent IFS are conceptualized using networked MRCM 4 , which operate 
on a set of figures according to Equation 3. In the domain of words, a related device, 
called a catenation machine, was introduced by Mavaddat 20,21 as a formal tool 
for hardware design. Below we apply catenation machines to represent recurrence 
systems in an intuitive, diagrammatic manner. 

Referring to Figure 2, let us observe that the recurrence relations, which specify 
how the previously obtained words are combined into a new word, are the same at 
each level of a particular developmental sequence: independent of the derivation 
length n > 1. This is reflected in the repetitive pattern of lines showing “which 
word goes where” on the right side of Figure 2. 

Instead of drawing the repetitive pattern, we can visualize recurrence relations 
between the old and new words using a data-flow network. Such a network is a 
directed multigraph, with the nodes labeled by symbols of the recurrence system 
alphabet (distinguished by a bar from the actual symbols) and arrows determined 
by the recurrence relations. Specifically, if a (, ‘) — b[ n ~' L) b \ n ~' ) . . . bl,? - " is a recur- 
rence relation then the nodes 61,63, ... ,b m are connected to node a by arrows that 
point to S. These arrows are ordered in the same way as the symbols 6< in the 
recurrence relation. For instance, Figure 5 shows the network representing recur- 
rence system (8) from Example 1. In general, the same letter 6, may occur in a 
production successor several times, and thus there may be several arrows from node 
6j to node a, which is why the network is potentially a multigraph. 

The nodes represent processing and storage elements of the network, and are 
capable of holding arbitrarily long words. Each node is initialized with its corre- 
sponding symbol (e.g., node b, initially holds symbol 6,). The network operates 
in synchronous steps, in which each node concatenates the words received from its 
input nodes. This operation give the network its name coined by Mavaddat: the 
catenation machine. The network generates sequences of words according to the 
recurrence relations associated with a given L-system. After n steps, each node 6, 
will hold the word 6["\ 

A node with a single input can be interpreted as a delay operation, which 
blurs the distinction between data-flow networks representing recurrence systems 
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Figure 6: A sample developmental sequence with the topology described by 1,-system £2 


and catenative formulas. For example, the network shown in Figure 5 represents 
not only recurrence system (8), but also catenative formula (14). 

Unlike recurrence relations, which can be viewed as a shorthand notation for 
an infinite sequence of equations corresponding to n = 1,2,3,..., the data-flow 
network representations are finite, with no explicit reference to index n . This reflects 
an essential feature of self-similarity: the repetitive character of relations between 
components of a structure, which in our case are represented by words. The data- 
flow networks capture these relations in a succinct and intuitive way, and therefore 
provide a convenient graphical characterization of topological self-similarities in 
developing structures. 

6 Extension to brandling structures 

The relationship between development and recurrence systems examined in Sec- 
tion 3 holds not only for linear structures, but also for branching structures, which 
are paramount in the kingdom of plants. The extension of L-systems to branching 
structures makes use of the bracketed string notation introduced by Lindcnmayer®. 

Example 2. Let us consider a DOL-system Qi = ( V,lj,P ), in which the alphabet 
V consists of four symbols: letter A denoting the apex of a branching structure, 
letter / denoting a branch segment, and a pair of brackets (,) delimiting brandies. 
The axiom is a single apex A, and the production set P has a single non-identity 
production: 

A -i /(A][A].4 . (15) 

(We do not explicitly specify the identity productions for the remaining symbols, 
such as I -* 7.) According to production (15), in a given time interval the apex 
A creates a branching structure consisting of a segment, two lateral apices, and a 
terminal apex. 

The above L-system generates the developmental sequence shown in Figure 6. It 
can be interpreted as a schematic depiction of the development of a earrot-like leaf, 
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Figure 7: A data-flow representation of the recurrence relations given by Equation 16 


for example. The apices are represented as circles and the segments are represented 
as lines. Their lengths and shapes have been chosen arbitrarily, since L-system Qi 
only describes the branching topology of the generated structures. 

In order to formally characterize the self-similar aspects of this developmental 
sequence, we apply Theorem 1 to construct the equivalent recurrence system: 

A (0) =A, A (n > = 7[yl ( "- 1) p (n - ,) ]i4 (,, - t > . (16) 

This system is represented by the data-flow diagram in Figure 7. The structure 
A^"', which represents the n-th stage of the development beginning with a single 
apex A, can be viewed as a branching configuration of a segment / and three copies 
of the younger structure A*" Thus, the structure A*"! and the developmental 
sequence that generates it are topologically self-similar in all three senses of this 
word described in Section 3. At the same time, the structures and the developmental 
sequence shown in Figure 6 arc not geometrically self-similar. This illustrates our 
thesis that topological self-similarity captures a wider class of biologically relevant 
phenomena, compared to geometric self-similarity. 

7 Relation between topological and geometric self-similarity 

In some cases, topologically-self-similar structures and developmental sequences can 
be assigned a geometric interpretation that makes them geometrically self-similar as 
well. This possibility is interesting from both the mathematical and the biological 
perspective, as it highlights the conceptual relation between topological and geo- 
metric self-similarities. The following discussion is based on a geometric extension 
of the L-system from Example 2. 

Example 3. Let us consider a DOL-system Q 3 = (V,w,P), in which the alphabet 
V consists of the four symbols A,/, [,] introduced in Example 2, and additional 
symbols + and - that indicate the direction of branching (to the left and to the 
right, respectively). The axiom is a single apex A, and the production set P has 
two non-identity productions: 

A -♦ I[+A][-A)IA , /->//. (17) 

Compared to production (15), the first production above inserts an additional seg- 
ment / between the branching point and the terminal apex A. The second produc- 
tion replaces each segment / with the pair II in every derivation step. These changes 
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Figure 8: Developmental sequence generated by I.-system Cj with the turtle interpretation 



Figure 9: A data-flow representation of the recurrence relations given by Equation 18 

become relevant, when symbols are assigned a geometric interpretation. In our ex- 
ample, we use the turtle interpretation of L-system strings l6 - 22 - 23 . Specifically, we 
assume that all apices /I and segments I are represented as lines of equal length, 
and all branching augles have the same magnitude of 45°. Under these assumptions, 
the L-system Qz generates the developmental sequence shown in Figure 8. 

In order to formally characterize the self-similar aspects of this developmental 
sequence, we apply Theorem 1 to construct the equivalent recurrence system: 

= A AW = /f"- , >[ + ^(«-i)](_x(»-i)]/(n-i) i 4(n- 1 ) 

/(0> — l /(") _ /(n-l)j(n-l) (1®) 

The data-flow representation of this systems is shown in Figure 9. We extract 
geometric information from the recurrence system (18) using the following theorem. 
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Theorem 2 (from l5 ). Consider turtle interpretation J : V" -» S as a mapping 
from the set V‘ of words over an alphabet V into the set S of geometric figures (sets 
of points in the plane or in 3D space). Furthermore, let T(p) represent the change 
in the turtle state (position and orientation) resulting from the interpretation of 
word /i € V*. Then for any decomposition pip 2 of the word /r such that pj,p 2 do 
not contain unbalanced right brackets, the following holds: 

JiVito) = J(p 2 )T(pi) . (19) 

According to this theorem, the turtle interpretation of the word p = piMr is a 
form (set of points in two or three dimensions) equal to the union of: 

1. the turtle interpretation of the word pi, and 

2. the turtle interpretation of the word pa, repositioned by the transformation 
T(p i) that results from the interpretation of the word pi. 

Bv applying Theorem 2 to the recurrence relation given by Equation 18, we thus 
obtain: 


J( 4 <n- 1 >) T(/<"- J >+) U 

j( y} <n-i))T(/< n -»_)u (20) 

J(J <n - 1 >) T{I in ~ l) ) U 
«7(.4 <n-1) ) r(/ <n_l) / (, ‘" 1) ) , 

= J(/ (n - 1 >)u;/(/ ( "- ,) )T(/ (n - ,) ). 

A geometric interpretation of these equations is shown in Figure 10. The generated 
developmental sequence exhibits an aspect of geometric self-similarity: a pair of 
structures / (n) } (an be obtained by combining younger developmental stages 

{A(" -1 ), /(""*>} of the same structures. This combination, however, involves ge- 
ometric transformations T(/* n_1 *) that change from one step n to another. In 
contrast, the definition of geometric self-similarity embedded in the notion of iter- 
ated function systems (Equations 1-3) postulates that transformations T, be fixed 
and not depend on the iteration number n. 

In the example under consideration, we can achieve this independence by chang- 
ing the interpretation of symbols A and I from one derivation step to another. To 
this end, let us observe that all transformations T in recurrence system (20) include 
the same term /l"- 1 ) (equal to /^ 3) in Figure 10). According to the recurrence for- 
mulas I = I and /*"* = /( n-, )/("-i) (Equation 18), the segment / (n ! contains 
twice as mauy symbols / as the segment I'"' 1 '. Thus, if the length of line segments 
represented by symbol I in step n is reduced by one half with respect to the lines 
represented by the same symbol I in step n - 1, the corresponding transformations 
T(/ (n) ) and T(/b' -, l) will be the same, independent of n. The forms J7(.4 ,n *) 
and derived from .4 and / in n steps, can then be obtained by combining 

the forms J(A^ n ~^) and using transformations 7) .T 2 , . . . ,7s that are 

independent of n. Furthermore, since the length of segments represented by sym- 
bol I (and, consistently, symbol .4) is decreased by one half between consecutive 
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Figure 10: Geometric relations between components of the developmental sequence generated by 
L-system £ 3 , as revealed by Equation 20 


derivation steps, the forms J(A^ n ~ x ^) and J{l^ n must also he scaled by one 
half before they are combined into J(A^) and J(I^) (Figure 11a). 

The resulting geometric self-similarity can be characterized by a data flow dia- 
gram, in which the nodes assemble new figures by computing the set-theoretic union 
of figures received at the inputs, and edges represent transformations. In order to 
distinguish these diagrams from catenation machines, we now represent the nodes 
as circles (Figure lib). The order of inputs is irrelevant, because the union of sets 
is a commutative operation. 

The graph shown in Figure lib represents the form of self-similarity found in 
recurrent iterated function systems and their variants (Section 2). A comparison of 
this graph with the catenation machine in Figure 9 points to the close relationship 
between both notions. Nevertheless, it is evident from the number of assumptions 
introduced in the above example that topological self-similarity yields geometric 
self-similarity only in special situations. 
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Figure 11: a] Geometric relations between components of the developmental sequence similar to 
that shown in Figure 10, but including an additional scaling of the components. 'IVansformations 
Ti to 7’s do not depend on the developmental step n. b) Control graph of the recurrent 1FS 
associated with Figure a. 


8 Conclusions 

We revisited the notion of self-similarity in the context of plant modeling. We 
observed that the usual geometric self-similarity docs not adequately capture self- 
similarity in plants, and wc investigated the notion of topological self-similarity as 
an alternative. To this end, we revisited the notion of recurrence systems introduced 
in the theory of L-systems, and wc concluded that they can be viewed as a formal 
characterization of the topological self-similarity in linear and branching structures. 

Several questions are open for further research. We only considered “ordinary” 
(non-par ametric) L-systems, and it would be interesting to extend our discussion 
to parametric L-systems l5,2< as well. It would also be interesting to investigate 
the general conditions under which topological self-similarity yields geometric self- 
similarity. More specific questions concern the relationship between delays in cate- 
native formulas (Equation 13) and scaling transformations in the corresponding 
recurrent IFS. In order to firmly establish recurrence systems in the domain of 
fractals, it would be worthwhile to formally extend previous characterizations of 
the relations between L-systems, Koch constructions, and iterated function sys- 
tems i®, 17,25,26. 27 to recurrence systems. The postulated structure of relationships 
between these formalisms is shown in Figure 12. 

The last class of problems deals with applications of recurrence relations and 
topological self-similarity to the analysis and synthesis of real biological structures. 
As is well known, geometric self-similarity makes it possible to represent intricate 
forms using a minimum amount of data. The question is, to what extent topological 
self-similarity could be used in an analogous fashion, reducing the amount of data 
needed to describe and generate complex branching structures. In addition, it. 
would be interesting to investigate whether the relationship between development 
and self-similarity could he used to infer models of plant development on the basis 
of self-similarities observed in mature plants. 
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Figure 12: Postulated relationships between L-systems, Koch constructions, recurrence systems, 
and recurrent iterated function systems 
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We model certain features of human language complexity by means of advanced 
concepts borrowed from statistical mechanics. Using a time series approach, the 
diffusion entropy method (DE), we compute the complexity of an Italian corpus of 
newspapers and magazines. We find that the anomalous scaling index is compatible 
with a simple dynamical model, a random walk on a complex scale-free network, 
which is linguistically related to Saussurrc's paradigms. The model yields the 
famous Zipf's law in terms of the generalized central limit theorem. 

1 Introduction 

Semiotics studies linguistic signs, their meanings, and identifies the relations be- 
tween signs and meanings, and among signs. The relations among signs (letters, 
words), are divided into two large groups, namely the syntagmatic and the paradig- 
matic, corresponding to what are called Saussurrc’s dimensions l . These dimen- 
sions are analogous to physical concepts like time and space. One can grasp an 
understanding of them by looking at Fig. 1. The abscissa axis represents the 
syntagmatic dimension, while the ordinate axis represents the paradigmatic one. 
Along the abscissa grammatical rules pose constraints on how words follow each 
other. This dimension is a temporal one, with a casual order. An article (as “a” 
or “the”), e.g., may be followed by an adjective or a noun, but not by a verb of 
finite form. At a larger “time-scale”, pragmatic constraints rule the succession of 
concepts, to give logic to the discourse. The other axis, on the other hand, refers to 
a “mental” space. The speaker has in mind a repertoire of words, divided in many 
categories, which can be hierarchically complex and refer to syntactical or semantic 
“interchangeability”. Different space-scales of word paradigms can be associated to 
different levels of this hierarchy. After an article, to follow the preceding example, 
one can choose, at a syntactical level, among all nouns of a dictionary. However, at 
a deeper level, semantic constraints reduce the available words to be chosen. For 
instance, after “a dog” one can choose any verb, but in practice only among verbs 
selected by semantic constraints (a dog runs or sits, but does not read or smoke). 
The sentence “a dog graduates", for instance, fits paradigmatic and syntagmatic 
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rules behind Fig. 1, but the semantics would in general forbid the production of 
such a “nonsensical” sentence. 

The two dimensions are therefore not quite orthogonal, and connect, e.g., at a 
cognitive level. The main focus of this paper is to show that this connection is in 
fact reproduced at all scales. We shall also show that both dimensions are scale free 
and that the complexity of linguistic structures in both dimensions can be taken 
into account in a unified model, which is able to explain most statistical features 
of human language, including, at the largest scales, the celebrated Zipf’s law 2 . 



Syntagmatic axis 

Figure 1. Sau8surr«Ms dimensions. In this example the first position in the syntagmatic axis is an 
article, the second a noun and the third a verb in the third person. 


Zipf’s law relates the rank r of words to their frequency / in a corpus. Remark- 
ably, this does not mean that the probability of a word is actually defined. In fact, 
a word may have a small or large frequency depending on the genre of the corpus 
(i.e. a large collection of written text) under study, and even two extremely large 
corpora of the same type fail in reproducing the same word frequencies. It is how- 
ever remarkable that the occurrence of words is such that for any corpus and for 
ony natural language a property emerge so that one finds only few frequent words 
and a large number of words encountered once or twice. Let us define word rank 
r, a property depending on the corpus adopted, as follows. One assigns rank 1 to 
the most frequent w'ord, rank 2 to the second frequent one, and so on. Each word 
is uniquely associated to a rank, and, although this number varies form corpus to 
corpus, one always finds that 


/«), 0 ) 

This property means that word frequencies do not tend to well-defined probabilities. 
We assume that what can be defined is a “probability of having a frequency” P[f) 
for a randomly selected word. Operatively, one measures P(/) by counting how 
many words have a certain frequency /. In Section III we show that a P(f) com- 
patible with the Zipf’s law can be derived from the model proposed herein, thus 
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providing our model an experimental support. For our scopes, we assume a statis- 
tical mutual independence for the occurrence of different concepts. This hypothesis 
is appealing, since it means that every and each occurrence of a concept makes 
entropy increase, thus identifying the mathematical information (i.e. entropy) with 
the common-sense information (i.e. the occurrence of concepts). Unfortunately, a 
concept is not, o priori, a well defined quantity. Herein we assume that concepts are 
represented by words (or better by lemmata) or by groups of semantically similar 
words or lemmata®. 

Because of the mutual independence among different concepts, we can extract 
from a single corpus as many “experiments” as the number of concepts. For each 
experiment we select only one concept and we mark the occurrence of the selected 
word or group of words corresponding to this concept. For the analysis we use 
the recently developed Diffusion Entropy (DE) method, which is able to identify 
whether a marker is a “real event” , i.e. it carries maximal information, and to ex- 
tract the scaling properties of the language dynamics. We show here that anomalous 
scaling (different from Brownian motion) is an indication of long-range correlations 
of the series, and that in fact these properties are well measured by the DE, even 
if the marker is not identified with absolute precision. 

The overall dynamics, given by the flow of concepts over time, experimentally 
mirrors the dynamics of intermittent dynamical systems, like the Manncville’s Map: 
These systems have long periods of quiescence followed by bursts of activity. This 
variability of waiting times between markers of activity is responsible for long-range 
correlations 3 . 

The second aspect of the paper is the connection between space and time com- 
plexity, and its application to linguistics. We will assume that atomic concepts 
exist and represent nodes of a complex network, connected by arcs representing, 
when existing, semantic associations between a concept and another. We assume 
that our markers are actually defined as a group of neighboring nodes. We then as- 
sume that language can be produced by a random walker, “associatively” traveling 
from concept to concept. The scale-free properties of the network, independently 
measured by our research group, provides a bridge to understand the intermittent 
dynamics earlier described. In this unified model the network is a representation 
of Saussurre’s paradigms, whose complexity mirrors the syntaginatic one in the 
asymptotic limit. 


2 DE and concepts 

Let us review the DE method 4 ' 5>6 ' 7 . In synthesis, one defines a “marker” on a time 
sequences, and studies the probability p(z; t) of having a number x of markers in a 
window of length t. This statistical analysis is done by moving a window of length 
t along the sequences, counting how many times one finds x markers inside this 
window, and dividing this number by the total number iV - 1 + 1 of windows of size 
t, where N is the total length. 


a A lemma is defined as a representative word of a class of words, having different morphological 
features. For instance the word “dogs”has lemma “dog”, and word “sleeping" has lemma “sleep”. 
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Having large number values for x and f, we can adopt a continuous approxi- 
mation. Moreover, in the ergodic and stationary condition, a scaling relation is 
expected, namely 


p(i;0 = ^F (2) 

where w is the overall marker density, <5 is the scaling index and F is a function. If 
F is the Gauss function, 6 is the known Hurst index, and if the further condition 
6 = 0.5 is obeyed, then the process is said to be Poissonian, and the dynamics of 
x is called “Brownian motion”. If this condition applies, there is no long-range 
memory regulating the occurrence of markers in time. 

It is straightforward to show that S(t) = dxp{x; t) In p{x\ t ) , namely the 

Shannon Information, with condition (2), leads to 


S(t) = k + 6\nt, (3) 

where A: is a constant. The evaluation of the slope according to which S increases 
with In t provides therefore a measure for the anomalous scaling 5. 

Let us briefly mention what we know about applying DE to time series with 
known long-range correlation. We construct an artificial series by letting & = 1 
(this means that we find the marker at the ith position), or & = 0 (the i-th sign is 
not a marker). We then assume “inform ativity” for the marker (markers are then 
called “events”), namely that the distance between a “1” and the successive does 
not depend on the such previous distances. Then, if the distances t between events 
are distributed as 

TW-l 

(ip(t) ~ t~ * asymptotically is a sufficient condition), then the theory based on 
continuous-time random walk and on the generalized central-limit theorem yields 
for p(x: t) a truncated L4vy probability distribution function (PDF) 4 . DE detects 
the scaling S of the central part, namely 




— if 2 <n< 3, 6 = 0.5 


if n > 3. 


( 5 ) 


The condition 2 < /r < 3 means long-range correlation, since for truncated Levy 
PDFs asymptotically (x 2 (f)) - (x(f)) 2 a f 4-/I and therefore the correlation function 
decays as Note that the decay of this correlation function is non-integrable, 
yielding an infinite correlation time. The theory rests on a dichotomous £, and 
experimentally this means the presence or absence of a certain marker. One may, 
for instance look for a certain letter, so that the time is the ordinal number of the 
typographical characters in the text. As later shown, we have better results by 
looking at lemmata, where the “time” is the ordinal number of words. We shall 
show that, with a good choice of semantic markers. Eq. (4) is a good model for 
concepts dynamics in natural language. 
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Eq. (5) 4 rests on uncorrelated waiting times between events. This means that 
if two markers are separated by intervals of words of duration r* (the distance in 
words between the k- th and the k+ 1-th occurrence of the marker) then (t,t : ) oc S tJ , 
where <S tJ is the Kroeneker delta. Under these conditions each event carries the 
same amount of information. The statistical independence between the r* intervals 
means that the information carried by the events is maximal for a given waiting 
time distribution ip(r). In a linguistic jargon, we can say that if in a corpus we 
find a marker (c.g. a list of words) such that S « l/(p - 1) then this marker 
is informative in that corpus. For didactical purposes, we shall see that certain 
markers, e.g. punctuation marks, are not real events, but are rather modeled by 
a Copying Mistake Map (CMM) *. This means that discourse complex dynamic 
is such that the punctuation marks actually carry long-range correlations, and 
anomalous scaling in the PDF, while the waiting times between such marks are 
correlated. Punctuation marks are not informative. Their complexity is just a 
projection of a complexity carried by “concept dynamics” . 

2. 1 The. CMM and non-informative markers 

The Copying Mistake Map (CMM) 8 is a model originally introduced to study 
the anomalous statistics of nucleotides dispersion in coding and non-coding DNA 
regions. The CMM is a combination of two sequences: We have an “original” time 
sequence like c.g. the long-rangc-correlated scries earlier discussed, corresponding 
to the waiting time distribution (4). Then, for any & we either leave it unchanged 
with probability e or change it with a completely random value with probability 
1 — e (copying mistake). 

The resulting waiting time distribution decays exponentially, since the probabil- 
ity of finding a 1 after a time t from the proceeding one, is given by two terms. This 
is because the 1 can be associated to two kinds of origin: it may be an “original” 
1, or an original “zero” flipped by the copying mistake. We can write the “experi- 
mental” waiting-time distribution psi cxp (t), in terms of psi eorr (t) of the mentioned 
long-range-correlated model (4), and of psi ran( i(t) of the Poissonian copying process, 
namely 


— V , rond(0^ corr(^) 4* ®Vcro d[t)lj> corr (t), (6) 

where 'J'(t) = cfc'v'tO and *r«,nd(0 = / ( °°dtVrand(f')> and 

VVandU) = In ( ■ (i~) • (7) 

Since tfrrond(f) and consequently 4' rand (f) decay as an exponential function, so it 
does, in the asymptotic limit, Vvzp(t). What about the DE curve? The theory 
predicts 9 a random (6 = 0.5) behavior for short times, a knee, and a slow transition 
to the totally correlated behavior. An example of CMM is given by punctuation 
marks in Natural Language. Wc choose punctuation marks as markers for an 
Italian corpus of newspaper and magazines, of more than 300,000 words length, 
called Italian Treebank (hereafter TB). In this experiment we look at words, and 
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we put a 0 for every word which is not a punctuation mark, and a 1 when we find 
such a mark (full stops, commas, etc.). A sentence like “Felix, the cat, sleeps!” is 
therefore transformed into “0100101". 

Fig. 2 shows that this markers lead to a time series with all the earlier exposed 
features of a CMM. This means that the waiting times r* are correlated, and 
therefore punctuation marks are not events. Notice however that an asymptotic 
anomalous 6 is detected by DE, and therefore there is a long-range correlation in 
the text, which may be carried by some other more informative marker. 

2.2 Concepts as informative markers 

More experiments, not reported here, show that the CMM behavior is typical for 
many characters, and arc shared by all the letters of the alphabet, with a S »: 0.6. 
Passing from a “phonetic” (in Italian we can assume that alphabetic characters 
mirror the phonetic) to a morpho-syntactic level is linguistically interesting. To do 
so, a text has to be lemmatized and tagged with respect to its part of speech. After 
this procedure we can identify as a marker the occurrence of a certain part of speech 
(e.g. article, adverb, adjective, verb, noun, preposition, numeral, punctuation etc.). 
For instance, the sentence “Felix, the cat, sleeps!” is now transformed into “N P 
RNP VP", where N, P, R and V stand for nouns, punctuation, article and verb. 
If we select the occurrence of verb as a marker, then we have “0 0 0 0 0 1 0”. 
Fig 3 shows the result of this experiment for verbs and for numerals. We notice 
that we have a similar behavior for the DE, and a completely different behavior 
for the evaluation of the waiting-times distribution y>(t) (where t is the number 
of words between markers). We notice that DE reveals a long-time correlation, 
while, tb(t) shows an exponential truncation at long times. However, in the case 
of numerals we find a large transient with a slope pnvmerau < 2, and therefore a 
non-stationary behavior. This is in fact due to the uneven distribution of numerals 
in the corpus, since they are encountered more often in the economic part of the 
Italian newspapers. However, this still unsatisfactory result for numerals reveals 
that this kind of markers is more informative than a phonetic one or than the 
presence of verbs. This is linguistically interesting, since numerals denote a part of 
speech, but also a “semantic class”. 

We are therefore led to suppose that informative markers are the ones associ- 
ated with a semantically coherent class of words. This is however a problem, since 
every single concept is too rare in a balanced corpus (a long text with a variety 
of genres). The next level of our exploratory search for events is therefore to look 
at the occurrence of “salient words” in a spccialistic text. Such a corpus has been 
made available as the Italian corpus relative to the European project POESIA 10 . 
POESIA is a European Union funded project whose aim is to protect children from 
offensive web contents, like, e.g. pornography in WWW URLs. Salient “porno- 
graphic” words were automatically extracted by comparing their frequency in an 
offensive corpus, with respect to the balanced TB-corpus. The definition adopted 
was 

fEcif) + / tb ( 0 ’ 


(8) 
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Figure 2. (a) Diffusion entropy for punctuation marks. The fit for the asymptotic limit (solid 
line) yields a 6 = 0.7. The dashed line marks a transient regime with <5=1. (b) Non- normalized 
distribution of waiting times for punctuation marks, namely counts of waiting times of length t 
between marks in TB. The expression for the dashed line fit is 7000 • exp(— 1/7.15). (c) Second 
moment analysis for punctuation marks. The expression for the solid line fit is 0.06 -t 1 -® . Notice 
that 1.57 « 3 — 1/0.7, namely the expression H = 3 — 1 /S of Ref. 9 for I^vy processes stemming 
from CMM’s is verified. 


where /kc(0 is the frequency, in the erotic corpus, of the lemma (, and /tb(0 
is the same property in the reference Italian corpus (Italian Treebank). Salient 
lemmata were automatically chosen as the 5% with the highest value of 8 . Notice 
that in this experiment all “dirty” words are not taken into consideration, because 
they do not appear in the reference corpus, and therefore s cannot be properly 
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Figure 3. a) DK for verb* (squares) and numerals (circles). The dashed line is a fit for the verbs, 
with S — 0.73, while the solid line is a fit for the numerals, with S — 0.82. b) V>(t) for verbs (black 
circles) and numerals (white circles). The dashed line is a fit for the numerals, with /i — 1.2, while 
the solid line is a fit for the verbs, with /i = 3.8. 


defined. However an offensive metaphoric use of terms is in fact detected, leading 
to a completely new way to automatic text categorization and filter l0 , using a 
method, based on DE analysis, called CASSANDRA 11 . 

Salient words were therefore used as markers for our analysis, as earlier de- 
scribed. The results are shown in Fig. 4, clearly showing that in a specialized 
corpus, salient words of this genre, pass the test of informativeness. Salient words, 
and plausibly words in general, are therefore distributed like markers generated 
by an intermittent dynamical model, with p as 2.1 and, in agreement with (5), 
£ se l/(/i — 1) = 0.91. We see in the next section how this behavior is plausibly 
connected with a topological complexity at the paradigmatic level, and in Section 
TTI we derive the Zipf’s law from the resulting model. 

3 Scale-free networks, intennittency and the Zipf's law 

In this section wc build a cognitive model for connecting structure and dynamics. 
Allegrini et al. 12 identified semantic classes in the Italian corpus, by looking at 
paradigmatic properties of interchangeability of classes of verbs with respect to 
classes of nouns. They defined “superclasses” of verbs and nouns as “substitutabil- 
ity islands" , namely groups of nouns and verbs sharing the properties that in the 
corpus you find each verb of the class co-occurring, in a context, with each noun of 
the class 12 . This is precisely a direct application of the notion of “paradigm”. Let 
us call Pt.(c) and p„(c), respectively, the number of verbs or nouns belonging to a 
number c of classes. They found that 

p„(c) oc 


cJ+u* 


0 ) 
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Figure 4. a) DE for salient “erotic" words for a corpus of erotic stories and offensive web pages 
(squares), and for the Italian reference corpus (circles). The solid line is a fit with expression 
S(t) — k + i ln(t + t 0 ), where the additional parameter to is added to the original Eq. (3) to take 
transients into account and to improve the quality of the fit, yielding S = 0.91 b) Non-norm alized 
waiting time distribution for salient “erotic" words for a corpus of erotic stories. The expression 
for dashed line fit is 14000 • (12.0 + t) - * -1 , yielding p = 2.1. 


where T) is a number whose absolute value is (much) smaller than 1. 

On the same line, other authors 13 found a “small world” topology M , by looking 
at the ntimber of synonyms in an English thesaurus, for each English lemma. We 
can therefore assume that this kind of structure is general for any language. Let us 
therefore imagine that the paradigmatic structure of concepts is a scale-free network 
and consider a random walk in this “cognitive space”. Let us make the following 
assumptions: 

1) The statistical weight of the i-th node is u>i ~ d; 

2) Ergodicity, and therefore that the characteristic recurrence time is Ti ~ c, -1 ; 

3) The same form for all nodes, rj>i(t) = (l/ri)F(-t/Ti) (e.g. F(x) - exp(-x)}. 
Now we imagine that selecting a concept means selecting a few neighboring nodes. 
This collection of nodes, due to the scale-free hypothesis, shares the same scaling 
properties of the complete scale free network, namely p(c) ~ c~ v . Therefore we 
have that 

'Pconceptit) = ^Uithdt) X £ C?e~ c,t 58 J ~ (10) 

We recovered the intermittent model (4). 

Let us now make the exercise of deriving the Zipf’s law / a r~ a , with a close 
to unity. Let us define a probability of frequency P(f) 


P(f)df=prob{r)dr =► P(f) ~ /“*** ( 11 ) 

Next, let us notice that P{f) must be a stable distribution. In fact, the Zipf’s law 
is valid for every corpus. Tn particular if it is valid for corpus .4 and for corpus B, 
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it is valid also for the corpus A + B where + means the concatenation of corpora. 
If we continue with concatenating we will have a corpus 

Total Corpus = Corpus A + Corpus B + ... 
and we write the frequency of a word in the total corpus, fi ot is written in terms of 
the single frequencies /i, fi , . . ., and total lengths N\ , N?, ... of the single corpora 


_ /t + h + • • • 
Nt+Ni + -~ 



( 12 ) 


i.e., the Generalized Central Limit Theorem 15 applies. This means that the proba- 
bility of frequency P(f) is a Ldvy o-stable distribution. This probability of finding 
/ occurrences of a word in a corpus of a given length can be identified with p(x; t) 
of Section IT, if we. take, into consideration the parameter t. We have earlier no- 
ticed that p(x ; t) in language is Ldvy process, with <5 ~ 1, and therefore with a tail 
P(/) ~ f~ 2 . In other words through (11) we recover (1) i.c. the Zipf’s law. 


4 Conclusions 

In this paper we have shown that a cognitive process governing human language 
may be identified, and that it has a complexity both in the syntagmatic and in 
the paradigmatic axis. The scaling properties of both axes are related to each 
other, and are reflected by the celebrated Zipf’s law. This study was conducted 
using Italian written corpora, but decades of studies on the generality of the Zipf's 
law lead us to suppose that our results are language independent, and that the 
language complexity that we are revealing is genuine and important. In fact, for 
any concept, we have a scaling index associated with an intermittent dynamical 
model that rests at the border between ergodicity and non-ergodicity, since the 
Zipf’s law is theoretically consistent with <5 = 1. Moreover, in a specialistic test 
we see a tendency to drift, for salient words, towards ergodicity (<5 ss 0.91 in the 
reported experiment). This behavior can be interpreted as the balance between 
two opposite needs for human language, namely leamability, i.e. the possibility 
for a child to learn a language by examples, and variability , to explore an infinite 
cognitive space. 

We propose as a future work to study language complexity in children during 
learning years, and in psychopathological subjects. We imagine, if the theory pre- 
sented herein is validated by more extensive work, that the simple study of the 
individual Zipf’s laws can provide a reasonable non-invasive diagnostic method for 
certain mental diseases. 

From a Language Engineering point of view, this study provides a theoretical 
background for a completely new strategy of automatic text categorization. A pro- 
totype is being implemented as a semantic filter l0 . We think that the proposed test 
for informativeness for a set of markers can also be important for many exploratory 
studies in time scries analysis. For instance, it may become important to identify 
crucial semantic markers in a flow of data. 
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THE COMPLEXITY OF BIOLOGICAL AGEING 


DIETRICH STAUFFER 

Institute for Theoretical Physics, Cologne University, D-50923 Koln, Euroland 

The present review deals with the computer simulation of biological ageing as well 
as its demographic consequences for industrialized societies. 


1 Introduction 

Life usually ends with death, and ageing is defined here by the increase of the 
mortality rate with increasing age. Merryl Streep and Goldie Hawn showed in the 
movie “Death becomes her” the consequences of an elixir giving us eternal life. 
The present review instead deals with the consequences present foreseeable trends 
have on the demography of developed countries, and with the biological reasons of 
ageing. 

2 Demography 

The mortality rate q is the fraction of people of age z who die within the next time 
unit, i.e. before they reach age x + 1 : g(x) = [S(x + 1) - S(x)]/S(z). Here, S(x) 

is the probability to survive from birth to age x. This quantity q can by definition 
not increase beyond q = 1. It depends on the time unit which is typically a year 
for humans and a day for flies and worms. A better quantity, which can increase 
beyond unity, is the derivative p for infinitely small time steps instead of discrete 
time steps, 

p(x) = -dlnS(x)/dx , (1) 

called here the mortality function (also denoted as hazard rate or force of mortality 
’). If life tables with yearly units are published, then p can be approximated 
through 

p(x + 1/2) ~ In S(x) - In S(x + 1)) (2) 

which also can increase beyond unity. The astronomer Halley tried about three 
centuries ago to find some laws governing human mortality, but only in the 19th 
century Gompertz found the law which is valid when childhood diseases are over- 
come, Fig. 1: 

p « exp(6x) (3) 

with an empirical parameter 1> increasing for humans over the centuries. It holds 
also approximately for many animals in protected environments like zoos and labo- 
ratories 2 , while in the wild many animals are eaten by predators before they reach 
their genetically possible age. Below the age of 25 years for humans, deviations are 
seen: The mortality (rate or function) is high at birth (most human embryos die 
before birth), then sinks to a broad minimum between 5 and 12 years, and only 
then increases monotonically up to old age. 
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From recent life lattes of Swedish men, with Gompeoz law for 30 to 90 years, and childhood diseases 



Figure 1. Goniperlz law ad middle age, childhood deviations, and possible downward deviation 
from Gompertz law- for centenarians among Swedish men From life tables 1993 1997 of the central 
statistical bureau in Sweden: Ewa.ErikssonQscb.se (1999). 


For humans, the last two centuries have seen a doubling of the life expectancy at 
birth, / S(x)dx = / xti[x)S{x)dx, from 40 to 80 years. Figure 2 shows, for Swedish 
women since 1750, both the prolongation of life and the increasing reliability. (We 
did not all die at age 40 in earlier centuries. If half of the babies die in their 
first year, and the other half lives until 80, then the life expectancy is 40 years.) 
We see clearly that the life expectancy no longer increases as fast as in the first 
half of the 20th century, but the present lower rate of increase showed no sign of 
further reduction during the last decades. Figure 3 shows that this increase of life 
expectancy comes not only from the reduction of child mortality but also from an 
increase of the remaining life expectancy at age 65. 

Much more recent is the reduction of the birth rate (number of children born 
per women during her lifetime) below the replacement level of about 2.1. The two 
German states started this around 1970, due to ’’the pill”, and in West Germany 
the birth rate scattered about 1.4 in the last three decades. In France it is higher, in 
Spain and Italy lower. World War II was started by Nazi Germany with the excuse 
of ’’Volk ohne Raum”, than the Germans needed more living space; so a reduction 
of the native population (enlarged by immigration) did not seem had around 1970. 
In the meantime, however, the reduction in the number of young people coupled 
with the increase in the number of old people is seen as a threat to the usual way 
in which you should finance my retirement. If the strongest age cohort in the year 
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250 years of life expectancy at birth for Swedish women 



year 


Figure 2. Life expectancy for Swedish women for 250 calendar years. From Wilmoth’s Berkeley 
Mortality Data Base. 


2030 will be people at age 70, we can hardly afford an average retirement (healthy 
Germans) at 62. 

Thus we 8 (and others) predicted the future ratio of pensioners to working-age 
people, assuming that after the year 2011 the retirement age is increased from 62 
years by 0.6 years for every year by which the life expectancy at birth increases, and 
that starting in 2005 an immigration of 0.38 percent per year (of the population) 
of people aged 6 to 40 years keeps the total population stable. We see that the 
dangerous peak around the year 2030 is followed by a plateau in this ratio. (Working 
was assumed to start at age 20.) 

In a comparison of life tables for different countries and different countries, a 
certain degree of universality was found for the human Gompertz haw /i oc exp(hx): 
The mortality for centenarians was about the same 3,4,5 . Thus 

H c: 7b • exp[6(x - X)] (4) 

with a characteristic age of X ~ 103 years for the whole human species, while 
6 ~ 0.1 increases with time. (For x < X the differences between q and n are quite 
small.) Moreover, Azbel 7 found (with some deviations) a universality even for the 
younger ages where Gompertz is invalid, Figure 1. He found the mortality q z {c,t) 
at age x (for country c and calendar year t) to be a universal function f x of infant 
mortality qo = q I _o(c>t) and age x : q z [c,t) = f x (q o). The function } x no longer 
depends explicitly on c and t, in contrast to q x . Thus if country A has at present 
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Remaining life expectancy for German men (+) ana (women) o< age 65. Statisieches Jahrbuch, www.ctestatis 0c 



a known mortality function of age, then another country B roughly has the same 
mortality function if we change the calendar year t such that the infant mortality in 
B at time t agrees with the present infant mortality in A. Tf the Gompertz law would 
be valid for all ages, Azbcl’s universality 7 would already follow from Eq.(4) since 
it contains only one free parameter h for all human societies. These universality 
laws suggest that extrapolations like Fig. 4 may, with some shift in time t, be valid 
also for developing countries, if they do not take early action to keep the birth rate 
near the replacement level of 2.1 or whatever else is needed to offset deaths and net 
emigration. 

A decade ago, mortality maxima were observed 8,0 for flies. Have they found 
the fountain of youth such that we get healthier again with increasing age ? Hu- 
mans at least, Fig. 1, do not show such maxima in reliable statistics, though USA 
data published in the 1990 showed them. (Reliability seems to increase from USA 
to Western Europe and from there to Sweden.) Perhaps above 110 years human 
mortality reaches a plateau l ’ 10 . But a comparison of Figures 3 and 4 in 10 shows 
that for the more reliable half of the European data, the highest claimed ages were 
appreciably below those of all the data: The more reliable the data are the smaller 
are the deviations from the Gompertz law. Perhaps for the oldest old the mortality 
still increases with age, but only linearly 13 and not exponentially: Neither acceler- 
ation nor deceleration of mortality. More arguments against mortality deceleration 
for humans are given elsewhere u,ia . 
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Retirement to working-age. with 0 38 Tkyear immigration and retirerrent age increasing with We expectancy 
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Figure 4. Ratio of people above retirement age, to working-age people older than 20 years, as 
predicted in Ref 6 using extrapolated Gompertz laws. 


While at present we thus should be cautious about buying fountains of youth 
for humans, future decades might produce genetically modified humans with longer 
life expectancies. The little worm Caenorhabditis elegans survives bad times (no 
food, ...) by reducing all life functions during a ”dauei” state, in agreement with 
computer simulations 14 . Even flies and some mammals live longer if put on a 
starvation diet 15 . But do we want to live longer if the gained life span is spent 
in a coma, or in hunger? More attractive is a very old elixir of youth, red wine. 
According to 16 , the polyphenol resveratrol in red wine activates the Sir2 gene and 
lets yeast cells life 70 % longer. Indeed, Jeanne Calment is widely (though not 
universally) believed to be the oldest human being and died in 1997 at age 122 
in Southern Prance, having drunk red wine moderately. Let me see if drinking it 
beyond moderation lets me beat her world record. 


3 Why do we age? 

It may be an exaggeration that there as many theories of ageing as there are ageing 
theorists, but nevertheless we have lots of theories. They even might all be correct, 
since ageing may have many causes. Also, some theories do not exclude each other, 
describing only different aspects of the same phenomenon. 

120 years ago, Weismann suggested that we die to make place for our children 



136 


17 . This is very altruistic but also very unrealistic, since of two different races of the 
same species the one which produces more children will win the Darwinian struggle 
of survival of the fittest. Those who live longer at otherwise unchanged parameters 
produce more children and thus win in the short term even if on long time scales they 
drain the environmental resources stronger and might finally destroy the ecosystem, 
including themselves. (If, however, longer lifetime is coupled to lower birth rates, 
the Wcismann idea becomes viable as explained later.) 

Medawar 18 suggested more than half a century ago the still relevant mutation 
accumulation theory: Bad mutations killing us in young age before we get children 
will die out since they are not given on to the offspring; bad mutations killing us 
after we produced many children are given on to future generations. Thus after 
some time the population should contain few hereditary diseases affecting us in 
young age, but many affecting us in old age. Thus the probability to die from them 
increases with increasing age. 

A now widespread idea are oxygen radicals created by metabolism and destroy- 
ing the DNA, carrier of heredity, during our life. This theory is not necessarily in 
contradiction with the mutation accumulation; instead it is a biochemical explana- 
tion for these mutations. 

Telomeres are sections at the end of the DNA which are lost at every duplication 
of the cell. If the number of telomeres in this way has become too small, the cell 
stops dividing: Hayflick limit. A recent ageing theory 19 is based on these telomeres, 
and perhaps at the time of the conference I can present more simulations. 

Longevity genes would prolong life, have been found to work for many animals, 
and are perhaps connected with the red wine effect mentioned at the end of section 
2. Again, their existence does not contradict the other theories: A longevity gene 
may produce more telomerase, an enzyme which restores lost telomeres. Or it may 
enhance scavenging of dangerous oxygen radicals and thus reduce the mutation rate 
relevant for mutation accumulation. 

Reliability theory 4 may work also for the ageing of automobiles and was con- 
nected to the Penna model (see below) in 20 , see also 21 . It assumes the organism 
or car to consist of m irreplaceable blocks; failure of one of these blocks causes the 
whole system to fail. Bach block consists of many equivalent elements; the initial 
numbers of properly working elements within a block follow a Poisson distribution. 
A block fails if all its elements fail; each element ages with a constant failure rate 
1/A. Then Gavrilov and Gavrilova 4 recovered analytically the Gompertz law, 
Eqs.(3,4), for age x 4C X and a mortality plateau p = m/X for very high age 
x » X. The characteristic age X in Eq.(4), valid for all humans, then is the 
average lifetime of the single elements. 

The following sections will report computer simulations of the mutation accu- 
mulation idea. 

4 Simulations of mutation accumulation 

This section restricts itself to those individual-based ageing models which were in- 
vestigated in papers of different groups. Historically the first are those of Partridge- 
Barton type 22 , followed by the most widely used Penna model 23 , while the Stauffer 
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model 12 is more of conceptual than of practical value but therefore forms our start- 
ing point. 

In contrast to Weismann, we do not die to make place for our children. But if 
wc fix the number of children, then the idea 12 works: The birth rate (per iteration) 
is assumed to be inversely proportional to the time between the minimum age of 
reproduction, x m , and the genetic death age, Xd- Hereditary mutations accumulate 
over the generations, and each may independently change both characteristic ages 
x m and T-d by one time unit. Individuals may die before Thai genetic death age from 
hunger etc, which is taken into account by a Verhulst death probability proportional 
to the population size, as in a logistic equation. Then automatically a reasonable 
distribution of death .ages emerges and death is explained as coming from random 
mutations plus a trade-off between longevity and high birth rate. The catastrophic 
senescence of Pacific salmon, the death of Northern cod though over-fishing, the 
minimum population size for social animals, and the emergence of female menopause 
were simulated successfully 2 ‘ ii25,26 . However, in general 27 the mortality increases 
linearly with age, instead of the desired exponential Eq.(3). Also, the minimum age 
of reproduction is distributed among unrealistic short ages, even in a much more 
complicated model of a whole ecosystem 28 . 

This trade-off between longevity and high birth rate is mentioned a lot in the 
biological literature. The most direct but not the only way to realize it genetically 
are mutations with antagonistic pleiotropy 22 ' 29 : these genes have positive effects 
in youth and negative ones at old age. 

Computer simulations of ageing started by putting fluctuations into the phe- 
nomenological model of Partridge and Barton 22 > 30 - 31 - 32 . 14 .33.34 Originally it as- 
sumed only three ages zero, one and two, with a juvenile survival rate J from zero 
to one, and an adult survival rate A from one to two. It was first thought to give 
unrealistic mortality functions and difficulties if generalized to many age levels, but 
33 repaired this by slight modifications, and 34 included sexual reproduction in it. 
But the lack of an explicit genome makes it less attractive than the Penna model 
described now. 

The Penna model is by far the most widespread method to simulate biological 
ageing. Most of the literature up to 1998 is cited in 35 , and later work up to 2000 
in 12 for asexual and 36 for sexual reproduction. The genome is represented by a 
bit-string (10 1 . . . 10 3 bits were simulated) giving bad mutations. A bit set to zero is 
healthy, a bit set to one means that a hereditary disease starts to reduce the health 
at the age to which the bit position corresponds. The first bits describe diseases 
starting in youth, which are rare, and the latest bits correspond to the much more 
frequent diseases at old age. Three active diseases kill, and so does a Verhulst 
death probability proportional to the total population size. Each time interval, 
every individual above the minimum age of reproduction produces offspring which 
differs from the parent by a random mutation of the bit-string genome. In the 
sexual version with recombination of the two bit-strings of the genome, dominant 
mutations affect the health already if only one bit-string is mutated, while recessive 
mutations become dangerous only if both bit-strings are mutated. Bigamy with 
three bit-strings was discussed in 37 . 
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mu(x) in asexual Penna model, 10*9 animals, 5000 < t < 10000; and 0.001 exp[0.52'age) 



Figure 5. Mortality function p for the standard asexual Penna model, with (upper data) and 
without (lower data) the deaths from the Vcrhulst factor. 


Figure 5 from 3S shows the resulting mortalities, with and without the deaths 
from starvation or lack of space. The purely genetic deaths follow nicely the ex- 
ponential Gompertz law, except for the youngest and oldest ages. The limit of 
exactly three mutations killing can be softened 38 to give slight downward devia- 
tions from the Gompertz law as in Swedish mortalities, Fig. 1, or a mortality plateau 
as claimed in 10 . It can also be abolished in favour of Verhulsl factors depending on 
the number of active mutations; then a mortality maximum even more pronounced 
than for flies 8,9 is obtained in Fig. 6 from 39 . Simulations of biologists, in contrast, 
could not yet get such mortality maximum 40 . Pacific salmon, Northern cod, and 
Alaskan wolves were simulated successfully long ago 3S , and Lyapunov exponents 
45 , Brazilian lobsters 42 , child mortality 4a ’ 47 , prey-predator relations on lattice 4S , 
and speciation more recently 41,44 . Particularly relevant for our section 2 are the 
Penna model simulations of the demographic changes in the 20th century 48 . The 
mortalities do not change much 49 if the genome may contain the same gene in 
several copies called "paralogs” 21 . 

This section ends with a technical warning: If the population is kept constant 
artificially, as is tradition in theoretical biology, instead of being allowed to fluctuate 
as in nature, then the results are only qualitatively, not quantitatively, the same 50 . 
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Generic mortality in modrt*d Penna model with mutat'On dependent Vo'hutst I actors (de Oliveira el al) 
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Figure 6. Semilogarithmic plot of mortality function in a modified Penna model 


5 Sex 

Sexual reproduction was introduced into the Penna model long ago 38 , for the 
Partridge-Barton type 34 and the Stauffer model 36 only recently. Even bacteria 
exchange genome via ’’parasex” 81 , and computer simulations with the Penna model 
showed this parasex to give fitter individuals than pure asexual cloning 52 . These 
simulations included ageing of bacteria, as found later experimentally 53 . Loss 
clear is the need for males in species with two sets of chromosomes, from father 
and mother 36 . Only with some effort 85 could feeding the males be justified in 
the Penna model; and no simulation yet showed hermaphroditism to be by far 
the fittest way of reproduction. On the other hand, sexual reproduction is clearly 
preferable as a protection against parasites or environmental catastrophes 36 . So, 
the sex wars can continue 54 . 

Menopause or it’s analog is the cessation of female reproductive power at middle 
age. In spite of widespread prejudice, it is not restricted to humans (and pilot 
whales) but even occurs in some flies 86 . Computer simulations showed, without 
any specific human assumptions like tradition of knowledge, that menopause can 
emerge automatically 57,28 , provided the risk for the mother of giving birth increases 
with increasing age and/or the child depends on the mother for its initial survival. 
Are men needed for survival of the children? Only indirectly 38 : without them 
women would follow Pacific salmon and die rapidly after giving birth; the lack of 
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a male analog for a sharp menopause makes males useful for producing children 
even at older age, thus prevented evolution to kill females after their cessation of 
reproduction. 

6 Conclusion 

Computer simulation of mutation accumulation models has advanced a lot in one 
decade and has applications like retirement rules. Particularly important seem the 
menopause explanations 57,26 showing that such effects are not restricted to humans. 
Simulations of alternative theories of biological ageing 19 are mostly lacking. 
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Fractal interpolants of Barnsley are defined for any continuous function defined 
on a real compact interval. The uniform distance between the function and its 
approximant is bounded in terms of the vertical scale factors. As a general result, 
the density of the affine fractal interpolation functions of Barnsley in the space of 
continuous functions in a compact interval is proved. A method of data fitting by 
means of fractal interpolation functions is proposed. The procedure is applied to 
the quantification of cognitive brain processes. In particular, the increase in the 
complexity of the clectrocncephalographic signal produced by the execution of a 
test of visual attention is studied. The experiment was performed on two types of 
children: a healthy control group and a set of children diagnosed with an attention 
deficit disorder. 


1 Introduction 


Barnsley 1 was a pioneer in the use of fractal functions to interpolate a set of data. 
His method constitutes an advance in the techniques of approximat ion in the sense 
that the interpolates used are not necessarily differentiable and show the rough 
aspect of the real-world signals. Besides, by means of that procedure any other 
interpolation, polynomial spline for instance, can be generalized 2 . 

We use that methodology to define fractal functions approximating any continu- 
ous function hy means of a suitable iterated function system. The uniform distance 
between the function and its fractal analogue is also bounded. As a particular 
case, the affine fractal interpolation functions are the generalization of the polyg- 
onal (piecewise linear) functions. As a consequence of the inequalities obtained, 
the density of the affine fractal functions of Barnsley in the space of continuous 
functions in a compact interval is deduced. 

As an application, a method to fit real data is proposed here. The procedure Is 
applied to the quantification of cognitive brain processes. In particular, the increase 
in the complexity of the electroenceplialographic signals during the testing of visual 
attention is studied. The experiment was performed on two types of children: a 
healthy control group and a set of children diagnosed with an Attention Deficit 
with Hyperactivity Disorder (ADHD). 
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2 Fractal Interpolation of a Continuous Function in a Compact 
Real Interval 

2.1 Generalization of continuous functions 

Let A : to < t\ < ... < In be a partition of the closed interval I = [to, tjv]. Let a set 
of data points € I x R : n = 0,1,2, AT} be given. Set I n = [t„_i,<„] 

and let L n : I -> /„, n € {1,2,..., A r } be contractive homeomorphisms such that: 


L n (te) = t n -u L n (t N ) = t n ( 1 ) 

l^n(Cl) *" ^F»(C2)| < l |ci - C 2 | VCi,C2 €/ ( 2 ) 

for some 0 < / < 1. 

Let -1 < a„ < 1; n = 1 , 2 ,..., AT, F = I x [e,d] for some -oo < c < d < +oo 
and N continuous mappings, F„ : F -> R be given satisfying: 

An(fo,^o) = ^n(ljV,®A^) = ^ni n — 1,2,..., A (3) 

|F„(t,a:) - F„(t,y)| < a„|i - y|, * € /, x,y € R (4) 

Now define functions w n (t,x) = (L„(t),F n (t,x)), Vn = 1,2 


Theorem (Barnsley 1 ): The iterated function system (IFS) 3 {F, w n : 

n = 1 , 2 ,..., A'} defined above admits a unique attractor G. G is the graph of 
a continuous function / : / — ► R which obeys /(f„) = x n for n = 0, 1.2, ..., N. 

The previous function is called a fractal interpolation function (FIF) correspond- 
ing to{(L n (f),F n (t,x))}* t . 

Let Q be the set of continuous functions / : [to, f,v) -4 [c, d] such that /(to) - aro! 
/(tjv) = xn- Q »s a complete metric space respect to the uniform norm. Define a 
mapping T : Q -> tj by: 

(r/)(t) = F n {L~ l (t), foL~ l (0) Vt6[t n _,,t„], n = 1,2,..., AT (5) 

T is a contraction mapping on the metric space (£, || • H^): 

||T/ - T^Hoo < |o[oo||/ - fflloo (6) 

where |a|oo = max {|a„|; n — 1, 2, .... A r }. Since |a|oo < 1, T possesses a unique 
fixed point on Q. that is to say, there is f € Q such that (T /)(!) = /(f) V t € [to, t/v]. 
This function is the FIF corresponding to w n and it is the unique / € Q satisfying 
the functional equation 1 : 

f(t) = F n [L~'(t),fo L~ l {t)), n = 1,2,..., AT, t € /,, = [f„-i,f„] (7) 

The most widely studied fractal interpolation functions so far are defined by the 
IFS 

[ L n (t) - a„t + b n 


F n (t,x) = a n x + Q n (t) 


( 8 ) 
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o„ is called a vertical scaling factor of the transformation w„ and a = 
(01,03, . . . ,ow) is the scale vector of the IFS. If q n (t) is a line, the FIF Is termed 
affine. 

Barnsley proposes, in the reference [ 1 ], the generalization of a continuous func- 
tion g by means of a fractal interpolation defined by the IFS (8) with 


fln(t) = g°Ln(t) -0*6(0, (10) 

where 6 is continuous and such that 6(to) = *0 and b(ty) = x,\. It is easy to check 
that, in this case, (8) verifies the hypotheses of Barnsley’s theorem. 

Definition 1: Let g € C( 7 ), A, b and q as in the previous paragraphs. The FIF 
9&i> or simply g a defined by (8), ( 9 ) and ( 10 ) is termed o-fractal function of g with 
respect to A and b. 

Theorem 1 : The o-fractal function g a of g with respect to A and 6 satisfies the 
inequality 

llg°-glloc< t ^^ (llfl-fr'lco) (11) 

with |o|oo = maYi< n <yv{|o n |}. Besides, g a interpolates g, that is to say, 

9 a (t n ) = g(t„) Vh = 0, 1 N ( 12 ) 


Proof: Let g € C(I) be a continuous function and consider an IFS as in (8), ( 9 ) and 
<7n(0 = 9<> M0 - M(0> Vn = 1, 2, . . . , N. 

For Q = {/ : (0,6) -* [c,d\ cont; /(o) = x 0 , f(b) = x N } define T n : Q — ► Q 

r a J(t) = F n (L-\t),foL- l (t)) Vte/„ ( 13 ) 

That is to say, 

T a f(t) = g(t) + a n (f-b)oL- l (t) Vt € /„ ( 14 ) 

By the theorem of Barnsley, T a admits a unique fixed point in Q continuous on I 
( g a ). g a is defined by the equation: 

9 a {t) = 9 {t) + a n (g°-b)oL- l {t) **€/„ ( 15 ) 

From ( 15 ): 

\\ 9 a ~ $IU < Hoc(||s a - 6||ao) < |a|oo(lls n - fllloo + || 9 - 6II00) ( 16 ) 

and the inequality (11) is proved. 
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Figure 1. The left figure represents the graph of the function g(t) = stn(R(( + ir/3)). The right 
figure shows the corresponding o- function, with respect to A : 0 < 1/8 < 2/8 < . . . < 1.6 a line 
and a n =0.2 Vn = 1 8. 

g a passes through the points (f n ,z„) as, by (1) and (3): 

g a (t n ) = F„{L;\t n ),g a o L~ l (t n )) = F n (t„,g"(t„)) = F n (t y ,x s ) = x„ (17) 


2.2 Affine, fractal interpolation functions 

If g is piecewise linear in the intervals I n = [f n -i,h>| for n = 1,2,. ..,AT and b is 
the line betweeen (f 0 ,io) and (t^,x.v), Q n is a first degree polynomial and g a is the 
affine fractal interpolation respect to the data {(t„,x n = g(f n )),r» — 0,1,..., TV} 
with scale vector o. In this case, by (11) one has 

II 9 ° - fflloo < r— WMlXo<n<,v(|Xn|) (18) 

1 ” Hoc 

Theorem 2 4 : Let {a, 6, , <2, <3 , . . be a dense sequence in / = [0,6]. For each 
n > 1 let <p n denote the polygonal (piecewise linear) function which agrees with 
/ at nodes a.b,ti,...,t„ (conveniently ordered). Then <f„ -* f as n — ► 00 for all 
/€£</). 

Theorem 3: The affine fractal interpolation functions are dense in C(a,6]. 


Proof: Lot / bo a continuous function in C’[«,6] and {a,b, t\, <2. <3, . ..} dense in 
(a, 6]. Given e > 0, consider e/2 > 0, by the theorem 2 there exists n € N such 
that the polygonal funcion <f> n which agrees with / at a, Mi, • . . , t„ verifies: 

1/(0- MOI < e/2 Vt€[o,6] (19) 

Choose a € f? n+1 such that a ^ 0 and 



( 20 ) 
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Let the o-fractal function of <t>„ with respect to (a,M i, . . . , i„} and the line b 
passing through f(n), f(b). #J(t) is an affine fractal interpolation function as seen 
before and by (18), (19) and (20) 

1/(0 - K(t)\ < 1/(0 - <M0l + l0n(O - <*n(0l < £ (21) 


3 Fit of sampled data by fractal interpolation 

The description of a procedure to fit a set of real data {(t*, y*)> » = 0,1,..., Af} 
by means of fractal interpolation functions is developped here. This function is 
constructed as perturbation of an interpolant g of a subsample of the data. 

Let P = {(t„,i n ),n = 0,1,..., AT} be a subset of the data with (to,io) = 
(lo'Vo) an d (tyv, x,v) = (Ov/'^Af ) a:,( l let 9 he an interpolation function passing 
through P. We consider here an 1FS (8) with (9) and q n (t) = g o L„(t) — a„b(t), b 
continuous and such that 6(t u ) = xo, 6(t/v) = x/v and g a the corresponding FIF. 


Let {(t",x"),j = l,2,...,m (n '} the intermediate points in /„ = (f n _i,t„] not 
included in P: 


ln-i<f"<fn V j = l,...,m (n) 
According to the equality (15), with the condition y°(<") = x": 

1 ;=j(f7) + a B (ff“-fc)oL: 1 (l7) 

and 

xl-gity + anig-VoL^d?) 

Choose a n so that the sum of the square residuals be minimum: 

min E(a n ) = (s(tj) - i] + a n (g - b) o L n l (t>)) 2 
i=i 

The equation E'(a„) = 0 gives: 

q ~ i”)(g(L- l (i;)) - b(L-'{i-))) 


Denoting 


then 


£ — (<l(li ) *1 » •••’ !?(l m (n)) 

* = (g(L- l (i^)) - 6(L^(<?)) 9^^)) -^(i* <«>))) 


< , _ k • “tl .. kl 
1 - "iSF s W 


( 22 ) 

(23) 

(24) 

(25) 

(26) 

(27) 

(28) 


(29) 
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If the interpolant g converges to the original function when the diameter of the 
partition tends to 0, then ( g(t } ) — £j) -> 0 and e -t 0. Therefore, a„ can be chosen 
so that |a„| < 1, Vn = 1,2, . . . ,N. The function g and the scale vector a determine 
the fitting curve g a . 

3.1 Error bound of the fit 

Let h be the original function corresponding to the data and g the interpolant used, 
let g a be the fitting function defined here. Then: 

lift ~ ff°lloo < lift - fllloo + II 9 - nice < K 9 + '“I” (||g - 6|L) (30) 

1 - Moc. 

with K 9 an upper bound of the interpolation error respect to g. 


3.2 A particular case 
If m (n> - 1 then, from (23): 


fl(<D - 

boL^W-g^L^ft) 


( 31 ) 


If g is piecewise linear, N is even, b is the straight line passing through (to.^o), 
(t.v, xr) and t" is chosen as 


then L n l (t ") = (to + f/v)/2 = In/ 2 , 5° 0 ^n 1 (^i) = *n /2 and the formula of Strahlc 4 5 * 
is obtained 




O n = 


“*? 




: ,V/2 


(32) 


4 Application to the quantification of cognitive brain processes 

4-1 Methods 

The computation of the correlation dimension of the EEG recordings has been 

widely treated and used by the neurophysiologist community (see. for instance, the 
references Babloyantz et al. 8 , Stam et al. 7 and Nan and Jinghua 8 ). However, some 
controversy is still alive because of the algorithmic and modelling problems. We 
propose here an alternative to the computation of the correlation dimension of the 
attractor reconstructed by means of the method of Takens. The dimension of the 

graph of the EEG, as geometric object of /l 2 , can be seen as a measure of the com- 
plexity of the bioelectric brain signals. The first step is to reconstruct the signal 
by means of fractal interpolation functions, computing the parameters of the IFS 
associated with the data according to the fit proposed in the previous paragraph. 
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Following a theorem of Barnsley 3 (see also Besicovitch and Ursell 9 ) the fractal 
dimension D of the graph of an affine FIF verifies the equation 

X> B |a?-‘=l (33) 

n=l 


with a n and a n being the coefficients defined in the paragraph 2.1 ((8), (9)). If the 
nodes are equidistant, a„ = 1/iV and 


D = 1 , logCL^i l Q »|) 

log jY 


(34) 


This formula for the dimension is valid in the case |a n | > 1. Otherwise, the 
fractal dimension is one 3 . This parameter lies between 1 and 2. Its computation 
is simple, the use of delay variables is not necessary and there are not problems of 
convergence or insufficient number of points. 


j(. 2 Materials 

In the present work, those procedures are applied to the study of the EEG record- 
ings of two samples of children: a healthy control group and a set diagnosed with 
an Attention Deficit with Hyperactivity Disorder (ADHD). The clinical manifes- 
tations of the ADHD are characterised by a lack of attention, impulsive cognitive 
and behaviour styles and by an excessive motor activity. Its incidence is estimated 
between 3 and 5 % of the school population and one or two children with deficient 
attention per classroom during the first school years could be observed. By a mere 
visual inspection of the EEG. no difference was observed in the patient group. 

The children belonging to the control group were selected randomly by the 
teachers and belong to the same school groups as the children with ADHD. 19 chil- 
dren diagnosed with ADHD were chosen, with an average age of 9.3 and a standard 
deviation of 1.5. The sample was compared with a control group of 13 children 
with similar age (9.2) and standard deviation (1.3). 

For every subject, the following signals were recorded: (i) an EEG at rest with 
closed eyes, (ii) an EEG during the execution of a test consisting in the recognition 
of a face different from the others, in series of three. 

Six locations of the cortical surface were analyzed, following the 10-20 Inter- 
national System of Jasper: F3, F4, P3, P4, 01, 02. The recording of the sig- 
nal was performed by an electroencephalograph Grass, connected to the program 
RHYTHM, version 5. The equipment included filters of 0.18 Hz for low frequencies 
and 35 Hz for high frequencies. The sensitivity is 7 microvolts per millimeter. The 
sampling frequency was 128 Hz. Every segment chosen for spectral analysis had 
a length of 4 seconds, but the results are not here due to space restrictions. A 
segment of 30 seconds was analyzed within the second minute. 

The fractal dimension of the EEG was obtained by the method proposed in 
the section 3, considering an affine FIF and two inner points between every pair of 
points used for the fractal interpolation (m (n) - 2). To compare the EEG at rest 
with the EEG recorded while the execution of the described exercise, the Wilcoxon 
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Tabic 1. Average values of the fractal dimension for each group and EEG. 



Control 

Deficient Attention 


•• Rest 

Teal 

Rest 

Test 

F3 

1.7240 

1.7311 

1.7043 

1.7226 

F4 

1.7120 

1.7413 

1.6736 

1.7334 

P3 

1.7377 

1.7449 

1 6931 

1.7410 

P4 

1.6987 

1.7616 

1.6868 

1.7218 

Ol 

1.7024 

1.7509 

1.7166 

1.7843 

02 

1.6929 

1.7940 

1.7197 

1.7841 


sign hierarchized test was used. 


4-3 Results and discussion 

The table 1 shows the average values of the fractal dimension for each group, EEG 
and channel. This parameter increases on the whole cortical surface during the 
execution of the visual test, but the difference is only significant in some locations. 

Comparing the data obtained in the computation of the fractal dimension of 
the EEG during the face recognition test respect to the rest EEG, differences were 
found, in the control group, in 02 with a significance level of 0.01. In the group 
of children with ADHD the differences occured in F4, 01 and 02 at level 0.05 and 
01 and 02 at level 0.01. These variations show the activation of the occipital zone 
(primary visual area) in the achievement of tasks of visual attention, as well as the 
need of the children with ADHD to activate more cortical networks to perform the 
same test (fig 2). These results are coherent with the findings of our group 10,11 by 
means of other techniques (spectral, £> 2 , Hjorth). 

The results described aim at a lower dimensionality in the rest EEG . This fact 
coincides with the studies of Graf and Elbert 13 , Nan and Jinghua 8 and Pritchard 
and Duke 1 3 for different pathologies and brain processes. The children with deficient 
attention show also a degree and extension of the cortical activity higher in the 
execution of the visual task. As a consequence, the children with ADHD would 
need to activate a higher number of cortical networks in the processing of the same 
information, and this fact is expressed in the changes in the brain electrogenesis. To 
analyse conveniently some information they would need a higher amount of energy 
than the other children. 

The non-linear measure most widely known in electroencephalography is the 
correlation dimension. It has been used to evaluate the bioelectric and cognitive 
activities. Nan and Jinghua 8 describe an increasing of the correlation dimension 
by mental tasks of arithmetic character, with respect to rest activity. Gregson et 
al. 14 find also an increase in the dimension during experiments of visual attention. 
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FRACTAL DIMENSION 


CONTROL 


ADHD 




Figure 2. In blue, electrodes where there was not significant difference between rest and visual 
task EECJs. in black those displaying differences, in the rest the study was not performed. 


The FIF dimensions allow to show the complexity increase in the stimulated zones 
with a lower computational and algorithmic cost constituting this way an eflicicnl 
measure of the neural bioelectric activity. 


44 Other techniques 

The computation of the fractal dimensions of reconstructed attractors is widely 
known in the neurophysiological literature. A collection of procedures can be re- 
viewer! in the book of Parker & Chua 15 . The capacity, the information dimension or 
the correlation dimension are members of an infinite family called Renyi 18 dimen- 
sions. Their calculation is usually based on the method of embedding (Takens 17 ). 
From a single sampled signal, a whole trajectory in a higher-dimensional space is 
recontructed, considering as coordinates the delays of the recording. This path 
allows to estimate fractal dimensions by means of some numerical methods, for 
instance the algorithm of Grassberger & Procaccia 18 . 

However, the measures of experimental data are obstructed by the presence of 
noise, either inherent in the system or provided by the insti umental devices. Those 
factors obscure the structure of the possible underlying attractor. This fact gen- 
erates a number of algorithmic problems some of which we briefly summarize here 
(see also Mayer-Kress 19 ): 

- The number of points necessary to provide a reliable estimation of the pa- 
rameter can be very large. For instance, in an article of Smith 20 a lower bound of 
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this quantity is given by the inequality ,V min > 42 w , with M the greatest integer 
lower than the dimension. In the case of EEG signals, this estimation supposes to 
handle dozens of millions of points, which usually are not provided by the conven- 
tional recordings. The alternative proposed in the same paper is to compute a local 
scaling around some points of the flow, that supposes to deal with multivariant 
measures. 

- The need to reach a convergence value for the dimension with respect to the 
number of delay variables is not fulfilled in general, as communicated in many pa- 
pers about the subject (Basar ct al. 21 , Lopes da Silva et al. aa ). This fact is related 
to the choice of an optimum embedding (see, for instance, Ding et al. 23 ). Even 
in the case of existence of limit, the computational cost can be unfeasible for a 
standard Department of Neurophysiology 15 . 

- There are no standard criteria to choose other algorithmic parameters as, for 
instance, the length of lag interval between coordinates, the sampling frequency of 
the signal, the scale range to perform the linear fit (Ellner 24 ) or the filters to use 
(Basar et al. 21 ). As a consequence, the differences in the reported EEG dimensions 
for the same process and/or pathology are excessively large (Basar ct al. 21 , Ilolzfuss 
k Mayer-Kress 25 ). 

- To avoid these difficulties several complementary methods have been proposed. 
One of them is the singular spectrum analysis (Broomhead k King 26 ) which pur- 
sues the calculation of uncorrelated variables and an estimation of the embedding 
dimension. Additionally, the process performs an adaptive moving-average filtering 
associated with the dominant oscillations of the system. Another method is the 
’’projection pursuit”, that uses low-dimensional projections to form an estimate of 
the probability density (Friedman et al. 27 ). However, at the moment these proce- 
dures are not conclusive (see for instance Mees ct al. 28 ). 

We propose here an alternative methodology: the calculation of the fractal di- 
mension of the EEG as the attractor of an explicit IPS, instead of the projection 
of a high-dimensional limit set. Relevant contributions in this area arc given by 
Mandelbrot 29 , Falconer 30,31 , Barnsley* and Chin et al. 32 for instance. The approach 
undertakes an ’’inverse problem”, that is, the determination of the IFS underlying 
a particular fractal, in this case the electroencephaiographic signal. The procedure 
proposed here uses a special family of mappings whose attractor is the graph of a 
function fitting the data. 

In the case of an affine IFS, no additional numerical procedure is needed be- 
cause there are explicit and exact formulae providing the dimension in terms of the 
IFS coefficients (Barnsley 3 , Falconer 33 ). These numbers provide numerical char- 
acterizations of the geometric complexity of the signals. The computational cost 
of the process is almost zero for short recordings. The method does not involve 
problems of convergence or the choice of an excessively large number of algorithmic 
parameters. It can be used to quantify series of any length. The only hypotheses 
are the continuity and the characteristic selfsimilarity of the fractal interpolation 
functions. 

On the other hand, our results suggest that the fractal dimension is as useful as 
the embedding dimensions in order to record the variations of the EEG complexity 
inherent to the bioelectric changes produced by metabolic changes in the cerebral 
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areas implied in a specific mental process and/or pathology 1 ”' 11 . 
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Large-scale organization of the solar magnetic fields is considered to be the result 
of forcing of large-scale vortices ut the bottom of the convection zone. One of the 
sources of such vortices is the penetrative convection that seeds inverse cascade 
from small to large scales. The other source is dcformational long-wave instability 
that directly amplifies the large scale disturbances and forces differential rotation. 

The combined action of these two processes is numerically simulated. It is shown 
how the large-scale vortical pattern is reflected in the distribution of the magnetic- 
elements. Large-scale vortices have much longer lifetime than small magnetic el- 
ements. Such effects can be used for interpretation of such phenomena as solar 
complexes of activity and fractal properties of the large-scale magnetic fields. 


1 Introduction 

The observations of the sun revealed that solar magnetic fields demonstrate an en- 
closing hierarchy in their spatial organization: the large magnetic elements consist 
of smaller ones. The largest size is on the order of solar radius. At this top level 
small-scale short-lived (with lifetime on the order of one day) magnetic elements 
are organized into large-scale long-lived (with lifetime up to several solar rotations) 
active regions and complexes of activity. Another demonstration of large-scale or- 
ganization is quasi-periodic rearrangement of the magnetic field pattern known as 
the 11-year solar cycle *. At present, the lowest limit for the scale of spatial orga- 
nization is unknown . The investigation of possible reasons for such organization is 
very important for forecasting the solar activity. 

The existence of spatial hierarchy in solar magnet ic elements attracted at tention 
to their fractal properties and reasons of their organization. FYaetal analysis gives 
value to fractal dimension of magnetic elements in the range: 1 < d < 1.8 2 * 3 . One of 
the interpretations of large-scale organization is self-organization of the magnetic 
elements that interact with each other '‘• 5 . We argued 6 that this approach can 
be used only for the explanation of relatively small formations, such as groups of 
sunspots, but not of complexes of activity or active longitudes. 

From our point of view, more promising is the interpretation of organization and 
fractal properties of magnetic fields as the result of excitation of large-scale vortical 
flows at the base of the solar convection zone and generation of the magnetic field 
by them. In our earlier publications, 7 we investigated how large-scale vortices 
generate small-scale magnetic elements because of twisting of the magnetic field 
lines and subsequent reconnection. The process of reconnection leads to formation 
of small-scale magnetic elements that can reflect the velocity field of Hows inside 
a separate vortex. At the same time reconnection can lead to stochastization in 
distribution of magnetic elements. 

The source of large-scale vortices at the bottom of the convection zone is consid- 
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ered to be the penetrative convection that works as a stochastic source of the initial 
disturbances. These initial disturbances merge into large-scale vortices, demon- 
strating inverse cascade. This process was numerically simulated in application 
to the problem of Great Red Spot of Jupiter 2 * * * * * 8 * * * and recently in application to the 
sun 9 , °. Stochastic forcing of large-scale vortices leads to stochastic distribution of 
large-scale patterns of magnetic elements. On the scale of solar radius the enhanced 
concentration of magnetic elements inside vortices appears as the large-scale orga- 
nization of the magnetic field with a characteristic lifetime of a large-scale vortex. 

Recently, we developed a hydrodynamical model of 11-year solar variations in 
which oscillations appear as the result of interaction between shear and deforma- 
tional long- wave instability (DLVVI) At this top level of organization the mag- 
netic field generated due to 11-year hydrodynamic oscillations has 22-year period 
and is the seed field amplified by the large-scale vortices. 

The formation of large-scale vortical patterns should be considered along with 
the effects leading to 11-year variations because of the possible interaction between 
these two processes. Stochastic forcing of vortical Rows and related inverse cascade 
can significantly change the conditions for excitation of 11-year oscillations. On 
the other hand DLNV1 can directly force the large-scale vortical flows and change 
the conditions for formation of large-scale vortices. The goal of this paper is the 
investigation of interaction between stochastic and regular components of large- 
scale hydrodynamic flows and its reflection on the top level of organization of the 
solar magnetic field. 

2 Model 

The layer of forcing of large-scale vortices is supposed to be located below the solar 

convection zone in the penetrative convection region. This layer is considered in 

shallow-water and beta-plane approximations. The lower and upper boundaries of 
the layer are presumed to be, respectively, deformed and nondeformed free surfaces. 

The deformation of upper surface of the layer is associated with a perturbation of 

the isopicnic surfaces near the bottom of the convection zone that appears when 

the flows are excited. At the boundaries corresponding to the poles, the velocity is 

specified to be zero. The equations are written in a Cartesian coordinate system, 

which is rotating with the velocity' of plasma at latitude 30°. Established results 
of helioseismology show that the upper part of the radiative zone rotates with this 
velocity at all latitudes. For all magnetic field components on the lower boundary' of 

the layer, the condition of perfect conductivity is specified. On the side boundaries 
(corresponding to polar regions) conditions arc specified in such a way that the 
magnetic field is parallel to the polar axis. On the upper surface of the layer, for the 
horizontal components of the magnetic field, the condition of perfect conductivity is 
assumed, and for the vertical component an ’’open" boundary condition is used 12 
(i.e. it is supposed that this component freely emerges through the upper surface 
of the layer). 

The following units are used: for the horizontal coordinates x and y - the size 
of the order of one third of the solar radius ft as 2 x 10 lu cm; for the vertical 
coordinate z the thickness of the layer of Rossby vortex excitation ho; we assume 
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ho ~ 10 9 cm; and for time - to — 1 year ~ 13 solar rotations. In these units, the 
dimensionless equation for the stream function has the form: 

tht/Q ~ A V>e - A VO - Bij> x + D v A 2 tJ> + "iAi/j = 0, (1) 

A = &*/dx 2 + tf/dy 2 , J(f,g) = f z g y - f v g x , 

where Q = (r^/R) 2 is the FYoude number, tr — (gho) 1 / 2 /2Q is Rossby-Obukhov 
deformation radius, g is gravity, fl is the angular rotation velocity, Y — 2QtoQ, B is 
the parameter characterizing the beta-effect, the dependence of the angular velocity- 
on latitude For the chosen units and parameters, we have Q w 1, and Y % 150. 
The parameter B is taken to be B = 10. 

The diffusion coefficient has the form D v — Do + IV" exp(— ((y - y n e o)/^) 2 ) + 
W*exp(— ((y — y,co)/<5) 2 )- IV”, IV® are the amplitudes of small-scale vortical flows 
which are assumed to be excited by virtue of shear instability in each hemisphere 
in the regions centered on latitudes y„Go = 60° N, y,co — 60 °S. The width of these 
regions is chosen as 6 — 70° in equatoward direction and <5 = 15° in poleward 
direction. Do — tdo/i? 2 , where u is the coefficient of effective turbulent kinematic 
viscosity which we take in the penetrative convection region to be the order of 
10 12 cm 2 s _l ; hence Dq = 0.1. Introducing the dependence of the coefficient of 
positive diffusivity D v on the amplitude of vortical flows in the suggested simple 
form seems rather natural, because the effective turbulent viscosity increases pro- 
portionally to the amplitude of the vortical flows. Deformation of the interfacial 
surface dividing convectively stable and convectively unstable parts of the layer in 
the northern and southern hemispheres is derived, respectively, according to the 
formulas h = \p and h = -tp. 

The coefficient of negative diffusion in each hemisphere is taken in the form 
- , 7o(exp(-((y-y n6 o)/>) + exp(-((y-y. rf r»)/Tj) 2 ). 7 0 is taken to be 0.5 The width 
is chosen a si) = 40° in equatoward direction and rj = 15° in poleward direction. 

In our previous publications, we studied a simpler case, when the parameters 
£> v ft nd 7 were constants 13 . Under this condition, the amplitude increases for 
solutions having the wave vector less than Jfcr = (7/Dv) 1 ^ 2 . In the case considered 
here, there is no simple analytical formula for a critical wave vector because of 
the appearance of a dependence of the positive diffusion coefficient on amplitude 
of vortical flows and on the latitude, and also because of the appearance of a 
dependence of negative diffusion coefficient on the latitude. It is apparent, however, 
that an increase in amplitude of vortical flows leading to an increase of the positive 
diffusion coefficient finally brings about disruption of forcing of zonal flow. 

A mathematical formulation of the statement that a shear instability is real- 
ized in high latitude regions is the Ginzburg-Landau equation derived in weakly- 
nonlinear theory and describing the dynamics of vortical flows in these regions ,4 . 
In the dimensionless form for north and south hemispheres, it reads as follows: 

W? = A n W" - (IF") 3 

W t a = A'W* - (IV®) 3 . (2) 

IV", IV* are considered to be real, uonnegative functions. The role of the cubic 
term is the limitation on the amplitude of vortical flows. The first term on the right- 
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hand side of Eq. (2) describes an increase in the disturbance amplitude provided 
by a shear instability. 

A well-known condition for shear instability development in an ideal non- viscous 
fluid is fulfilment of the Rayleigh instability criteria: A change of sign of the second 
derivative of velocity 14 . In a non-ideal fluid, for the excitation of vortical flows it is 
also necessary that the Reynolds number (defined by the characteristic flow velocity 
under condition of specified geometry and viscosity) has a rather large value. In 
addition, it is also necessary to take into consideration the hysteresis phenomenon: 
Reynolds number is larger in the case when instability begins than when it stops. 
Thus, for modelling the critical character of the excitatiou of vortical flows it is 
taken: 


A” = 1, if u n < u„, in , 

A" = -1, if u" > Umax, 

A = 1, if tl < Umlm 

A = — 1, if u* > u mftx , (3) 

where we consider to be critical values u min = -140 m s -1 and u miiX = -115 m s -1 . 
Hence, Eq. (2) describe an increase in amplitude of vortical flows as zonal velocity 
attains a critical value u m j n , and decrease in amplitude as zonal velocity becomes 
greater than u mAX . 

The equations governing the magnetic field evolution are used in a lieliomag- 
netostrophic approximation 1S . The horizontal components of the magnetic field 
are represented as the sums of toroidal and poloidal components: B z — -T y + P x , 
B v — T r + P tJ . The vertical component of the magnetic field at the upper surface of 
the layer is inferred by B z = -A P. The unit of the horizontal components of the 
magnetic field B z and B v is the characteristic value of the magnetic field strength 
A/, while the unit of the vertical component B z is nM, where k = ha/R. 

The equations for the toroidal T and the poloidal P functions have the form 7,1C : 

AT, = - A ( uT x + vT y ) - A (uP y - vP z ) - (vA P) x + ( uAP) y + D m A 2 T, (4) 

A P, = -uA P x - vAP y + w x T v - xv y l x + a ( T xx + T yv ) + D m A 2 P , (5) 

where D m — /xto/R 2 , and (i as v is the effective coefficient of turbulent magnetic 
diffusion. So D„, as D v ~ 0.1. In this paper we neglect the back influence of the 
magnetic field upon hydrodynamic flows using the approach employed in kinematic 
dynamo theory. The velocity components that are substituted into the equations 
for the magnetic field are determined, respectively, by: u = v = Y i!> x , 

w - l/f t . 

We parametrize vortical flows excited by virtue of shear instability. Under the 
condition of nonzero mean helicity, these vortical flows give rise to a well-known 
a-effect 17 which is described by adding to the right-hand side of equation (5) the 
term of the form a(T zz + T yy ). One can expect that a-effect arises only under the 
condition of rather large amplitude of vortical flow and is suppressed when magnetic 
field strength attains large values. Considering these effects and the limited action 
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of a-effect in space, a is chosen in the form: 

a = ao((W n - W cr )(l + tanh(a(W n - W^)))exp(-((y - y n60 )/S) 2 ) + 

(W‘ - lF cr )(l + tanh(<r (W* - W cr )))exp(-((y - y«o)/S) 2 ))/ 2(1 + |B| 2 ) (6) 

with a 0 = 0.4, 6 — 15°, and W CT = 0.6. 

Parameter a determines the rate of “turning on” the a-effect and is specified 
to be 10. Under the condition considered, an amplification of the magnetic field 
strength takes place. To limit the amplitude, the following well-known method is 
used: the magnetic field strength squared is introduced as the denominator into 
the formula for a. 

To include geometrical effects in this paper we introduce a limitation on the 
model: in the latitudes higher than 75°, near 45°, and in the equatorial region 
5 °S - 5° IV flows arc assumed to be axisymmetric. To simulate this situation, we 
use the technique of reducing down to zero the coefficients of all components in the 
equations that are dependent on longitude. 

Penetrative convection is simulated by adding a small single Gaussian vortex to 
the flow at time intervals of one twentieth of the Carrington rotation period. The 
location, size and deformation of the upper boundary (associated with velocity) are 
specified randomly. Values vary in the range of 0° - 360° for location in longitude, 
75° S - 75° N for location in latitude, 1° - 5° for size, and 0 - 5 x 10 7 cm for 
deformation. 

3 Results 

Partial differential equations described in previous section are solved numerically 
using semi-spectral method. 11-year hydrodynamic oscillations in high latitudes 
give rise to 22-year magnetic oscillations. At the same time penetrative convection 
disturbances merge into vortices of different scales demonstrating inverse cascade. 


S.l Quasi-regular component 

Figure 1 shows dynamics of the quasi- regular component. At the top of Fig.l, the 
oscillations of zonal flows are shown. Frame of reference rotates with the velocity 
of plasma at 30°, thus zonal velocity has positive and negative values. In high and 
mid latitudes zonal flow has the direction from west to cast. At the equator the 
flow has the maximum amplitude and shear has cyclonic character in accordance 
with observations. 1 1-year oscillations of zonal How appear because of competition 
between forcing by DLWI and suppressing due to increase of effective turbulent 
diffusion. 

The oscillations of the magnetic field component are shown in the middle aud 
at the bottom of Fig.l. One can see time lag between maximums of toroidal and 
vertical magnetic field components. In our model, the period of magnetic oscil- 
lations is determined solely by hydrodynamic factors, and 22-year oscillations are 
excited as a result of the impulsive development of shear instability every 11-year 
and the corresponding impulsive excitation of a-effect. Our numerical simulations 
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Figure 1. 11-year hydrodynamic and 22-year magnetic oscillations. Top: 11-year oscillations 
of zonal How Solid lines show oscillations of diffusion coefficient W at latitudes fiO° for south 
and north hemispheres. Middle: oscillations of the toroidal component Bottom: oscillations of 
the vertical component of the magnetic field Minimum negative and maximum positive values 
correspond, respectively, to white and black color. 


show that localization of a-cffect in high latitudes does not preclude the formation 
of a strong toroidal magnetic field in the low latitudes. 
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Figure 2. Distribution of vortices and the magnetic field at the maximum of solar cycle. Top: 
distribution of stream function rfi. Middle: distribution of toroidal component T function. Bot- 
tom: distribution of vertical component B‘ . Minimum negative and maximum positive values 
correspond, respectively, to white and black color. 


.9.2 Stochastic component 


One of the main processes for stochastic component is the merging of the initially 
excited vortices. The stationary distribution of vortices after several hundred years 
is shown at the top of Fig. 2 ( differential rotation is subtracted in this ligure). 
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Figure 3. Distribution of vortices and the magnetic field at the minimum of solar cycle. Top: 
distribution of stream function tp. Middle: distribution of toroidal component T function. Bot- 
tom: distribution of vertical component B*. Minimum negative and maximum positive values 
correspond, respectively, to white and block color. 


At high latitudes vortices are forced both by penetrative convection and DVVL1. 
Magnetic field generated by quasi-regular component is a seed field for vortices. 
Vortices twist magnetic field lines and magnetic field is amplified inside vortices. 
This process is seen in the middle of Fig. 2. Differential rotation stretches the 
magnetic field lines in east-west direction that leads to appearance of some angle 
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between axis of magnetic elements and the equator. This effect is seen at the 
bottom of Fig.2 as the arc-like (or banana-like) shape distribution of the magnetic 
field. 

Amplification of the magnetic field can lead to the initialization of transfer to 
the surface of the magnetic field due to magnetic buoyancy. Figure 2 shows the 
flows and magnetic field at the maximum of solar cycle when toroidal quasi-regular 
magnetic field component has maximum amplitude. 

Vortices have various spatial scales. Large-scale vortices have a lifetime much 
longer than small magnetic elements This effect can be associated with such phe- 
nomena as complexes of activity considering that sources of complexes of activity 
are the large-scale vortices. 

Figure 3 shows the flows and the magnetic field at the minimum of solar cycle 
when toroidal quasi-regular magnetic field component has minimum amplitude. 
Strong magnetic fields entirely disappear. However, vortices continue to exist. In 
such situation the "new” strong magnetic field of the next cycle can be generated 
by the same large-scale vortices that generated the ’’old” strong magnetic field. 
Thus in the frame of our approach we can interpret such long-term phenomena as 
solar active longitudes. 

Stochastic component does not preclude the excitation of 1 1-year hydrodynamic 
and 22-year magnetic oscillations. Comparison with the results of our previous pa- 
per 4 * * * * * * 11 * * * shows that it adds new features to the dynamics of zonal flows and axisym- 
metric component of the magnetic field One can see in Fig 1 the effect of slight 
asynchronization of oscillations it south and north hemispheres. Such phenomenon 
is observed on the sun. Another effect is short variations in distributions of vertical 
magnetic field component seen at the bottom of Fig 1 . All these effects are related 
to forcing of vortices by penetrative convection. 


4 Discussion 

An evolution of the large-scale solar magnetic fields shows an existence of quasi- 

regular and stochastic components. In standard solar dynamo models quisi-regular 

component oscillating with 11-year (or 22 year for the magnetic field) period is 

considered to be the result of action of turbulence with nonzero mean helicity. 

Period of oscillations is established due to the structure of the equations for the 

magnetic field. The large-scale magnetic structures are interpreted as the result of 

excitation of non-axisymmetric dynamo component. However, such approach is not 

able to interpret a number of phenomena observed for the complexes of activity and 

active longitudes. Numerical simulations of global convection showed that lifetime 
of separate convective cell is on the order of period of one solar rotation (see, for 
example, results of Gilman and Miller 1S ), hence the convection cells cannot be 
considered as the sources of global magnetic structures and complexes of activity. 

The presented approach moves the problems of quisi-regular and stochastic com- 

ponents into hydrodynamic domain: large-scale magnetic field dynamics is a re- 
flection of the hydrodynamical processes at the base of the convection zone. The 
source of stochastic component is penetrative convection that forces large-scale vor- 
tical flows. The regular component appears as a result of hydrodynamic 11-year 
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oscillations. As the result the large-scale magnetic field generated due to the both 
processes has stochastic and regular components. Within such approach it is pos- 
sible to explain such phenomena as 11-year variations, complexes of activity and 
active longitudes on a common ’’hydrodynamic’ - basis. 

We also suggest a way for the interpretation of fractal properties of the solar 
magnetic field. Stochastic forcing of the large-scale vortices, their merging, and in- 
teraction with a flow oscillating with 11-ycar period create a background on which 
a generation of magnetic field occurs. Twisting of the magnetic field line by vor- 
tices and reconnection of magnetic field lines on the small and large scales lead 
to appearance of hierarchy in their space organization. Our future plan is to do 
numerical simulations with higher resolution that will cover at least three levels 
of magnetic field organization. A comparison of fractal dimension of the gener- 
ated magnetic elements with obtained from observations can be a good test for our 
theory of organization of solar magnetic fields. 
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We describe a class of self-similar processes fhal can be used to fit self-similar data, 
and give a fast, efficient on-line algorithm for simulating them 


1 Introduction 

Self-similar processes are of interest as models lor internet packet arrival data, 
high-frequency financial data, ECG and EEG traces, and various hydrological and 
meteorological time series. Simulation of self-similar processes has proven prob- 
lematic, because they exhibit a slowly decaying correlation structure (long-range 
dependence), which means that the individual elements of any sequence of obser- 
vations .Y(l), . . . , X(n) are strongly correlated. In practice to date this generally 
means that it is not possible to simulate A'(») without simultaneously simulating 
X(l),. . . , X(n — 1), and this necessarily results in an algorithm that requires 0(n) 
storage to generate n steps of X. More importantly, this means that if you have 
already generated n steps, then it is not possible to generate step n + 1 directly, 
instead it is necessary to generate all n + 1 steps from scratch. 1,2 ’ 3 

One model which avoids these problems is the XI/G/oo queue. 4 Unfortunately 
this model is not flexible enough to be useful in practice'. Here we present a new 
class of self-similar models called EBP processes (for Embedded Branching Process) , 
which arc flexible, readily fitted to data, and easily simulated. Features of the 
simulation algorithm are 

(i) Scaleablc: 0(n log n) time to generate n steps 

(ii) Efficient: O(logn) storage required to generate n steps. 

(iii) On line: can generate a new step on demand. 

The class of processes is described in Section 2, and the simulation algorithm given 
in Section 3. A matlab implementation of the algorithm can be found on the 
authors web page at www.raaths.soton.ac.uk/Etaff/ODJones/. Some examples 
are given in Section 3. 

2 EBP processes 

Suppose that X : R+ — + R is a continuous process. A' is said to be self-similar if 
for some H and all a > 0 

X(t) = a H X (at) in distribution. 

H is called the Hurst index. 
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Figure 1. An example of a crossing tree. 


We construct the diadic crossing tree for X. W.l.o.g. suppose X (0) = 0. For 
any n € Z, let I? = 0 and 7£+i = iuf{t > T fc " : X{t) € 2"Z.X(t) i X('i?)} be 
the hitting times of the size 2" crossings of the process. The path from X (0) to 
X (TJ* ) is generally not a true crossing, so we discard it. That is, the fc-th size 2" 
crossing is from X(T£) to X(TjJ* +l ). 

There is a natural tree structure to the crossings, as each crossing of size 2 n can 
be decomposed into a sequence of crossings of size 2 n_1 . The nodes of the crossing 
tree sue crossings, and the offspring of any given crossing are the corresponding set 
of subcrossings at the level below. Let Z£ be the number of suberossings of size 
2"“' that make up the fc-th crossing of size 2 n . A crossing tree is illustrated in 
Fig. 1. Note that the crossing tree is well defined for any continuous process, not 
just self similar processes. 

If X is self-similar with stationary increments, then it can be shown that the 
Z£ form a stationary sequence. Conversely, we will call any continuous process 
X an Embedded- B rune king- Pivcess (EBP) process if the arc independent and 
identically distributed. In this case the tree descending from any fixed crossing is 
a realisation of a Galton- Watson branching process. 

hVom now on let X(t) be an EBP process, and let p(x) = P[Z[! — i) be the 
offspring distribution ■ Clearly p satisfies {a: : p(x) > 0} C {2,4, 6, . . If in 
addition we have 

ao 

p(2) < 1 and ^ x log(r) p(x) < oo, 
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then we say that p is regular. 

Theorem 1 For any regular discrete distribution p there exists a continuous EBP 
process X for which p is the offspring distribution. Let p — Y17-i x P( x ) aru * 
H = log2/logp, then for all a = p n , n € Z 

X (t) = a ,l X (at) in distribution. (1) 

The proof is deferred to Section 4. 

2.1 Fitting to data 

Fitting an EBP process requires an estimate of the subcrossing distribution p. This 
is readily achieved by computing the crossing tree, and then using the observed 
subcrossing numbers Z£ to estimate p. One can easily test the assumption that the 
Zjf are i.i.d., and in practice this is seen to be a reasonable assumption to make for 
self-similar data. Thus EBP processes form an extremely flexible class of models 
for self-similar processes. 

An application of the crossing tree to the estimation of the ilurst index H of a 
self-similar process is given by Jones & Shen. 5 

2.2 Markov representation 

Let AT m be the random walk on 2 m Z obtained by observing only 2 m crossings of 

X. That is X m (k) = A' (TjJ") for k = 1,2, In this section we give an infinite 

dimensional representation of X m which is Markov. 

Let C£ be the i-th crossing of size 2". By a crossing we mean a section of the 
sample path, plus some extra information such as the time and place the crossing 
starts. We adopt the convention that a crossing inc ludes its initial point but not 
its final point. For n > m let K(m, n,k) be such that X’ n (k) € C" (m n for 
k — 1,2,.... We have that has Z£ subcrossings, and define ST! be such that C£ 
is subcrossing number S£ of C^ n + 1 . fc) - Clearly 1 < S[‘ < 

A crossing has one of 6 types depending upon its direction (up or down) and 
where it starts from. Suppose that we have a crossing of size 2 n , and that the 
parent, crossing starts from fc2 n+l . The 6 types are then 0 4 ,0”, 1 + , l - , -1 + , — 1~, 
where a type i + crossing is from !;2 n+1 + i2 n to k2 n+l 4- (i + 1)2 T ‘, and a type t* 
crossing is from k2 n+l + *2" to k2 n+i 4- (i - 1)2". Let aj be the type of crossing 
Ck- 

We define the crossing state of A m at time k to be X"‘(k) = {A""" (£)}„>,„ 
where 

A ' (k) = (n(m, n,k), S K ^ m n k y 4 k (tn.f»+i,fc)» a «{m > i «,*))• 

We will occasionally write S jn ' n (h), Z m ' n+l (k) and a mn (k ) lor S^ (mtlk) , 

^(m.n + i.*) and ,*r W ^ m n (*) = Z m - n+ '(k) then X m (k) is at "the end 

of a level n + 1 crossing. 

Theorem 2 ,V m is a Markov chain. 
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Proof We describe how to generate X'"(k + 1) from X m (k) using the recursive 
procedure Increment acting on the X m,n (k). Increment is applied to X m ' n (k) 
when step k + 1 of X m takes it into a new crossing at level «. 


Procedure Increment X m,n (k) 

(Assume that X m (k) is at the end of a level n crossing) 

(This is always the case for n ~ rn) 
it(m, n, k + 1) = k (to, n, k) + 1 

If s ”(m,n, k) ~ z "(m,«+i,k) 711611 »d; end of level n+1 crossing) 

Increment <¥ m,n+1 (fc) 
cn 1 

Generate Z"j^ n 1 n+1 fc+|) using distribution /> 

Else (A'”‘(A;) not at end of level n+1 crossing) 

X m «(k + 1) = X m «(k) for all q > n + 1 (t) 

Cn on i i 

1) ^ A 
yn + l yn + 1 

End If 


(Now determine the type of the new level n crossing) 

If ^V(m,n,fc+l) = ^(m.n+l.fc+l) Then 


If n 


a 


n+1 

«(>n.n fc+l> 
n 

n(m,nl+l) 


= i + Then 
= 1 + 


El so 


(t) 


a 


End If 


fc(rn,fi,^+l) 




Else If . < £(m.n,Jt+l) - -^"(m.n+l.fc+l) “ 1 
If <m.n.k + l)= i+ Then 


o 


Else 

o 

End If 




= 0+ 


ft «(m,n,fc+l) ® 


Then 


Else If S2 (m n k+l) is odd Then 

a "(m „,*+i) = 0 + or 0“ with equal probability 
Else 

If =« + Then = 1" End If 

If = 0_ Then a " (m .„.*+l) = ~ 1+ End If 

End If 


End Procedure 


To update X m (k) to X m (k 1 1) we apply procedure Increment to X m,m (k). 
Increment is recursively applied to all X mn (k) such that S)J (ni t fc) 

for all m < q < n. For all n larger than this we get X m,n (k + 1) — X m n (k). 

Procedure Increment will always terminate alter a huite number of recursive 
calls, provided we do not have S 6 (m ^ , /+ i k) *° l ' l - in - However, if 

this is the case then for all n > m we put S£ (m n Jt+1) = 1, generate Z’^ n+i k+1) 
according to the distribution p (independently of each other), and then generate 
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types consistently. 

Since Increment only requires X”‘(k) to generate A”’* 4 1 (Ar). A"" is a Markov 
process. □ 

Clearly, given X mm (k) we know X m (k + 1) - X'“{k). So if we can simulate 
A m,m then we can simulate X"'. 

Note that A” n has a countable state space. Clearly it is transient if we include 
*(m, n, k) in the crossing state, as n(m,n,k) is a non-decreasing function of k. 
However, the chain is still transient if we remove the *(m, n, k). To see this, suppose 
we write ^ if s,i t n for all n > no and 

.Sn,, < t n „, for some n 0 < oo. This defines a partial ordering on Z**. We have 

/Cm cm+l i , I cm cm+1 

not only is A"' transient, every state is visited at most once. 


.} for all k. Thus, 


3 Simulation algorithm 

The procedure Increment used to prove Theorem 2 is used as the basis of an algo- 
rithm to generate X m . As noted previously, we can generate X m from X mm . The 
crux of our algorithm is the observation that we do not need all of A' n (fc) to gener- 
ate A m,m (fc +1). Instead we can use a truncated version { A'’" ' n (A:), . . . , A" M '"(fc)}, 
where n — 0(log k). This is because we only need to know A m,n+ *(fc) the first time 
there is a new level n -f 1 crossing. 

One way of achieving thus is to put S m, ‘(I) = 5'" — 1 for all n. In this case, if 
the first level n crossing ends at step k then A m n (k) - (1. 1, a’,') where the 

Z" +l arc i.i.d. with distribution p. If a m, " -1 (fc) — 1 + then a u, n (k) a" ~ 0 + . If 
a m,n-i (k) — _j- then a m,n (A:) - a" = 0“. 

Wliile this provides a method of generating A""* n (fc) when it is hrst required, 
in practice this approach is undesirable. The correlation structure of X”' is deter- 
mined by the branching structure of the crossing tree. Restricting A' n (l) as above 
effectively means we are conditioning X"‘ in some manner. As A"' is transient, it 
does not haw an equilibrium distribution, so we can not choose A”‘(l) in equilib- 
rium. Nonc-thc-less, we can still choose A "'•"(£) in a random fashion. The question 
we need to ask is: “for fixed n, if we observe an EBP process at a ‘random’ point 
in time k, what is the distribution of A m "(Jt)?’’ 

Suppose that we have a sequence of i.i.d. non-negative raudom variables ar- 
ranged in to families, X|,i . X )i2 , . . . , X,.v(i), X 2 .i , . . . , A'* a '(*) where P(Xij < 

x) — F(x) and P(iV(i) = n) = p(n). Partition [0, oo) into adjacent intervals [a, 6) 
with lengths X,j, ordered as above. Then choose a point ,r ‘uniformly’ in [0,oo) 
and consider the size of the interval and family that contain x. Here wheu we say x 
chosen uniformly in [0, oo) we mean in the limit as T — ► oc for x chosen uniformly 
in |0.T). 

We think of the X ii} as level n crossing times and X,., ;»s level n + 1 

crossing times. 

Lemma 3 Let V be the partition above,, let X * and N' be the interval length and 
family size of a ‘uniformly’ chosen point, and let J‘ be. the position of the chosen 
interval within its family. If p — ^Z r xp(x) and m = EX,,, are finite then with 
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probability 1, for 1 < l < n 


P(N‘ = n, J' = l,x<X‘ <x + dx\V) = 


»p(n) 1 1 - F(.t) ^ 
ft n m 


The proof is given in Section 4 

At important consequence of this result is that N* and ./* are independent of 
X* . We also have that X" is continuous even if the X, j are not. though this is not 
important here. 

Corollary 4 Let X be an EBP process. Observe X at some time t ‘uniformly’ 
distributed over [0, oo), and let k be such that X(t) € C£. Then Z2*nn+: k) has 

distribution xp(x)/p and b' k is uniformly distributed over {1,... . ^(T.'n+i rj }- 
If b% = n+ | then a" = 1 + or-1" with equal probability. Otherwise if S™ 

is odd then a" = 0 + nr 0“ with equal probability. If S k is even. S* ^ Z’’^ n+l k y 
then a" = 1“ or — 1 + with equal probability. 

Finally, the. sampling distributions of S k and Z'' f “ ' ri _ , k) are independent of the 
length of C k . 

Our simulation algorithm uses a modified crossing state. For some n m!ut = 
tlmax ( k) 

**"( k ) = {X m ' m (k),...,X mn '““(k)}. 

We give a procedure Expand to increase n„ 1JU[ when necessary. Let p be the distri- 
bution given by p(n) = np(n)/p. 

Procedure Expand X™ {k) 

While ar-"— (A) = Z mn ‘-"‘ + '(k) Do 
ic(m,n m(Ut + 1,*) = 1 

Generate using distribution p 

Generate S T,, I, ’““ +l (Jt) ~ U{\ Z”‘ n “** +2 (k)} 

If = 1 + Then 

If S m,n ““ +, (lfc) = Z m,nm '*+ 2 (k) Tlien 

Q m.n lluot + 1 (/.) _ J-T 

Else If +*(fc) is odd Then 

o m '"«« + i(i) = 0 + 

Else 

a"'' n « +1 (i) = -1 + 

End If 

Else (a m *"'“*"(Jt) = -1~) 

If S ,n «» +1 (fc) = z m ” m ' x + 2 (k) Then 

Else If S m ' n “ is odd Then 

Q m, 1 ^ _ q- 

Else 

0 m,rw+l(j|.) _ l~ 

End If 
End If 
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hmax — n ms« ^ 1 

End While 
End Procedure 

We will also use procedure Increment with two changes. Firstly the line (f) is 
changed to 

X m i(k + 1) = <¥ m >«(fc) for f an + l,...,iw 

Secondly, at the point (f) we assign types differently if n = n max , as in this case 
we can not use ft m ’ n+, (fc f 1) to determine a m,n (k + 1). Instead we determine 
a m,n (k + 1) randomly. 

** ■'*K(m,n,fc+l) = n+i.fc+l) Th® n 

If n K(m,n,k) = 0+ ^* a 
/v n _ 1 *f- 


K(m.n.*) =0 ") 


a 


End If 


«(m.n.fc+i) 




Else If •S" (m n fc+1) is odd Then 


Else 


^"(m.n.fc+i) = or with equal probability 


If “"(m.n.fc) = 0+ Then <(m.n.fc + l) = 1“ ^ If 
If °S<m.n.fc) = °~ Tb ® 11 a "(m.n.* + l) = " 1+ ** If 


End If 


We can now give our simulation algorithm. 

Procedure Simulate 

(Giveu X'^i k) and X m [k + 1) returns X m (k 4- I) and X m (k + 2)) 
Expand X" (k) 

Increment X' T,,,n (k) 

If a m,m (k + I) = i + Then 

X m (k + 2) - X m {k + 1) + 2 W 
Else 

X m (k + 2) = X m (* + 1) - 2”* 

End If 

End Procedure 

To initialise the crossing state we have the following 
Procedure Initialise -V " 

t*m»x = ttl 

n{m, rn, 1) = 1 

Generate Z TO,m+1 (l) using distribution p 
Generate S Tn « m ( 1) ~ U{ 1, .... Z"»."»+»(l)} 

If 5 m,ra (l) = Z m ' m+l (l) Then 

a m,m (l) = 1+ or -1” with equal probability 
Else If is odd Then 

— o+ or (p with equal probability 
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Else 

= 1“ or — 1 + with equal probability 

End If 

End Procedure 

We assume we are given A"'(l) (recall we take k * 1 as our starting time). 
Given *”*(1) and X m (l) we get X m (2) = X ,n (l)±2 m according to a m ’ m (l) = i ± . 

3. 1 Performance 

On average, A'”' starts a new level n crossing every /i n m steps. It follows immedi- 
ately that n max (fc) = O(logfc). To generate a new step of X m it is only necessary 
to store the previous value and X . Thus to generate n steps we require 0( log n) 
storage. 

The expected operation count of procedure Expand is finite and independent of 

f, max (^ )- The operation count of procedure Increment is proportional to n (k). 

Thus the number of operations used by Simulate to generate n steps of X m is of 
order 


n 

y ' log A: = logn! w log(\/2ir ne~ n u n ) = ()(n log n). 
l 

(Using Stirling’s formula for the approximation.) 


3.2 Crossing times 

It is easily seen that the level rn crossing times of the EBP process X are indepen- 
dent and have the same distribution as the norined limit W ol the Gallon- Watson 
branching process with offspring distribution p (up to some constant scaling). Thus, 
to simulate X at spatial resolution 2 m we simulate A” 1 mid use i.i.d. level m cross- 
ing times for the times between jumps. It is possible to sample from the distribution 
of W approximately, by simulating a finite number of generations and normalising 
by the expected population size. 

In practice if m is small, then a rough approximation to the distribution of W 
is sufficient (even a constant approximation is m is small enough). It is possible to 
sample from the distribution of IV with high accuracy very efficiently, but as this 
is really ancillary to the principal content of this paper we will not consider this 
problem further here. 

3.3 Examples 

We illustrate the algorithm witli some simulated traces of EBP process. In Figure 
2 we use the offspring distribution p(2k) = a(l - a) 1 " 1 for a € (0, 1). This gives 
fi = 2/a and H = log2/(log2 - log a). From top to bottom we have (a, H) = 
(0.2,0.3010), (0.5, 0.5) and (0.8,0.7565). 

In Figure 3 we have four processes with the same H value of 0.5. The offspring 
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Figure 2. Self-similar traces with H = 0.3010, 0.5 and 0.7505 respectively 


distributions for each process are in order 

Top left: p( 2) = 0.5, p( 6) - 0.5; 

Top right: p( 2) = 0.75. p(10) - 0.25; 

Bottom left: p(2) = 0.9, p(22) = 0.1; 
Bottom right: p(2) = 0.95. p(42) — 0.05. 


4 Proofs 

Proof of Theorem 1 We construct a crossing of size 1. Given the self-similarity 

of the process, this can be scaled to give a sample of arbitrary length. The method 
wc use dates back to Knight 0 and Barlow k Perkins 4 * * 7 . 

W'e first define a number of ancillary processes. For m < 0 let V"" be a random 
walk with steps of size 2’" at times fi"' Z + . Put y°(0) — 0 and Y®(1) - 1, then 
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Figure 3. Self-similar trams with H — 0.5 but different offspring distributions. 


construct y m_l from Y m by replacing step k of Y' n by a sequence of Z™ steps of 
size 2 m “ l , where P [Z™ — x) — p(x). These are the level m - 1 sub-crossings of 
crossing k at level m. The Z™ are independent and identically distributed. 

Each crossing can be up or down. A sequence of Z™ sub-crossings consists of 
(Z k n — 2)/2 excursions followed by a direct crossing. An excursion is an up-down 
or a down-up pair; a direct crossing is an up-up or a down-down pair If the parent 
crossing is up, then the sub-crossings end up-up, otherwise they end down-down. 
We allow each excursion to be up-down or down-up with equal probability (though 
note that other choices are possible). 

We extend Y m from p m Z + — ♦ 2 m Z to R+ — * R by linear interpolation. Also let 
T m = inf {t : T m (t) = 1}, and for l > T m put Y m {t) = 1. The interpolated Y m 
has continuous sample paths. We will show that with probability' 1, as m — * — oo 
the sample path of y ,n converges uniformly on any finite interval. The limiting 
sample path is thus continuous. 

For n < m let T 0 m n - 0 and T”’” = inf{t > T’ K n ' n : Y n (t) € 2 m Z,y n («) ^ 
Y u (T?' n )}. If Y"{T™- n ) ~ 1 then we put T™ - oo. The Tp" are the level m 
hitting times of Y n . The fc-th level m crossing time of y n is W k — T^“". 

For each m and k, {fi' n ~ n W ™ is a Galton-Watson branching process. Thus 
since p is regular there exist i.i.d. continuous non-negative r.v.s IF”' with mean 1 
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such that (see for example Athreya & Ney 8 ) 

W™' n - W? with probability 1. 

Let T? = Ej-i W r - lim„__ 00 T™' n . 

Fix f > 0 and T > 0. We will find a u such that for all r, s < u and t 6 [0, T\ 

|y r (f)-y < (OI<«H.s. (2) 

Given < € [0, T), let k = k{n, t ) be such that 

3?-i <t<i r 

then for any r, $ < n 

iy r (0 - y*(oi 

< |y r (t) - y r (T fc n - r )| + iy r (7£’ r ) - y^)) + \y*[t? *) - y*{t)| 

= |y r (t) - y r (i? ,r )i + ly'dT’*) - >"(0 I (3) 

noting that y r (7£ ,r ) = y*(2j'*) = Y n (k f i n ). Now, let j = j(u.T) be the smallest 
j sucli that 

r n.u > T 

then as u-< -oo, j(u,T) — * j(T) < oo a.s., so we can choose a u such that for all 
q < u 

max {|'i' 1 n , - T" | } < nun WJ* with probability 1. 

Thus for any q < p 

T k-\ < t < its 

and 


|y<«(t) _ y«(I^ ><, )| = |y»(t) - Y n {k>i n ): < 3 • 2 n 

since y*(lj* 2 ) - y n ((fc - 2)/i n ), Y q (T ^ q ,) = y n ((Jt + l)p") and in three steps Y n 
can move at most distance 3-2". Applying this to (3) proves (2), taking n small 
enough that 6 • 2" < e. Thus as t is arbitrary, V'" converges to some (necessarily 
continuous) Y uniformly on all closed intervals [0,'i’J, with probability 1. 

By construction Y(T™) — Y m {kfi m ) for all rn and k The self-similarity (1) is 
also a direct consequence of the construction. □ 

Proof of Lemma 3 Let 7* = X lt) and let be the partition of 

[0, Tfc) given by Ai.j,..., A Given V*. choose x uniformly on (), 7*) and let 
XI and be the interval length and family size of x. Let S*(n) = #{» : 1 < f < 
k, N(i) = n} then sending k — * oo 

P(N k - = n, J" = l, X‘ k <x\V) 

k W(») x 

= E E p ( A * = "• J * = Xi<*\ W ~ rn, x; = x iJt P)-^ 

<-l j - 1 k 
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= E £ '<«> W0)/ { <)0) 

* 

- ^ s> t n) E 'wwoi^w*.') 

— ► — p(n)EX<j7|o,*](At,>) with probability 1 

. s<2>i f IM dy . 

P nj 0 m 

Differentiating w.r.t. x gives the result. 

By integratiiig/suinniing out the other terms, one can easily show that the 
marginal distributions of N' and X * are given by 

P(W =„) - ; 

7* 

P(x < X' < x + dx) = ^-dx. 

m 

Similarly, the conditional distribution of ./* given JV* is given by 

P(./* = 1 1 N* = n) = i for 1 < l < n. 
n 

□ 
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fractal, in mathematics, is a geometric shape that to complex and detailed in structure at any level of 
magnification The word "fractal" was coined less than thirty years ago by one of history’s most 
creative and mathematicians, Benoit Mandelbrot, whose work. The Fractal Geometry of Nature, first 
introduced and explained concepts underlying this new vision of the geometry. Although other 
mathematical thinkers like Georg Cantoi (1845-1918), Felix HausdoclT (1868-1942), Gaston Julia 
(1893-1978), llclge von Koch (1870-1924), Giuseppe 1'cano (1858-1932), Lewis Richardson (1891- 
1953), Waclaw Sierpinski (1887.-1969) and others had attained isolated insights of fractal 
understanding, such ideas were largely ignored until Mandelbrot’s genius forged them at a single 
blow into a gorgeously coherent and fascinating discipline. Fractal geometry is applied in different 
field now: engineering, physics, chemistry, biology, and architecture. The aim of this paper is to 
introduce an approach where the arts are analysed using a fractal point of view. 


1 Introduction 

Fractal geometry is a modem mathematical theory that radically departs from 
traditional Euclidean geometry. It describes objects that are scale symmetric, or self- 
similar. This means dial when such objects are magnified, their parts are seen as an exact 
resemblance to the whole, the property continues with the parts of the parts and so on to 
infinity. These shapes are called fractals, and they must maintain a rough, jagged quality 
at every scale at which an object can be examined. 

The nature and the characteristics of fractals are reflected in the word itself, coined by 
the Polish-bom French mathematician Benoit B. Mandelbrot (b. 1924) from the Latin 
verb ffangere, “to break”, and from the related adjective fractus, “fragmented and 
irregular" [6, 15, 17]. The acceptance of the word “fractal” was dated in 1975. When 
Mandelbrot presented the list of publications between 1951 and 1975, date when the 
French version of his book was published. The people were surprised by the variety of the 
studied fields: noise on telephone lines, linguistics, cosmology, economy, games theory, 
turbulence. The multiplicity of the fields of application has played a central role in the 
genesis of Mandelbrot’s discovery. 

The first and simplest fractal object is the Cantor bar (also named Cantor scl, or 
Cantor dust, by the nineteenth century German mathematician Georg Cantor). It is 
probably the most ancient known fractal. The Cantor bar may be realized by dividing a 
line in 3 parts and removing the middle part This procedure is iterative and it is repeated 
indefinitely, first on the 2 remaining parts, then on 4 parts produced by that operation, and 
so on, until the object has an infinitely large number of parts each of which is infinitely 
small. 

In 1904, Koch has published the work on his famous curve [25]. Then came 
Sicrpinski’s triangle in 1916 [23], Few twentieth century mathematicians noticed that 
there were more sophisticated means to define the dimension of an object. Fundamental 
work was done by Hausdorff (1919), then developed by Bcsicovitch (1935). The 
HausdorfT-Besicovitch dimension has played, later on, a major role in the domain of the 
fractal geometry. 
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Irregularity, self-similarity between the original structure and its smaller constitutive 
fragments, form invariance under changes of measure (scaling) and iteration of unit 
generator, are main properties which characterize the fractal objects. 

Mandelbrot used the term “self-similar” for the first time in 1964, in an internal report 
at IBM, where he was doing research, and in the title of a 1965 paper. A fractal object is 
self-similar. This means that as viewers peer deeper into the fractal image, we can notice 
that the shapes seen at one scale are similar to the shapes seen in the detail at another 
scale. It is possible to demonstrate that the fractal shapes and the self-similarity were 
known to the artists in different cultures. The artists have always used Euclidean 
geometry in the one or other way for their works, but they have also used the self- 
similarity, although they may not have been conscious of that. For example, the “golden 
section”, one of the most important proportion-rules, is generated using a procedure based 
on a fractal sequence. The art can be interpreted as a way for finding the basics of beauty 
and harmony that are found in the laws of Nature [4, 5). In this way chaos and fractal 
geometry may help to explain and prove the “rules” of beauty. 

2 Fractal components in the arts 

As we shall see, fractal geometry appears in the arts for reasons other than mimicking 
patterns in Nature. Our fractal analysis in the arts can be divided in two steps: 

• an unconscious use of the fractal components or fractal properties, for example the 
self-similarity [4, 5, 10], the bifurcation processes [7], the I.-systcms [18]; 

• a conscious use of fractal geometry, for example to break the symmetry, to mimic 
the chaotic shapes, or to realize electronic paintings using the computer graphics and 
fractal procedures [4,5, 13, 18,21,22]. 

2. 1. Unconscious fractal components in the arts 

In different cultures and in different styles are present many unconscious fractal 
components [20]. An interesting example is the capital of an Egyptian temple column 
(figure la). Ancient Egyptian cosmogony, often used to represent the development of the 
universe the white lotus flower [15, 21]. The lotus’ corolla is organized in petals within 
petals within petals, in this way the lotus represented the cosmos on smaller and smaller 
scales. This is a clear example of self-similarity. We can compare the stylized lotus 
petals and the similarity of this representation to the first few stages of a Cantor’s bar 
(figure lb). 



a) b) 

Figure 1 This tgyptian capital a) shows an interesting analogy with a Cantor's bar b) 
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The images in figure 2 show other fractal components present in a Western capital and 
their comparison with a natural object and with a fractal object [22], The self-similar 
shapes arc also present in the Gothic and in the Baroque arts [13, 22, 24], 



Figure 2. A Western capital, a natural object and a fractal object 

In the book entitled Geometry from Africa , the mathematician Paulus Gcrdes 
describes a enchanting guided tour of geometric ideas created by the people of the south 
of the Sahara, and encoded in woven designs, carved patterns, sand drawings, wooden 
models, and other products [12], He describes a variety of geometrically decorated 
artefacts, from rock paintings and engravings to decorated pots and hand-woven 
materials, some of which are more than 2,000 years old. He also describes some 
interesting fractal components present in the African arts. In particular, a pyramidal 
basket is woven, and that is called Eheleo in the Makhuta language. It is used as a funnel 
in the product of salt. We can find it in the North of Mozambique, in the South of 
T anzania, in the Congo/Zaire region and in Senegal [1 1], The Eheleo , shown in the figure 
3, has the shape of a triangular pyramid: the base is an equilateral triangle and the other 
three faces arc isosceles right triangles [11, p. 83], The figure 4 illustrates the 
composition of a structure that explores the right angles of the Eheleo , and it shows that 
the idea of self-similarity is known in the African art [11, p. 83], Gerdes affirms. “The 
height of each new pyramid that is added to the structure is a fixed proportion of the last 
one (in figure this proportion is 2/3). Another way to produce a fractal architectural 
structure with Eheleo pyramids is by joining differently sized eheleo pyramids placed on 
their equilateral-triangular base” [1 1, p. 82], 



Figure 3 Elheo-funnel 


Figure 4 The composition of an Etheu 





180 


The figure 5a shows an African sculpture, the comparison to a fractal binary tree (figure 
5b) is manifest [8]. Wc can find other fractal components in the Tuareg leatherworks, in 
the Mauritanian stoneworks, and in the Ghanan sculptures realized as Siepinski’s 
tetrahedron [7, 8). 



a) b) 

Figure 5 African sculpture a) and a fractal tree b) 


In the Japanese arts we can find the presence of the self-similar spirals and of the 
process of bifurcation in the Hokusai’s woks. Hokusai’s full name was Katsushika 
Hokusai (1760-1849), Japanese painter and wood engraver, bom in Fdo (now Tokyo). 
He is considered one of the outstanding figures of the Ukiyo-e, or “pictures of the floating 
world” (everyday life), school of printmaking. Hokusai entered in the studio of his 
countryman Katsukawa Shunsho in 1775 and there learned the new, popular technique of 
woodcut printmaking. Between 1796 and 1802 he produced a vast number of book 
illustrations and colour prints (perhaps as many as 30,000) that drew their inspiration 
from the traditions, legends, and lives of the Japanese people. Hokusai’s most typical 
wood-block prints, silk-screens, and landscape paintings were done between 1830 and 
1840. The curved lines characteristic of his style gradually developed into a scries of 
spirals that imparted the utmost freedom and grace to his work, as in Raiden. the Spirit of 
Thunder. Figure 6 illustrates The Breaking Wave Off Kanaguwu, also called The Great 
Wave (1831). Woodblock print from Hokusai’s series Thirty-six hews of Fuji , which are 
the high point of Japanese prints. The original is at the llakone Museum in Japan. In The 
Great Wave, there arc three boats among the turbulent, broken waves. The boats mould 
into the shapes of the engulfing waves. Some humans are tossed around under giant 
waves, while the sacred, snow-capped Mount Fuji is a hill in the distance. Observing 
figure 6, wc can note the presence of some different self-similar spirals. This fractal 
motif is present in others Japanese works on silk (as shown in figure 7). In Amida falls 
(1834-1835), shown in figure 8a, Hokusai represents the falls as a sub-harmonic function 
illustrates in figure 8b (10]. In the Hokusai’s Kirijuri Waterfall at Mount Kurokami in 
Shimotsuke province (1832), Nelson-Alkins Museum of Art, Kansas City (Missouri), 
shown in figure 9, there is a realistic depiction of Kirifuri waterfall, one of the three 
famous waterfalls of Nikko. Particularly impressive is the analogy of a fractal process of 
bifurcation. 




*) b) 

Figure 8. 1 lokusai ’% Amida l olls (1834-1835) a) and the sub Figure 9. Hokusai’s Kirifurl Waterfall 
harmonic function b) at Mount Kwokami ut 

Shimotsuke province (1837.) 

In the Western art we can find the oldest handmade fractal object in the Cathedral of 
Anagni (Italy). Inside the cathedral, built in the year 1 104, there is a floor, illustrated in 
figure 10a, that is adorned with dozens of mosaics, each in the form of a Sierpinski fractal 
gasket (shown in the Figure 10b), but it impressive the analogy with an Apollonian 
gasket, shown in figure 10c [20], The Apollonian gasket corresponds to a limit set that is 
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invariant under a Kleinian group [27, p. 986]. Kleinian group is a finitely generated 
discontinuous group or linear fractional transformations z -> (az + b)/(cz+d) acting on a 
domain in the complex plane [16]. 



a) b) c) 

Figure 10 The floor of the Cathedral of Anagni a) the Sicrpinski gasket b) and the Apollonian gasket e) 

The Dutch graphic artist Maurits Cornells Escher (1898-1972) was fascinated by the 
geometry, when he met the beauty of the fourteenth century Moorish palaces and in 
particular, by the decorative majolica tilings which adorned many of the surfaces of the 
palaces. One building which had an immense influence on the Escher’s life was the 
Alhambra Palace in Granada (Spain). Unlike the Moors, Escher used, in his versions of 
the tilings, the objects created by his fantasy, for example snakes, chameleons, reptiles, 
birds, and ghosts. He realized a number of attempts using the division of the Euclidean 
plane, but he was unsatisfied about the poor quality of his final works, and he left regular 
division for a number of years. When the artist read the Polya’s 1924 paper on plane 
symmetry groups, he did not understand the abstract concepts of the groups described in 
the Polya’s work, but he understood the seventeen plane symmetry groups presented 
there. Between 1937 and 1941 Escher worked on possible periodic tilings producing 
forty-three coloured drawings dedicated to the symmetry types. 

Over the years that followed Escher made numerous woodcuts utilising each of the 
seventeen symmetry groups. These extensive investigations culminated in 1941 with his 
first notebook entitled: Regular Division of the plane with Asymmetric congruent 
Polygons. In 1958 the artist met the British mathematician Harold Scott MacDonald 
Coxetcr (1907-2003) and they became life-long friends. Escher read an article written by 
Coxetcr, and again he was unable to understand the text, but he was able to determine the 
rules regarding hyperbolic tessellations, observing the diagrams in the paper. The Dutch 
artist found in the hyperbolic geometry the way to realize high quality works. For this 
reason to thank Coxetcr, Escher sent to him a copy of his works Circle Limit / (1958), 
realized with the model of Poincard presented in the Coxctcr’s paper. He produced many 
more prints with the hyperbolic geometry. 

Escher used the fractal geometry and the self-similarity in unconscious way, in fact 
he did not mention them inside his engravings, but the property of the self-similarity is 
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evident for example in the Circle Limit III (1959) (illustrates in figure 11a) and in the 
Circle Limit IV ( Heaven and Hell, 1960) (shown in figure 1 lb). 



a) b) 


Figure 1 1 . Circle Until III a) and Circle Until IV b) arc two examples of the Escher’s unconscious self- 
similarity 


The Spanish surrealist painter, Salvador Dali (1904-1989) has applied some fractal 
components. His Visage of War (1940), oil on canvas, provides a clear example of self- 
similarity in the art It shows a geometric representation like a “Russian doll” where the 
skulls are nested inside other skulls (figure 12a). The result of this kind of nesting is a 
shocking vision that emphasizes the drama of the war. If Dali’s painting is seen using the 
fractal point of view, we can find a particular kind of fractal set (figure 12b) that 
corresponds to the Dali’s work [21,22]. 



a) 


b) 


Figure 12. Dali's Visage of War ( 1 940) a), and the fractal set associated to the Dali's painting b) 
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In the Indian arts it is usual to find intricate works connected to the fractal geometry: 
the kolams The kolam is a decorative draw that embellishes the courtyards and the 
doorstep of the homes in the villages of southern India Kolams arc known by different 
names in different parts of India. Muggulu in Andrapradesh, Hase in Karnataka, 
Chowkpurna in Uttar Pradesh, Rangoli in Gujarat and Maharashtra, and Alpana in 
Bengal and Assam. Perhaps five millennia old, this artefact is described in many ancient 
Sanskrit texts The kolam can cover areas up to three meters by three meters. It consists of 
some small geometrical patterns repeated many times, that comprises lines, dots, squares, 
circles, triangles, lotus, shells, leaves, trees and flowers connected in very complicated 
ways. No gaps to be left anywhere between the line for evil spirits to enter. It is Hindu 
belief that the geometrical patterns and designs applied with rice flour at the entrance to a 
home, invites Goddess Lakshmi into the household, and drives away the evil spirits. 
Kolam is an auspicious symbol, and it is the most important kind of female artistic 
expression. 

Prusinkiewicz and l lanan have shown that many of the more elaborate kolams can be 
generated using the L-systems, and they arc fractal [18]. The figures 13a and 1 3b 
illustrate two examples of kolams: the Anklets of Krishna and the Snake. The Anklets of 
Krishna has defined by the axiom: -x~x and it has the following production rule: x -> 
xFx-xFx (with angle 45 degrees). The Snake has defined by the axiom: F t xF+F+xF and 
it has the following production rule: x -> xF-F-F+xF+F+xF-F-F+x (with angle 90 
degrees). 



a) 



Figure 13 Two examples of kolams, the Anklets of Krishna a), and ihe Snake b) 


In classical Islamic Art, ornamentation has a significant value that can be seen in 
every artistic expression from the carved marble panels of grand Mughal doorways in 
India, to the blue ceramic tiles of Masjids in Iran, to the elegant decorative artefacts in 
Syria. Arabesque, its style, composition and principles can be found in every objet d’art 
of classical Islam. The characteristic of Islamic art is a preference for covering surfaces 
with patterns composed of geometric or vegetal elements like flowers, foliage, and an 
extensive use of abstract geometric designs [1, 2, 14, 24, 26]. One can find the principles 
of geometry along with a keen sense of balance in composition strongly embedded in 
Islamic art. bl-Said and Parman put forward a system in which geometrical grids arc 
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broken down into identical units which are repeated in regular sequence (9|. There are 
three principle area of Islamic two-dimensional artistic expression: the calligraphy, the 
floral idioms, and the geometric patterns. 

Jay Bonner has analyzed the three tradition self-similarity in fourteenth and fifteenth 
century Islamic geometric ornaments [3]. Bonner has classified three types of the self- 
similar Islamic geometric patterns. The first type is characterized by a primary repetitive 
geometric pattern, with a reduced scale on a secondary geometric pattern that has the 
same geometric characteristics as the primary', and it fills the complete background of the 
primary pattern. Bonner indicates these patterns as Self-Similar Type A Patterns, an 
example is shown in figure 14 [3, p.4]. The second type, called by Bonner: Seir-Similar 
Type B Patterns, is realized on a primary geometric pattern, where the lines of which 
have been widened to a proportion that allows for a secondary geometric pattern, which 
has the same geometric characteristic of the primary pattern but at a reduced scale, to be 
placed within the widened lines (figure 15) (3, p.3J. The third type, called by Bonner: 
Self-Similar Type C Patterns, is present in Morocco and in Andalusia (Spain). The self- 
similar patterns of these regions are based on colour contrast to emphasize the primary 
design An example of Self-Similar Type C Patterns is illustrated in figure 16 (3, p.4]. 



A. 
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Figure 15 . Self -Similar Type B design from the Masjid-i Janu (Isfahan, Iran) 
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Figure 16 Self -Similar t ype C design trom the Alcaiar (Seville, Spam) 


2.2. Conscious fractal components in the arts 


We can think about the Vincent Van Gogh’s dense swirl of energy around the objects 
and the stars as a kind of chaotic shape, and the drip paintings realized by Jackson Pollock 
(1912-1956) as a kind of complexity. Van Gogh and Pollock used the fractal geometry in 
unconscious way, but now, at the beginning of the twenty-first century, there is a 
conscious use of the fractal geometry in the art. Art has become a self referential and 
self-reproducing system. The conscious use of the fractal components is a recent 
discovery' by the twentieth century artists as a result of a specific and conscious act of 
creativity [4, 5], Today the artists are excited by the recognition that the properties of the 
fractal geometry involve an aesthetic sense. Therefore, the rise of fractals has also 
democratised art and posed a serious question for contemporary artists. 

The German painter and poet Max Ernst (1891-1976) was a member of the Dada 
movement, and after he became a surrealist. Ernst has applied the method of viscous 
fingering to realize his textured images that evoked dream-like worlds. This method was 
used by several artists, specifically with the technique named “dccalcomania”. Some 
examples of Ernst’s works are: Mythological figure-woman (1940), Europe After the Rain 
II (1940-42), shown in figure 17, three well-tempered cypresses (1949), and Blue 
mountain and yellow sky (1959). Ernst was a pioneer in the method named “frottage”, in 
which a sheet of paper is placed on the surface of an object and then pencilled over until 
the texture of the surface is transferred Oscar Dominguez (1906-1958) used this method 
with ink instead of paint in his Decalcomanias (1936), The Lim-Bicycle (1936). 

In the late 1960s, Larry Poons (b. 1937) abandoned his simple “dot and blip” 
paintings to realize much more complex textured works that one critic of art described as 
“geological ... alluvial ... muddy ” [4, Sj. Poons prepared a canvas by first affixing an 
undersurface of lightweight material (bits of foam toys, polyester fibres, and the like) 
Then he suspended the canvas vertically and flung buckets of paint on it. The artist 
experimented the viscosity and the colour of the paint, the drying time between impacts, 
the force and direction of the throw, as variables to realize the painting What comes out. 
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is a collection of large blobs, surrounded by a halo of smaller blobs, themselves decorated 
with still smaller blobs, and so on. Poons used a kind of self-similarity, and Daniel 
Robbins described Poons’ work as fractal [19]. 

The figure 18 shows a painting realized by the New York artist Edward Berko. 
Briggs refers on the Berko’s idea of fractal and chaos: “to explore the manifestation of 
structure in nature. I paint in order to explore the potential of fractal geometry, to express 
a reinterpreted aesthetic of nature" [4, p. 1 70], 




Figure 17. Rmsl's Europe Afier the Ram // (1940-42) Figure 18. Berko's fractal painting 

3 Conclusions 

This paper has presented only some particular aspect of the fractal geometry in the 
arts. In particular, we have described the self-similarity, and the bifurcation processes in 
different cultures and lino ugh different periods. The self-similarity is present as an 
aesthetic property in all cultures, for example in African, Mesoamerican, Western, 
Japanese, Chinese, Hindu and Islamic cultures. 

We can also apply the fractal geometry to realize the electronic paintings using the 
computer graphics. In this way, fractal geometry can generate new kinds of artists that 
use the monitor screen instead of the marble and the granite or the canvas [4, 5]. We are 
sure that the fractal geometry is helping to define a new aesthetic sense where the broken 
symmetry, the self-similarity and the bifurcation processes can play a central role. The 
fractal geometry and its connection between chaos and complexity theories can help to 
introduce the new complexity paradigm in the arts. 

Briggs affirms: "When painters juxtapose multiple self-similar forms and colours on 
canvas, or composers transform a sequence of notes into multiple self-similar forms by 
varying the rhythm and projecting the sequence of notes into different sections of the 
orchestra, they create a tension that gives birth to lucid ambiguities. Such artistic 
juxtapositions might be called “rcflcctaphors” because the self-similar forms reflect each 
other yet contain, like metaphors, a tension composed of similarities and differences 
between the term. This rellectaphoric tension is so dynamic that it jars the brain into 
w onder, awe, perplexity, and a sense of unexpected truth or beauty ” [4, p. 174], 
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A major problem in road engineering is to understand the mechanisms of friction 
between rubber and the road. Several authors have claimed that road profiles are 
fractal, and that this fractality is related to the friction properties of the road. We 
study road profiles obtained using tactile and laser captors. These profiles belong 
to different category characterized by different friction coefficients. We find that 
all our profiles indeed display strong fractal behaviour in terms of both correlation 
exponents and regularization dimension over a large range of scales. However, 
neither of these fractal parameters seem to be related to friction. We then use a 
local fractal parameter, namely the pointwise Holder exponent. We show that this 
exponent does discriminate profiles which have different friction properties. 


1 Introduction and background 

An important problem in road engineering is to understand the mechanisms of 
friction between rubber and the road. This is a difficult problem, since friction 
depends ou many parameters: The type of rubber, the type of road, the speed, .... 

Several authors have shown that most road profiles are fractal 1,2,9 on given 
ranges of scales. Such a property has obvious consequences on friction, some of 
which have been investigated for instance in 1,4 . The main idea is that, in the 
presence of fractal roads, all scales of irregularity contribute to friction 2 3 . 

In this work, we verify that road profiles finely sampled using tactile and laser 
captors are indeed fractals. More precisely, we show that they have well-defined 
correlation exponent and regularization dimension over a wide range of scales. How- 
ever, although we deal with various classes of profiles which have different friction 
coefficients, we find that such global fractal parameters are not able to discriminate 
between the profiles. This means that, friction may have relatively low correlation 
with fractional dimensions or correlation exponents. We then compute a local pa- 
rameter called the pointwise Holder exponent. Our experiments show that this 
exponent allows to separate road profiles which have different friction coefficients. 

2 The road profiles 

Our profiles are provided by the LCPC (Laboratoire Central des Ponts et 
Chaussfees). These profiles correspond to coatings with various gravel, and are 
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characterized by different friction coefficients. A major aim of our study is to be 
able to relate these friction coefficients to fractal features of the profiles. 

The samples consists of rectangular plaques with size 100 x 150 mm 2 . Their 
surface is made of gravels cast into a a synthetic resin mould. The gravels come 
from thirteen different gravel pits, with a size varying between 6 and 10 mm. 

The manufacturing of the plaques consists in arranging the gravel in a flat- 
bottomed rectangular mould, then filling the mould with fine sand and after that 
adding a quick setting resin. After removing from the mould, the plaques go through 
laboratory polishing cycles, that we describe briefly. A mixture of water and fine 
abrasives are thrown up to the surfaces with a 10 MPa pressure. This processing 
induces certain changes in the microtexture of the gravel: The gravel originating 
from little polishable rocks keeps its initial microtexture; the one coming from highly 
polishablc rocks loses its initial microtexture and becomes very smooth. Laboratory 
polishing thus makes it possible to emphasize the difference in microtexture between 
the different samples. 

ID profiles have been sampled on the plaques through three different procedures: 
one using a tactile captor, mid two using a laser captor. We briefly discuss these. 
Tactile measures 

The details of the tactile sensor are as follows. The radius of the contact tip 
is 2 microns. The sensor’s depth of field is 6mm. To avoid a potential locking of 
the contacting tip during its shifting on the tested surfaces, the gap in between 
the stones is filled with resin. Fifteen profiles are measured on each plaque within 
a zone of size approximately 75x 125 nun. The length of the profiles varies from 
12 to 25mm according to the nature of the surfaces to be measured, reaching a 
total length of about 300uim altogether. The sampling step is 4 microns, and the 
samples contains approximately 3100 to 6000 points. 

Laser captor 

The laser acquisition system developed at LCPC, based on an Imagine Optics 
captor, allows to modes: One uses a locking of the height, as the other does not. 
These two modes will be referred to in the following as locked and non-locked (see 
details in 3 ). Again, fifteen profiles are measured on each plaque within a zone of 
size approximately 75x 125 mm. The sampling step is 10 microns. The length of 
each profile is 125 mm, resulting in a sample size of 12501 points. 

In this paper, we shall focus on results pertaining to the analysis of a restricted 
number of profiles (results on other profiles are comparable): 

• 3 tactiles profiles, with code names BOU (friction coefficient 0.48), LB A (fric- 
tion coefficient 0.63) and GRA (friction coefficient 0.775). 

• 2 locked laser profiles, BOU again and another profile denoted CLE (friction 
coefficient 0.55). 

• 3 non-locked laser profiles, BOU, CLE and QB (friction coefficient 0.65). 

As is apparent, the profiles in each acquisition procedure have clearly different 
friction properties. The friction for tactiles samples ranges from 0.48 to 0.775, while 
for laser, it. ranges between 0.48 and 0.65. Besides checking the fractal behaviour of 
the profiles, our main aim is to investigate whether fractal parameters are able to 
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discriminate between profiles with different friction coefficients. As an illustration, 
we show on figure 1 typical tactile profiles in the classes BOU , LRA and GRA. 
Figure 2 displays typical BOU and CLE profiles in the. locked laser mode 



Figure 1. Typical BOU, LRA and GRA tactile profiles. 




Figure 2. Typical BOU and CLE laser profiles. 


3 Fractal analysis 

We present briefly in this section the tools that we shall use to perform a fractal 
analysis of the profiles. 

S.l Continuous wavelet transform (CWT) 

Recall that a wavelet is simply a function xp e Z. 2 (R) such that f R ip(t)dt = 0. 
Usually, one requires in addition that ip be well localized in time and frequency, 
and has enough vanishing moments (i.e. / R x*il>(x)dx = 0 for i — 1 . . . n). 
Definition 3.1.1. The. continuous wavelet transform 3 * 5 of a function f fc Z. 2 (R) is: 

CW'T(a,b) = -L 

As is well known, many fractal properties are related with the evolution of the 
wavelet coefficients CWT[a, 6) across scale, i.e. with respect to a. 
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3.2 Correlation exponent 

A classical fractal parameter we shall deal with is the correlation exponent. This 
exponent measures the speed of decay of the autocorrelation of a signal 6 . More 
precisely, assuming that X(t) is stationary, denote C(l) — E(X(t)X(t + 1)). 

The signal X has a well defined correlation exponent if C(l) ~ with 0 > 0 
holds across a range of values of l. A particular case is of special interest: The 
signal X is said to he long range dependant (LRD) if C(l) ~ when l tends to 
infinity, with 0 > 1. The definition of LRD corresponds to the situation where the 
series ]C| 6 j rC(f) diverges. 


3.3 Regularization dimension (DirnR) 

Fractional dimensions are one of the best known parts of fractal analysis. In this 
work, we shall deal with the so-called regularization dimension 7 . A heuristic expla- 
nation of DimR is the following. Start with a compactly supported signal X. For a 
given positive s, consider the convolution of X with a Gaussian kernel of variance 
s. Let us denote by X, this regularized signal. Assume that A is so irregular that 
it has infinite length. Since X, is C°° for any positive s, it has finite length L,. 
Furthermore, X, tends to X when s tends to zero. The regularization dimension 
measures the speed of convergence of L s to infinity when s tends to 0 (see figure 3 
for an illustration on a road profile). 



Figure 3. Computation of a regularization dimension on a profile through successive convolutions. 


Let us now give a formal definition. Let T be the graph of a bounded and 
compactly supported function / : K C R — ► R. Let \(t) be a kernel in the 
Schwartz class, and set, for a > 0, x*(t) — £x(£)- Let f a ~f* Xu- This function 
is infinitely smooth, and the length of its graph T a on K is given by 

La= J y/l + WW* 




193 


Definition 3.3.1. The regularization dimension of (the graph of) J is: DimR(V) = 

1 + limsup o _ 0 -rfej 

The regularization dimension coincides in many cases with the better known 
box dimension: This is in particular the case for all "classical" fractal signals such 
as Weierstrass functions, fractional Brownian motions, — One may prove that 
the relation DimR < DimB, where DimB is the box dimension, holds for any 
continuous function. This indicates that DimR is "finer" than the box dimension. 
The main advantage of the regularization dimension is that it leads to much more 
accurate estimations on sampled data than the box dimension. This is mainly 
because the number of smoothed versions is not restricted. Another reason is that 
DimR is less sensitive to noise than DimB. The interested reader may consult 7 for 
more details. 

From a practical point of view, a signal will be considered fractal if a plot of 
log(i„) versus log(a) is linear in a certain range of values of a. 

3.4 Pointwise Holder exponent 

In contrast with the correlation exponent and DimR, which are global quantities, 
the pointwise Holder exponent a measures a local behaviour 8 . Its definition reads: 
Definition 3.4.1. Let Xq € R, and s be a real number with s > —1. A function 
f : R — * R belongs to C* a if and only if there exist a constant C and a polynomial 
P of degree at most (s) such that 

|/(i)-/ , (a:-io)| < C|x-xo|*. (1) 

The pointwise Holder exponent of f at zo, denoted by a/(x 0 ) or simply a, is 
defined to be sup{s : / € C* 0 }. 

When 0 < a < 1, it is given by the simple formula: 

a-luni, lt ' l * | /<*°'ftW(*o> 1 
a->o log |/i| 

Since a is defined at each point, one may associate to / its Holder function: 
Definition 3.4.2. Let f be a bounded function. The Holder function of f is the 
function which associates, to each x, o/(x). 

While the Holder exponents and the Holder function cannot tell whether a signal 
is "fractal", they provide a rich description of the local singularity structure of a 
signal. A small o/(x) means that / is irregular at x, and vice versa. For instance, 
if / is C 1 at x, then Q/(x) > 1 ; If o/(x) <0, then / is discontinuous at x. 

4 Results 

We have computed the parameters described in the previous section on our road 
profiles. All the programs we have used are available in the software toolbox called 
PracLab. FincLab may be downloaded at www.irccyn.ec-nantcs.fr/hebcrgement/ 
FracLab/ and http://fractales.inria.fr. 

I 11 the next subsection, we verify that the profiles display a fractal behaviour. 
Then, wc use this property to characterize tlx? signals. 
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4-1 Fractal behaviour 

Energy and CWT 

One possible way to check for a fractal behaviour is to investigate the evo- 
lution of the energy in the signal with respect to scale. More precisely, let 
Ea — f[CWT(a,b)] 3 db denote the energy at scale a. A relation of the type £’ 2 ~ a 7 
for some 7 and a in a given range indicates that the energy decays as a power law 
in scale. 

Figure 4 shows that such a relation is approxiinatively verified for most tactile® 
profiles across a large range of scales. Results on the other types of profiles are 
similar. 



Figure 4. log-energy with respect to scale for the tactiles profiles BOU and LRA. 


Correlation exponent 

The results for the correlation exponent confirm the ones above. Figure 5 shows 
that, for tactiles profiles, the logarithm of the lag l correlation C(l) behaves linearly 
as a function of log(l) on almost all the range of possible values of l. Again, the 
same type of graphs are obtained with other profiles. 




Figure 5. log-correlation as a function of the logarithm of the lag for the tactile profiles LRA (left) 
and GRA (right). 


From a numerical point of view, the values of the exponents measured on various 
profiles range between 0.8 and 1.4. Thus, although a clear fractal behaviour is 





195 


verified by all profiles, only some of them display LRD. 

Regularization dimension 

Figure 6 displays a typical behaviour of DimR on profiles. As one can see, the 
graph log(Z, a ) versus log(a) is not linear. There are however two linear regimes, 
one corresponding to a low regularization (i.e. high frequencies), and the other one 
valid for large smoothing, i.e. low frequencies. IYo:n the DimR point of view, it 
thus seems that our road profiles have two well-defined dimensions, indicating that 
the micro- and macro-textures behave in a different way. 




Figure 6. Evolution of the logarithm of the length of smoothed version of the tactile profiles BOV 
(left) and LRA (right) as a function of the logarithm of the smoothing parameter. 


We note that the regularization dimensions range between 1.1 and 1.6 on our 
profiles. This indicates that the profiles vary between almost smooth and somewhat 
irregular. 

4-2 Profile characterization 

Although the profiles all clearly manifest a fractal behaviour, we have found that 
neither the correlation exponent nor the regularization dimension were able to char- 
acterize a given class of profiles. As a consequence, these parameters may uot be 
used to explain the differences in friction of the various profiles. This is seen in a 
qualitative way on figure 7. The correlation exponents are represented for all tactile* 
profile in the class BOU. Though all profiles show an excellent linear behaviour, the 
slopes of the 15 different samples vary a lot. Thus there is no single exponent that 
may be meaningfully attributed to a given class. Moreover, a quantitative analysis 
shows that the ranges of exponents for the different classes overlap a lot. It is 
thus not possible to separate the classes based on the information brought by the 
correlation exponent. The same comments apply to the regularization dimension. 

This leads us to the following conclusion: If the fractality of the profiles is of 
any relevance for friction, this should be sought in local features rather than in 
global ones. Such a claim Ls supported by the fact that friction is mainly a local 
phenomenon. As a consequence, global measures of irregularity such as DimR 
or correlation exponents may be largely unrelated to the friction coefficient. In 
contrast, local regularity measures such as Holder exponents should be strongly 
correlated with friction. We now proceed to investigate such correlations. 
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Figure 7. Correlation analysis of the 15 BOU tactile* profiles. 


Holder function 

As an illustration, the Holder functions for samples of the tactile profiles BOU 
and LliA are displayed on figure 8. Holder functions for other profiles look similar. 



Figure 8. HSlrfer functions for the tactile profiles BOU and LRA. 


The Holder function yields too rich an information for our purposes. We start 
by investigating the use of its median for profile characterization. Note that, while 
the median will subsume information pertaining to the whole signal, it is still a local 
parameter. It is thus radically different from a global parameter such as DirnR. The 
use of the median (or the mean) of the Holder function is consistent with the fact 
that the friction results from an average of many local interactions. 

Combination of DimR and the Holder median 

We first compute the Holder functions of all the profiles and all the samples. We 
then extract their median. Figure 9 shows an attempt to classify the different classes 
based on this median plus the regularization dimension. While this procedure works 
well for the two laser profiles in locked mode, it fails to separate the three classes 
of laser profiles in unlocked mode . 

We now discuss another technique that makes a fuller use of the information 
brought, by the Holder function. 

Histograms of Holder functions 
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Figure 9. Classification of the profiles classes using the Holder median (abscissa) and DimR (or- 
dinates). The left plot displays locked mode laser profiles CLE (circles) and BOV (stars). The 
right plot shows unlocked mode laser profiles CLE (circles), QB (diamonds) and BOV (stars). 


Instead of restricting to the median, we now study the histograms of the Holder 
functions. More precisely, for each profile P, we compute ten histograms Hp(a) of 
the Holder functions evaluated for ten "test" samples randomly chosen among the 
fifteen samples in profile P. We do this for the two locked mode laser profiles BOU 
and CLE, and for the three unlocked mode laser profiles BOU, CLE and QB. See 
figure 10. 

The second step is to model these histograms as Gaussian processes. In other 
words, for each given profile and for each value of a, we compute the mean 
Mp(Hp(a)) and variance V p [Hp(a)) of Hp(a ) evaluated over the ten test samples 
in this profile. Let G p{H p(a)) = A f(Mp(Hp(a)), V P (H p(o))) denote the Gaussian 
distribution obtained for the histogram of the profile P at value of the exponent 
equal to a. To check whether a new, unknown, sample belongs to profile P, one 
first computes the histogram h(a) of its Holder function. If the sample belong to 
P, we expect that Gp(h(a)) is "large". A quantity that measures how the sample 
is "close" to profile P is thus: 


T P (h) = J*G P (h(a))da 

Any unknown sample is then attributed to the profile P which maximi 7 .es Tp(h). 
We found that this method was able to classify with 100% success the five re- 
maining samples in all classes. Our conclusions are thus as follows: 

- Road profiles indeed display fractal behaviours in terms of both correlation expo- 
nent and regularization dimension over a large range of scales. 

- Global fractal measures as are the correlation exponent and regularization dimen- 
sion do not allow to characterize profiles. 

- The local regularity information brought by the Holder exponent allows to classify 
the profiles through a simple statistical procedure. 

Future work will focus on relating the structure of the Holder function with the 
friction coefficient of the profiles. 
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Figure 10. Left: Mean of the histograms of the Holder functions for locked mode laser profiles 
BOV (solid line), CLE (stars). Right: Same, but for unlocked mode laser profiles BOV (solid 
line), CLE (stars) and QB (dotted). 


References 

1. Z. Rado, A Study of Road Texture and its Relationship to Friction, Phd 
Thesis, The Pennsylvania State University, 1994. 

2. G. Hf.inrich, Rubber friction on self-affine road tracks, Rubber Chemistry 
and Technology 70, 1997 

3. M.T. Do, H. Zaholani, Frottement pneumatique/chauss£e, influence de la 
microtexture des surfaces de chauss£e, JIFT, 2001. 

4. M. Ki.Oitkl, Rubber friction on self-affine road tracks. Rubber Chemistry 
and Technology 73, 578-606, 2000. 

5. YY. Meyer, Ondelettes et Op6rateurs, volume 1. Hermann, Paris. 1990 

6. J. Be ran, Statistics for Long-Memory Processes, Chapman and Hall, New 
York, 1994. 

7. F. ROUEFF, J. Levy VEhel, A regularization approach to fractionnal dimen- 
sion estimation, FYactal conference, 1998. 

8. K. Daohdi, J. LF.vy VEhel, Y. Meyer, Construction of Continuous Func- 
tions with Prescribed Local Regularity, Constructive Approximation. Vol. 14. 
Num. 3, pp. 349-386, 1998. 

9. M. Guglielmi, J. Levy-Vehel, Analysis and simulation of road profile by 
means of fractal model, Conference on Advances in Vehicle Control and Safety 
(AVCS 98) Amiens, 1998. 



FRACTAL DISTRIBUTIONS OF TEMPERATURE, SALINITY AND 
FLUORESCENCE IN SPRING 2001-2002 IN SOUTH SAN FRANCISCO BAY 

KAREN FISHF.R 

PO Box 1663; MS B296; Los Alamos .National Laboratory. Los Alamos MM 87545, USA 

Email : kefisher@lanl.gov 


WIM K1MMERLR 

3152 Paradise Drive; Romberg Tihuron Center. San Francisco Slate University. Tiburon CA 

94920. USA 


Email: kimmerer@sfsu.edu 

In this paper, we demonstrate a wavelet-based analysis of the changing fractal character of 
temperature, salinity, and fluorescence distributions in South San Francisco Bay In particular, we 
are interested in comparing the fractal character of the physical and biological elements of the 
system. This analysis indicates that the system exhibits two distinct states; one in which physical 
(salinity and temperature) and biological (fluorescence) variables show similar fractal character 
across scales of 120 meters to 2 kilometers, and one in which fluorescence shows substantially 
different character than the others. These regimes occur in spring seasons with an episodic 
fluorescence structure (2002), and a more consistent seasonal structure (2001) respectively. During 
spring of 2001 fluorescence has somewhat higher persistence than the physical variables During 
spring of 2002, the physical and biological variables have similar persistence. Differences in the 
response of fluorescence to physical variables may reflect differences in the paticm of stratification 
and bloom development during these years. Analysis of the fractal character of these signals offers a 
promising approach to assessing and adequately modeling the patchiness of biological distributions 
at scales of meters to kilometers in rapidly fluctuating dynamic systems. Realistic patchiness can 
then be used in models of the system, leading to better characterization of biological and physical 
coupling across a wide range of scales. 


I Introduction 

Many oceanographic research programs measure chlorophyll fluorescence while ships are 
underway to provide a rapid index of phytoplankton distribution. High-frequency spatial 
or temporal variability in fluorescence has been used to infer underlying patterns and 
causes of variation in phytoplankton biomass [20], In shallow estuaries, phytoplankton 
biomass is controlled by three principal factors: the availability of nutrients for growth 
[18], penetration of light into the water [7], and grazing by benthic organisms, particularly 
bivalves [1,2, 19], Mixing of water masses with variable chlorophyll concentration can 
result in complex patterns of variability in fluorescence [10], 

In South San Francisco Bay, nutrient concentrations arc generally high, and 
phytoplankton blooms can develop when the water column stratifies [3]. South Bay is 
usually vertically well-mixed, except during times of low tidal energy when stratification 
can develop and persist over several days [3]. Stratification commonly forms and 
dissipates at the tidal time scale [17], but this is too rapid for phytoplankton to respond 
[12]. Persistent stratification arises during times of low tidal energy (neap tides), and 
reaches peak levels when Central Bay is relatively fresh because of extreme outflow 
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events [3, 6]. Persistent stratification during the spring results in a strong phytoplankton 
bloom [3, 4, 6]. 

Stratification affects bloom formation by trapping phytoplankton in the surface layer, 
enhancing light availability and isolating the developing bloom from benthic grazers, 
which can otherwise be a key sink for phytoplankton biomass [2]. However, bloom 
formation in the South Bay is spatially as well as temporally variable. Because of the 
strongly variable spatial gradients, variation in residual currents due to wind, local runoff 
or other subtidal effects can be important in distributing and dispersing the bloom [10, 
21]. Consumer organisms including bacteria, zooplankton, and clams respond to these 
blooms with increased growth rate or biomass [5]. Furthermore, the actual process of 
bloom formation is complicated by physical transport, and particularly by interactions 
between shoals and channels [13, 14]. 

Freshwater flow has two modes of influence on South Bay. First, local streams and 
waste-water treatment plants introduce freshwater at the southern end of South Bay, 
reducing salinity. Nutrient inputs in South San Francisco Bay primarily come from 
wastewater treatment plants [9]. Second, high freshwater flow into the northern estuary 
reduces salinity in the Central Bay, setting up inverse estuarine circulation in South Bay, 
with residual circulation to the south at the surface and north at the bottom [16]. This 
promotes stratification and decreases water residence time in the South Bay [23]. 

Here we examine data gathered along the track line of the USGS research ship R/V 
Polaris for 26 cruises conducted between 2000 and 2002. Our goal was to use available 
information about spatial structure to better understand spring bloom dynamics in South 
San Francisco Bay. Since fluorescence can be measured relatively rapidly, its spatial 
distribution provides a reasonably comprehensive index for the spatial distribution of 
phytoplankton [11]. Due to the multiplicity of interacting forces that determine the 
distribution of phytoplankton, and the range of scales over which they operate, the 
information gained from the fluorescence signal along the ship track is invaluable for 
understanding the patch structure of phytoplankton at scales smaller than the spacing 
between fixed stations. In particular, we are interested in the times and spatial scales at 
which the distributions of salinity, temperature, and fluorescence are similar, and when 
they arc different. 

2 Data and Methods 

Fluorescence, salinity, and temperature data were obtained from a transect along the 
shipping channel in South San Francisco Bay (Figure 1) from 26 cruises between August 
2000 and May 2002. The along-track records were analyzed to determine die spatial scale 
of patchiness of chlorophyll fluorescence, and the relationship of this biological variable 
to the physical variables of salinity and temperature. Two sets of cruise records arc 
shown in Figure 1, taken on April lb" 1 of 2001 and 2002 Because of the importance of 
the bathymetry along the shipping channel to the location of various features in the 
surface fluorescence concentrations, the bathymetric profile is shown for comparison. All 
three variables have a considerable degree of variability, both along the records spatially, 
and between the records for neighboring cruises (Figure 2). The patterns for both 
temperature and salinity show a smoother, more seasonal transition between saltier colder 
water and fresher warmer water in spring 2001 than in spring 2002. 



201 


SSF BAY USGS Monitoring April 16 2001 



SSF BAY USOS Monitoring April 16 2002 
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Figure I.) Salinity (blue), temperature (red) and (tumescence (green) records for two spring cruises in South 
San Francisco Bay tn April 2001 (top) and Apnl 2002 (middle). Depth profile between USGS numbered 
stations along the cruise track (bottom) 


Because of the large influence of processes occurring at tidal timescales, it is difficult 
to estimate the duration of structural changes in the temperature and salinity. Tidal 
variation can easily cause substantial changes in density structure. During these cruises, 
every density profile taken on April 16 th 2001 is denser than its corresponding station 
profile taken in 2002, and with the exception of the southern most station, every 2001 
profile has a larger gradient in density from the surface to the bottom. At the times 
sampled, all seventeen station profiles taken in South Bay on April I6 lh 2001 exceed a 
commonly used criterion for significant density change (0.125) by a depth of 8 meters, 
while on April 16 1 * 1 2002 only eight profiles exceed the criterion, six of them at 8 meters 
or deeper. These differences in density states may influence the patterns seen in these 
snapshots somewhat, but it is expected that whether these states exist for hours or days 
has an even larger influence on the scales of patchiness observed. 
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2.1 W uvelet- based variance spectra characterizing along- track variability 

Spectral analysis has a long history as an approach to analyzing the spatial structure 
of plankton, dating back to over three decades (c.g. [20]). The relative slopes fl of the 
spectra give the relationship of the biological (fluorescence) and physical (salinity and 
temperature) variables that yield insight into the shifting dynamics governing the standing 
stock of chlorophyll [8]. In other words, the pattern gives clues to the process. The 
simplified rules of spectral analysis are as follows. 

An abrupt break in slope indicates a change in the dynamics governing a distribution 
at a particular spatial scale. A peak in a spectrum can result from a dominant patch size, 
for example if every fluorescence peak encountered was exactly 500 meters long along 
the track line, a peak would result at 500 meters in scale in the power spectrum. In 
general, a slope near 2 is consistent with isotropic (non-directional) physical controls. A 
slope near 3 is consistent with 2-D (e.g., generated by tidal friction) physical controls. A 
slope near zero is almost random, consistent with a well-mixed system with no remaining 
evidence of stirring or eddies. Slopes near 1 tend to result in systems where zooplankton 
or other grazers are present and active, or where phytoplankton growth or losses arc 
occurring. Phytoplankton spectra can have a stair-step shape, with steep and flat sections 
alternating [e.g. 8]. Steeper sections tend to have slopes consistent with physical control. 
An exception to this is that in a well-mixed system, where physical variables have flat 
spectra, a steep biological spectrum may result from biological controls which result in 
localized sources or sinks (e.g., a rapidly growing patch of phytoplankton, or a 
concentration of efficient grazers). 

Malamud and Turcotte (1999) review the methods available for analysis of the 
frequency domain (spectral analysis), and subsequent fractal characterization of natural 
data. They conclude that because wavelets are localized, and can be directly applied to 
data from anisotropic fields, wavelet-based spectra are a preferable approach. Wavelet- 
based spectra can also be obtained from non-stationary fields where, broadly speaking, 
the mean or the variance changes with the length of the interval considered. Wavelet 
analysis is therefore a powerful way to analyze the spatial structure of a highly variable 
system such as South San Francisco Bay. Spatial scales of plankton variability have been 
noted over many orders of magnitude [20]. Power-law distributions have been shown 
in fluorescence distributions [20], forming a straight line on a log-log plot of variance 
vs. scale that shows these distributions to be self-affine, or fractal. Fractal character 
determined from the wavelet-based spectra reflects both the heterogeneity and the 
variability of an observed subset of each system [8], 

2.2 Wavelet Transform and Resulting Power Spectra 

The wavelet transform is a filter g passed over a data scries f(x). A wavelet transform 
used for data analysis is often implemented in a form becoming known as “semi- 
discrete”, because the transform is calculated at an arbitrary number of discrete scales 
using an approach similar to that used in a continuous transform. The generalized form of 
a semi-discrete one-dimensional wavelet transform is: 
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W(x,a„) 



( 1 ) 


where /is the function of the spatial position x, a„ is the scale being analyzed, and g is the 
filter [15]. The number and distribution of dilations n are chosen to adequately resolve 
the spatial scales of features in the dataset, often chosen to be powers of 2 (n-7, 2, 4...) or 
integers («=/. 2, 3...) depending on the resolution required. A variety of filters have been 
developed and tested, with different advantages in discriminating features of the data [e.g. 
25]. The only requirement for designing a wavelet filter is that it must be continuous and 
integrate to zero: 


OB 

J*g(jf')dx’=0 (2) 

-m 

The Mexican Hat filter has been used to determine features of naturally occurring 
distributions and the general shape of the Mexican Hat filter resembles frontal features 
encountered in the along-lrack data obtained during research cruises. The Mexican Hat 
filter has the form: 


Substituting equation 3 into 1 gives the following form [15]: 





x -x 




f(x‘)dx 


(4) 


The amplitude of the wavelet transform lV(x, a„) at each scale n, reflects the relation 
between adjacent areas at that scale; it measures the intensity of each contributing 
frequency. For white noise with values equally uncorrelated at all scales, the wavelet 
magnitudes will not change with scale. Conversely, in eddies, the energy associated with 
larger spatial scales will be higher as the wavelet encounters persistent peaks and valleys 
on a scale similar to the wavelet scale. 

Following the analysis of Malamud and Turcotte (1999), self-affine series can be 
characterized succinctly because such scries have a power-law dependence of the power 
spectral density function on frequency /: 

«(/)“/” ( 5 ) 

The exponent /3 is the negative slope of the power spectrum of the scries. The relation 
in equation 5 defines a self-affine fractal in the same way a self-similar fractal is defined 
[15]. The variance V„ of the wavelet transform similarly has a power-law dependence on 
scale a„ (inverse frequency): 
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Calculating the variance V, of the wavelet transform at each scale a n , and plotting it 
as a function of scale examined (not frequency) in log-log space produces a power-law 
exponent / 3 . The exponent /3 produced in wavelet variance analysis has the same 
magnitude, but opposite sign, from Fourier power-spectral analysis performed after 
detrending and windowing. 


3 Results 

The wavelet transforms for along-track distributions of fluorescence on April 16. 2001 
and April 16, 2002 are shown in Figure 2. This figure is illustrated with amplitude 
squared for direct comparison of each location along the track line to the wavelet spectra 
that are integrated over the entire region and shown in Figure 3. Flat regions in the far 
(2.2 km scale) comers of the plots in Figure 2 at cither end of each transect show the area 
masked by the effects of edges. Note especially the following features of these two 
wavelet magnitude plots. First, the general impression of the distributions differs 
between the two years. The spatial location of the peak in fluorescence concentration 
changes between the two years, as does the amount of spikiness in the wavelet transform. 
Moreover, the April 16, 2001 plot shows some locations where the maximum amplitude 
of the wavelet transform is at smaller scales, a departure from the general expectation that 
power will “cascade” from large scales to small scales This indicates that variance is 
being produced at these smaller scales, i.e., in local areas, and is evident in the spectra for 
temperature and salinity for this cruise (Figure 3). 

A local peak in the transform value will occur at the scale where the peak of the local 
variance is the size of a local “patch” or front. Only scales for patches that occur at some 
characteristic size throughout a region show up as peaks in the regional power spectrum 
constructed from the wavelet variance spectra along the whole track line (Figure 3). The 
April 16, 2002 plots for both Figure 2 and Figure 3 show that most of the peaks arc 
located at the larger scales of analysis. These results suggest that the system was in 
different states during these two cruises. Spectra are also shown for the cruises 
immediately following these two target cruises in Figure 3. Of particular note, although 
the spectral shapes and relative magnitudes of the April 22 nd 2002 cruise are still similar 
to those of the preceding cruise, the slope of the smaller scale fluorescence has flattened 
dramatically. The overall tendency of the spectra throughout the spring of 2002 to be 
coupled in shape for all three spectra is also illustrated, relative to the spectra in the spring 
of 2001 having distinct shapes of the fluorescence spectra. 

Spectra for April 16th and 26°", 2001 are similar in magnitude but decoupled in 
shape. Although total variance in fluorescence, salinity, and temperature are very close to 
the same throughout this spring, the differences in spectral shape arc ubiquitous. The 
“inverse cascade" in salinity and temperature, whereby the spectrum drops off at larger 
scales in the earlier cruise, indicates that there is patch scale of about 700 meters 
dominating the physical variance in this spatial range. Fluorescence shows a drop in 
variance between 1 and 2 km in the latter cruise not seen in the physical variables at that 
time. For April 16 ,h and 22 nd 2002, the reverse is true: the spectra are decoupled in total 
variance, with several orders of magnitude less variance in salinity and temperature than 
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in fluorescence, but all three spectra have parallel trends (similar shapes), although 
fluorescence has a somewhat flatter slope particularly during the later cruise. 


nu omcw ict Wmltt Variant* on April IS 2001 



uses STATION 


Fltior**c*nc* Wavelet Variance on April 16 2002 

■ 
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Figure 2.) Absolute values of the magnitude of (he Mexican Hat wavelet transform, shown along the track line 
of South San Francisco Bay for April 16* 2001 and 2002, respectively. USGS stations run from station 36 at 
lire southern end of South San Francisco Bay, to station 2 1 near the boundary with Central San Francisco Bay. 
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Figure 3.) Wavelet-bated power spectra for fluorescence (left), salinity (middle) and temperature (right) records 
on April 16* 2001 and 2002 (top) and their successors on April 26* 2001 and April 22“ 2002 (bottom). 


The relationships among slopes of temperature, salinity, and fluorescence fall into 
two statistically distinguishable categories of biologically-physically coupled and 
uncoupled systems. The slopes of all spectra determined for fluorescence, salinity, and 
temperature along track lines of the USGS survey were compared for each of the 26 
cruises. These data arc unevenly spaced in time (more intensive sampling in spring), but 
evenly spaced along transects (at 44 meter intervals). 

Throughout the spring of 2001, the slopes of fluorescence were decoupled, tending to 
move differently from the slopes of salinity and temperature and to break at different 
scales. In contrast slopes of all three variables were quite coupled in 2002 (Figure 4). 
Each date label on the x-axis of Figure 4 is color-coded to indicate whether the 
fluorescence is coupled in shape (red), coupled in both shape and total power (black), or 
decoupled (green) relative to the physical distributions. The observed density structures’ 
states are extremely different in the two Aprils, and although the duration of the slates 
cannot be directly assessed from these data, the cruises before and after April 16 th 2001 
exhibit similar structure, while those closest to April 16 ,h 2002 exhibit less well mixed 
profiles than this cruise. 


Benthic clams are expected to exert the highest grazing pressure during periods of 
mixing, while stratification isolates the surface water in which fluorescence levels are 
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measured from this pressure and allow phytoplankton growth. Consistent with this idea, 
the fluorescence levels in the shallow southern reaches of South Bay rise following the 
April 16* 2001 cruise, and fall following the April 16* 2002 cruise (Figure 4). In 
addition, the wavelet-based fluorescence spectra for the April 22nd cruise in 2002 
indicates that the spectral shape has flattened considerably relative to the slopes for 
salinity and temperature, a result predicted by Powell and Okubo (1994) for a population 
under grazing pressure in a system driven by 2-D turbulence [22J. Clearly, both the 
temporal and spatial information in this along-track dataset can yield insight into bloom 
dynamics not obtained from the station data taken at the six stations in South San 
Francisco Bay indicated in Figure 1. 


4 Discussion 

Powell ct al. (1989) examined kilomctcr-scalc variability of chlorophyll concentration, 
salinity, and temperature during spring 1987, and concluded that spatial variability of 
physical variables did not explain that of chlorophyll [21]. Our results suggest a subtle 
coupling revealed by an analysis that allows for changes in pattern with distance, and that 
this coupling is present during some periods and absent in others. The difference in 
degree of coupling between the two years (Figure 4) is remarkable. Both years had 
hydrographs of low freshwater flow, with a higher, earlier January peak in 2002 and a 
lower, later March peak in 2001 (data from Department of Water Resources, not show n). 

Data are not available to assess the frequency and duration of stratification in cither 
year, as each cruise provides snapshots of stratification that can change significantly at 
the tidal timescale [17]. Therefore any influence of stratification, with attendant positive 
effects on bloom formation [4, 6J. can only be inferred from the patterns that are 
observed. Nevertheless, the large difference in coupling of biological and physical 
patchiness between these two years suggests differences in biological mechanisms, 
possibly variability in benthic grazing or phytoplankton growth rates (e.g. [24] ). 

The indication of a critical scale below the 2 kilometer cut-off in our resolution is 
notable. This critical scale is indicated by the abrupt change in power law behavior 
between 500 meters and 1 kilometer. The rapidly changing character of spatial structure 
at these scales suggests that the balance of processes controlling the construction and 
maintenance of fluorescence, salinity, and temperature distributions is different at scales 
less than 500 meters, and at scales greater than I kilometer. Resolving the dynamics 
responsible for the patterns observed requires that surveys address these spatial scales and 
take into account the existence of the transition region when determining station spacing. 
In addition, process-based studies concentrating on resolving the dynamics throughout the 
transition scales are needed. The evidence of strong coupling and decoupling between 
power-spectral slopes of fluorescence and salinity and temperature throughout entire 
seasons indicates that resolving the processes connecting the biological and physical 
distributions within the range of the critical scale is necessary for both model and 
observational strategies in South San Francisco Bay. Short time scales (tidal cycles) and 
small spatial scales (hundreds of meters) need to be resolved to dynamically characterize 
this system. 
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U8GS Along back Chlorophyll 



Figure 4.) Fluorescence record* analyzed for all 26 cruise*, showing season* along x-axil determined from 
wavelet analysis to be coupled with temperature and salinity in spectral slope (cruise date in red or black), or 
decoupled (green 
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Several indirect indications of the processes controlling the coupled and decoupled 
states of Spring 2001 and 2002 in South San Francisco Bay arise from this analysis. 
Physical structure during a given cruise docs not yield sufficient information to connect 
the patterns seen in fluorescence directly to salinity and temperature, but looking at 
changes in relative spectral characteristics between cruises reveals possible connections. 
In particular, the rapid changes in stale of April 2002, seen throughout that spring, seem 
to keep the overall spectral shapes similar. Between April 16“ and April 22 nd 2002 
changes occur in relative slope /3 of fluorescence relative to salinity and temperature that 
arc consistent with expectations of population structures in pelagic organisms subject to 
grazing pressure [22]. The impact of grazing on phytoplankton distributions is a subject 
with implications for dynamic models of freshwater and marine systems ranging from 
small ponds to the global ocean. Difficulty quantifying this impact limits the 
development of predictive models of processes ranging from eutrophication to carbon 
sequestration. Grazers range in size from microbes to whales and are notoriously 
challenging to survey across all the relevant size classes during any particular study. 
Therefore, indirect methods that locate evidence of grazing impact are highly desirable in 
spite of the clear limitations on their application in the absence of in situ measurement. In 
addition, methods that resolve the spatial scales of variability, such as wavelet analysis, 
can provide concrete guidelines for effective survey design as an alternative or 
supplement to statistical approaches (c.g., [11]). Survey designs resolving critical scales 
where structural changes in power-law distributions occur arc highly desirable to 
maximize the integration of in situ measurements with models. In particular, the fractal 
character of each power-law regime can be used to construct model input fields with 
realistic variability. In systems where intcrmittency is substantial, a simple extension of 
the wavelet-based methods shown above yields multifractal descriptors that can be used 
to generate realistic portrayal of higher order moments in the model input fields as well. 


5 Conclusions 

In South San Francisco Bay, power law distributions at scales ranging from I0 1 to I0 J m 
show distinct character in different seasonal and hydrographic regimes. The results of the 
wavelet analysis strongly suggest that scales of variance on spatial scales between 500 
meters and 2 kilometers can be dramatically different from that at scales under 500 
meters, under certain conditions. When a single power law structure prevails, no change 
in the structure of variance is observed at scales smaller than 2.24 kilometers, the upper 
limit of this analysis. At other times, spectral breaks are characteristic of the system at 
scales smaller than this, indicating that scales of hundreds of meters have significant 
patchiness that ought to be resolved by more finely gridded sampling strategies. 
Additionally, it is clear from the along-track data above that rapid variation on both 
temporal and spatial scales marks the South San Francisco Bay system during some 
periods. (The movement and reshaping of the fluorescence peak in April 2001 shown in 
Figure 1 results from changes in the tidal phase between the trip down and the trip back). 
Processes such as the spring-neap tidal cycle can clearly have impact on this variation. 
By analyzing the fractal character of these signals, we can assess the states of the system 
of that result from the confluence of processes underlying the observed patterns in 
distribution. Fractal descriptors inform model input fields by providing a way to 
statistically describe the patchiness of the system that is crucial to many of the 
interactions within the system. 
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CHARACTERIZATION OF FRACTAL STRUCTURES THROUGH 
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We introduce a new method based on Hausdorff Measure Spectrum Function 
(HMSF) which provides a more precise way for tracing the geometrical organi- 
zation of a fractal set. By way of its construction, this spectrum collects a rich 
amount of information that can be explored. A one by one step method is devel- 
oped and applied to five Cantor-type sets to illustrate the ability of our method 
to distinguish between fractals having the same dimension. This results in a more 
complete identification of fractals. We also include some suggestive algorithms to 
construct the HMSF. 


1 Introduction 


Various physical processes and structures share the same fractal dimension in spite 
of their different appearance. The most used and popularized concept in fractal 
geometry was the fractal dimension. Only in the last decade, additional tools to deal 
with the degeneracy character of fractal dimension have been developed. Among 
them, few have been devoted to fractal features of ’texture’, a broad concept called 
lacunarity by Mandelbrot 1 . It is largely documented that there is a need to develop 
methods that account for fine structure 2,3 since most of the properties depend, 
in addition to the fractal dimensionality, on other geometrical factors related to 
texture. To mathematically quantify this loose notion of texture, several methods 
have been proposed. The gliding-box algorithm (GBA) is one of them 4 . GBA 
has been derived from the box-counting method (BCM) by gliding a box over 
the set, one unit at a time in a discrete manner. Despite the popularity of this 
algorithm, it still proved to be degenerate in rather simple cases 5 , where two 
deterministic regular shapes of the same fractal dimension have not been resolved. 
In this fundamental context of characterization of the fine structure of a fractal, 
one would like to know if there is a way to build a more powerful quantitative 
and characteristic tool to unveil the information carried by the structure. Having 
this purpose in mind, we have been led to study the Hausdorff measure of the 
intersection of sets of same dimension with their translates 6 . The method we 
propose here is based on the Hausdorff measure of the translation of the set through 
itself in a continuous manner. Since the translation is made continuously on each 
point (local) and that Hausdorff measure (global) is estimated, the measure function 
obtained is able to extract the whole information within the structure. At this point, 
it should be mentioned that the indicator function of the intersection of a set with its 
translates can be viewed as a two-point joint moment (autocovariance) within the 
set’s indicator function. This explains in a way why the measure function introduced 
here naturally completes the information obtained from pointwise descriptors. To 
explain the underlying mechanism and test our method, we will use Cantor-like 
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sets of same fractal dimension as a tractable model. 

In this paper, we briefly recall our results concerning the properties of HMSF 
for the special case of triadic Cantor set. Then we extend this investigation for the 
larger family of uniform Cantor sets. We apply the developed method to typical 
Cantor sets having the same Hausdorff dimension. Finally, we propose an al gorithm 
to numerically construct the HMSF. 

2 Hausdorff Measure Spectrum Functions of Uniform Cantor Sets. 

If C is the triadic Cantor set and C + 1 is the translate with the shift element t, it 
is known that they all have unit Hausdorff measure and dimension s = log 2/ log 3. 
To analyze the intersection I(t) = C D (C + t), it is natural, as a subset of C, to 
study its Hausdorff measure at this dimension s. In our first paper investigating 
properties of intersection of Cantor set with its translates 6 , we have proved that for 
the triadic Cantor set C, the Hausdorff measure of C D (C+t) is not continuous in t. 
This measure can only take one of the values 1/2*, i = 1, 2, ■ ■ ■, when t has a finite 
triadic expansion; and it is of zero Hausdorff measure when t can not be expressed 
in a finite triadic expansion. Hence, this set of values forms a discrete spectrum of 
measures. Moreover, we also determined the exact expression of those elements t 
belonging to T n = {t : 7i s (I (t j) = 1/2”} where 7 i s denotes the Hausdorff measure 
at dimension s = log 2/ log 3, that give rise to a particular measure 1/2" from the 
spectrum 7 . We showed that the elements of T n can be grouped into an infinite 
tree structure where the number of branches to any knot of the tree is infinite and 
that they are given by 

T ”= U {(-!)“ Jr + (- 1 >" , 3^ + ' ' + 3 i. +i.+— +in >• (D 

1<*1 

s n €{O t l} 


3 Applications 

In the following, we show that the discreteness of Hausdorff measure spectrum can 
be proved for a larger family of Cantor sets, namely for uniform Cantor sets and 
we give the exact expression of this Hausdorff measure spectrum. 

First we recall the construction of the uniform Cantor set F. 

Start from the unit interval [ 0 , 1 ] that we denote as Fo- 

In the first step, we replace Fo by m equally spaced subintervals of length r, the 
end points of Fq coinciding with the end points of the extreme subintervals. The 
formed set is denoted by Fi. We may write /q = |J™ x h where U are subintervals 
arranged from left to right in an increasing order. 

Recursively, if Fk-i is composed of m k 1 subintervals of length r k : such that 
F k- 1 = U™ 1 i 2 ,-,i t _ l =i and = rfc_1 ’ F k can be obtained by 

replacing each subinterval of Fk- 1 by m equally spaced subintervals of 

length r k , the ends of /q,^, i coinciding with the end points of the extreme 
subintervals. We may write F k = U^,i 2 ,...,i fc =i -^i, * 2, ■■•,»*> I = rfc > and 

c arranged from left to right in an increasing order. 
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(a) (M 



shift t 

Figure 1. HausdorfT Measure Spectrum Functions for four Cantor-type sets that all have the same 
fractal dimension a — log 2/ log 3. 


Naturally, the uniform Cantor set can be defined as the intersection of all F*, t.e., 
F = lim* — »oo nr.t Fk. For such a uniform Cantor set F = F(r, m), if (2m— i)r < 1, 
then the Ilausdorff measure at dimension s = — log m/ log r of FP|(F + £),— 1 < 
t < 1, if it is not zero, can only take a value of the form 


mm m 


oo 

This can be seen in the following way: note that Fpj(F+f) = (t\ P)(F*+£)) 

t-i 

where 1\ f'|(Fk f t) C Fk-\ D(ft- 1 + 0- Cue can see that F\ (~|(Fj + 0 * s composed 
of several subintervals (the case of isolated points is not considered), and since 







216 


(a).(e) (b) 


>— . — . — . — . — . — . — . — . — . — 

1< 

0.8 

1 — . . . 

’# 


0.6 

1 

• 


!?• 

1 

1 

1 • 

0.4 

• 
• 
•- 
• - 

•- - 

• — 

’ ! !• 

0.2 

M I i i i i II I f 


1 0 

M I I M I II M | l j I f 


0 2 4 6 8 10 12 14 16 18 20 °0 2 4 6 8 10 12 14 16 18 20 


<C) 


(d) 


It 


i< 

1 1 — . — . — — . — . — . — 

08 


0.8 

♦ 

0.6 

• 

0.6 

i 

0.4 

1 

! • 

0.4 

1 1 •• 

1 1 1 1 

0 2 

i i ♦••• 

0.2 

> 

II 1 1 1 1 T#« # 

1 1 1 1 II 1 1 1 1 t 

0 

ii ii i i i i ii i i i i it i i i 

0 

i i i i i i i i i i i i i i i Tftti 


0 1 — - • ■ ■ ■ • 1 O' — ■ • ■ ■ ‘ T 

0 2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20 


Figum 2. Hausdorff measure levels where the translational invariance of the Hausdorff measure is 
prewnt<xi. (a), (b), (c),(d), and (c) refer to different fractal sets. The horizontal axis represents 
the level number. 


(2m — l)r < 1, this number is not larger than m. We find that the same number 
of subintervals of Fj is involved. 

Assume that Ft - 1 -f t) is composed of several subintervals (the case of 

isolated points is not considered). Then, the same number of subintervals of Ft i 

will be involved. Suppose that this number is l'» 2’* • • • m*™ where *', -Mj-t = 

k - 1. As (2m - l)r < 1, a subinterval of F k -\ can only at most have no trivial 
intersection with one subinterval of F k i + t. The number of these intersection 
subinterval pairs from Ft - 1 and Ft - 1 + 1 is l‘> 2^ • • ■ m* m , all these pairs have the 
same intersection form. If each intersection form involves l : 1 < l < m subintervals 
of Ft, then the involved number of the subintervals ,»* fit hi Ft ("| ( /"’* I t) 

is l‘ l 2 <a - • • 1 1 • • • m*- . If we rewrite ij = i' for j ± l and it = i' t + 1, we find that 

this number is of the form l’ 1 2* a • • • If • • ■ m‘ m and tj + la + (- i m = fc. 

• If for a certain k, ftfl(fik I 0 is composed of several subintervals of Ft, 
then, Ff](F + 1) is composed of 1*'2‘ J •• • m >m small uniform Cantor sets (F as 
prototype) of Hausdorff measure 1 fm k . If we use 7i s to denote the Hausdorff 
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measure at dimension s, then 

H’(F f|(F + 1)) = (!)•• (-)” • • • (—)<—. 

' 1 mm m 

• If for any fc, I‘\ p|(F* + 0 is not composed of subintervals of F*, then, for any 
k — *i + »2 + • • • + i mi 

n'(Ff)(F I /)) < (— •. 

11 mm m 

FQ(F | t) is in the union of several small uniform Cantor sets (F as prototype) of 
Hausdorff measure 1 jm k and the number of these uniform Cantor sets is the same 
as the number of the corresponding subintervals of F* involved in F* f)(Ffc + t). 

Since the right term of the above inequality goes to zero when k — * +co, then 

7f-(Ffl(F+0) = 0. 

In the following, we apply our method to differentiate between sets having the 
same fractal dimension (log 2/ log 3 in this example). These sets are constructed 
from the initiator / — |0, 1) and their respective generators are defined by the 
following iterative function systems: 

(a) Si : x ■ — > ~~x -f* for i — 1,2; 

u *) 

(b) S t : x i * ~x + 8 ^ 27 ~ 1 ^ for i = 1, 2, 3, 4; 

, . „ 1 2(i — 1) , . , _ _ 1 3t — 4 , . „ , 

(c) : i ► -x H for t = 1, 2, S t : x y-* -x + — - — for t = 3, 4; 

(d) Si : x ix + 2 ^ q ^ for » = 1, 2, 3,4; 

. , _ 1 _ 1 2* — 1 . 1 8 

(e) 5j : x *— -x, 5 t - — for i — 2, 3, and S 4 x •-» -x + 

The ITMSF of the above fractal sets are shown in Figure 1, 3. We propose here 
two different ways to exploit the HMSF in order to distinguish between these sets. 
With the translation invariance based method (TIBM), we take the translation 
invariant values of FTMSF corresponding to values preserved by translation. Each 
value corresponds to a level, which is a set of points representing a fixed HMSF 
value for different shifts (sec Figure 1). The graph of these levels, in terms of the 
shift number, are illustrated in Figure 2 (all the measures have been normalized). 
We sec that TIBM succeeds in distinguishing between (a), (c) and (b)(or (d)). 
However, TIBM levels are the same for (a) and (e) as well as for (b) and (d). This 
last fact does not allow one to conclude that (a) and (e) or (b) and (d) are the 
same We have yet to go a further step in our exploration and use the fixed level 
based method (FLBM). This method compares, for a given level, the HMSF values 
of the concerned sets In fact, the first level, which contains the whole information 
of HMSF, is enough In figure 3, we plotted the first four fixed levels (from 0 
to 3) of the HMSF of (a) and (e). Graphically, the difference is already obvious 
on level one. This difference can be quantified by averaging weighted distances 
between shift values and the shift accumulation point at the first level, giving thus 
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Figure 3. The first four levels of HausdorfT measute function, represented by (o) and (») for the 
Cantor set (a) and (e) respectively. 


level indexes associated to each set. For example, using a dyadic sequence weights 
{l/2‘}j, we get the value 0.5962 for (a) and 0.62-18 for (e). This index, from one 
part, is able to differentiate between sets and, from the other part, indicates the 
degree of homogeneity of the set: the higher the index, the more homogeneous is 
the set. Finally, for sets (b) and (d), one observes that they have the same HMSF 
once the support corresponding to (d) is reported, by a rescaling centered on 0, 
on the same support of (b)(see Figure 1). This bilateral matching is naturally also 
reflected in the FLMB that shows the same fractal structure between (b) and (d) . 

Now, we propose an algorithm to approximate the HMSF, which, in a concern 
of simplicity', is illustrated for the triadic Cantor set. Since this algorithm is solely 
based on the similarity properties, it can easily be applied for any fractal set. 

This algorithm is based upon the similarity properties of a fractal set which are 
inherited by the HMSF itself. This similarity can be obtained by a simple check of 
the HMSF. 

Wc always use C to represent the triadic Cantor set generated from the unit 
interval |0, 1) and consider the intersection of C with its translation C + 1, which 
we denote by l(t) = C O (C + t). t varies between -1 and 1. 

Let C — C| U C T , where C|, C r are respectively the identical left and right parts 
of C. Clearly, C r — Ci -\ 2/3 and we have 

C D (C + 0 = {Ci U C r ) n ((C t + t) U {C r + £)) 

= \Ci n (C, I- 1 ) I u [Cl n (Cr I /)| u | C r n (C, i t)\ u \c r n ( c r + f)l- 
If we use M(t) to express the Ilausdorff measure of the intersection 1(1) for the 
right four terms, at Ilausdorff dimension s — log 2/ log 3, we have 


Mu = n* (C t n (Cl + £)) X -M (31) 

(2) 

M,r = n^Ci n (Cr + 1)) - \m(3(i + ^)) 

(3) 

Mri = n*(Cr n (Cl + 0) = \m( 3(£ - ^)) 

(•1) 
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Figure 4. The approximation of the Hausdoilf measure spectrum function by iteration, the gen- 
erations: 0, 1, 3, 6. 


Mrr = H‘(C r 0 ( Cr + t)) = ^M(3t) (5) 

Finally, we obtain the similarity equation verified by the IIMSF of the triadic 
Cantor set C, i.e. 

M(t) = - |)) i M(3t) 1 l -M{2(L 1 ?)). (6) 

If we denote by G the graph of M(t), it is easy to see that G is the attractor of 
three affine maps: So, Sj, So, i.e. 

G=S„(G)US } (G)\JS 2 (G) 

where 



The process of the similarity algorithm is shown in Figure 4. 
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We can also approximate the HMSF by a sequence of continuous functions, 
obtained by interpolation. 

4 Conclusion 

In summary, this paper extends our results on intersection of triadic Cantor sets 6 - v , 
to a larger family of fractals. The classification ability of the method is illustrated 
on some typical examples having the same Hausdorff dimension. We exploited the 
discreteness of the HMSF of these examples to distinguish between them. Similar 
results on more general sets have been obtained and will be published elsewhere. 
Moreover, other potential applications of the HMSF within the fractal analysis 
context is in process. 
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Irregular surfaces like urtian facades produce an anomalous back-scattered region, creating an 
acoustic interference field in their neighborhood. Thus, in order to be able to detect that scattered 
energy's minima and maxima through taking the facade morphological characterization into 
account, we propose a new measurement method of the building geometry, using mathematical 
morphology techniques. Results of this geometrical approach prov ide two types of indicators, global 
and local The global one, the structure factor of the urban facade, is related to the multiscalc 
characterization of the whole building geometry through the computation of the spatial Fourier 
transform of the scattcrcrs. The complementary local indicator evaluates the vertex multiscale 
dcnsitomctrical distribution at each incidence angle, provided through a fractal evaluation technique, 
the Minkowski sausage. This densitometry computation reveals the characteristic directions of 
scattering, which has to be calculated through the scattering pressure function along the lateral 
active diffraction zone. 


1 Introduction: Problem and purpose 

The exterior facade of a typical urban building docs not reflect noise in a purely specular 
manner. Because the dimensions of the irregularities (decorative elements, windows, 
balconies,...) are comparable to the sound wavelengths, the major type of reflections on 
the buildings is scattering, inducing a global diffusion behaviour of sound in an urban 
street. Consequently, irregular surfaces like urban facades produce an anomalous back- 
scattcrcd region, with the creation of an acoustic interference field in its neighborhood. 
Thus, in order to be able to detect that scattered energy's minima and maxima, wc have to 
take into account both incidence angle and multiscale characterization for diffusive 
evaluation of urban surfaces through matltematical morphology techniques. 


2 Diffusion through oblique incident wave 

2.1 A first approximation: the Rayleigh criterion 

Historically, the first attempt at determining the scattering amplitudes was made in 1893 
by Lord Rayleigh, who assumed a unique solution for the wave equation for the whole 
boudary of a A-corrugated surface [1]. Concerning the inferior diffusion limit frequency, 
Rayleigh’s work proposes a phase grating calculation between two acoustic rays related in 
[2], which takes into account the source incidence angle. Taking into account the path 
difference Ad between two rays with wavelength A and incidence angle a regarding a 
surface with depth A provides the following phase grating calculation between the two 
rays.- 

Aa = Ad(2n/ A) = cos a (4 x A/ A) (1) 

with the path difference Ad = 2 A cos a. For a weak path difference Ad. rays are coherent 
and the acoustic wave is specularly reflected. Increasing Ad interferes with rays, till 
Ad m n. so that no energy is displayed in the specular direction : sound energy is diffused. 
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Rayleigh criterion defines the limit between specular and diffuse behaviour of an incident 
source, corresponding to the facade depth irregularities as : A < 1 / 8 cos a. 
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Figure I . Rayleigh criterion: Quantification of the dimensional limit between specularity and diffusion, as a 
function of frequency and incidence angle 

The specular reflection zone is defined in the lower part of the facades depths 
irregularities curves, taking the frequency and the angle of the incident wave into account. 


2.2 Diffraction densitometry oj an indented plane 


Following those non-specularity conditions, the propagation directions specified by the 
unit vectors \(d) - (fa. 0, yj for a given regular plane division, repeating n times a spatial 
unit of width A are defined as the characteristic directions of scattering associated with 
the localization length A: 

pX 

sin or j stnn' i (2) 

2 n A 


where a,t is the grazing diffraction angle made by vectors \(dj (fa. 0, yj in the direction 
Ox, with fa - cos oj and yj = sin ca. . and p the diffraction order. For A = 0, equality 
between incident and reflected angle remain true (specular conditions). We can note here 
that, ignoring the specular component sinar, the first term of the previous equation can be 
compared to Bragg's Law, leading to the following expression: 


sin 


pX 
or = — , 
2d 


(3) 


where the integer p is the diffraction order, d-nA, the distance between two reflection 
planes. A, the wavelength of the incident beam and a its incidence angle. This law, also 
used in the field of crystallographic diflxactometry, gives tire conditions for constructive 
interferences, which is producing strong diffraction. Through this equation. Sir W.H. 
Bragg and his son developed a simple semi-quantitativc model to express the diffraction 
from 3-D crystals, explaining why the cleavage faces of crystals appear to reflect X-rays 
beams at certain angles of incidence. Considering those crystal structures as families of 
parallel planes (hx, ky, Iz) running in different directions, each plane acts like a slightly 
reflective mirror, reflecting a tiny fraction of the incident beam. When in phase, those 
reflections lead to constructive interferences, conditioned with Bragg's Law equation. For 
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p=l, all planes inside the cosine scatter in phase, providing maximal diffraction. 

For p^l-zl, the diffraction cancels. 

In the same way, B ragg’s law and Rayleigh criterion defines the conditions of 
interfecring behaviour, for acoustic waves reflected on micrometer or meter-scaled 
parallel planes. Consequently, the pure diffracted energy part of an urban indented surface 
can be expressed through Bragg's Law, considering the path difference between two 
facades surfaces, as between two crystal planes, for the constructive interference 
conditions: pA=2nA sina, where nA is the facade indentation depth. Moreover, the two- 
dimensional polar response of a given indented surface can be expressed through the 
diffraction orders (p, q), taking the angles of incidence and diffraction into account: 

r~i r .sina. + sina ... 

^ (4) 

The characteristic directions are those along which the waves emanating from the 
individual facade indentation depth A are exactly in phase. This constructive interference 
condition is both conditioned with the adimensional modulus A t X , which quantifies the 
energy of non-evancsccnt scattering losses, represented by the area of scattering intensity 
pattern lobes, and with the previous Bragg's equation p\=2nA sina. Indeed, this modulus 
is conditioning the solutions of equation (4), as A IX =0 confirms specular reflection 
conditions (as the diffraction order p is null through the limit of the diffusion), and as this 
modulus value conditions its number of real solutions, corresponding to the diffraction 
directions (lobes of the surface's radiated energy). 


3 Diffraction and structure factor of a rnultiscale rough boundary surface 

For all other directions, the reflected waves will destructively interfere, resulting in 
complete cancellation for a self-similar periodic structure. For non- or pre-fractal 
structures as urban facades, the scattered field will show mainlobes in the characteristic 
directions, and sidelobcs elsewhere for a given sound frequency). 

3. 1 Phase of diffraction 

The interference conditions can be expressed also by defining the phases of the incident 
wave vector k« and the diffracted vector k, which both have an amplitude equal to the 
reciprocical of the wavelength. In order to calculate the phase of the diffracted wave, 
taking the path lengths difference Ad * 2 nA cosa into account, we will consider the 
difference between the path of the sonic particle (phonon) along the incident beam k 0 r and 
its path along the diffracted beam kr. By expressing this path length difference Ad m 2 nA 
c.osa= k»r - kr, the overall diffraction phase will be written as -2^(k«r - kr) = 2/r(k - ko) 
r (figure 2). 
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Figure 2. Phase geometry 

Considering I r I cosa, the component of r in the direction of the diffraction vector s, all 
points with the same value of sr arc lying on a plane perpendicular to vector s, allowing 
the same diffraction phase (figure 3). 



Figure 3. Diffraction geometry 

Consequently, as the length of the diffraction vector ' s | is equal to MA (inverse of the 
indentation depth), sr is equal to the distance between two Bragg planes (or indentation 
surfaces), and diffraction from any point r will have a phase of 2itsr. Moreover, we can 
define the phonon density resolution through the mean resolution distance, according to 
the period nA of the Fourier series of the phonon density map. The following equation 
leads us to the calculus of the reflective resolution of the structure, involving the path 
difference M as: 

J_ = 1 (5) 

Ad~ia* b 2 + c 2 * 2Acoscr 

where (A, k, [), the Miller indices, specify the direction and the period of the 
tridimensional cosine wave cos{2n/\hx/' a + ky/ b + lz/ c]). 


3.2 Structure factor indications: spatial scattering function 

When measuring several phonons located at different points, the diffraction at each point 
will be the sum of the waves scattered by each phonon. So, the expression of this sum with 
Euler's equation gives us, for the j* phonon with coordinates (x> y h zj): 

F{ s) = £exp(2jris.r y ) (6) 

This wave is represented here by its structure factor, which is the Fourier transform of the 
scattcrers of equal strength on all points of the diffraction plane. Continous expression of 
this previous equation involves the phonon's density ffr) as: 

F( s) = j/?(r)exp(27ns r )dr 

space 


( 7 ) 
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As shown through this expression of the structure factor, the diffraction pattern is defined 
as the Fourier transform of the phonon density. 

Taking into account the tridimensional distribution of phonons into the diffusive 
structure involv ing Miller indices ( h , k. /). as the plane perpendicular to vector s can be 
written as: sr, = hx, + ky, + Izj, we can afford the previous spatial expression of the 
structure factor in the three dimensions of space with integrating the tridimensional cosine 
wave as: 

F su~ jffp( x >y> z ) exp(2>ri( hx + ky+b)) dxJydz (g) 

f>komonkoime 

The acoustic field is then expressed through the phonon's density fix, y, z), which is 
useful in calculation of the mean square diffracted sound pressure Pd by the whole volume 
for a given distance of the structure [3]: 


t-pii r-T' p ' dv 


where r 0 represents the distance from the receiver to the structure, and P the incident wave 
pressure One can remark that the function of the cosine of the angle between the direction 
of observation and the normal to the surface in the observation point reminds us of the 
Lamberts law [4], which is assumed to represent the physical behaviour of sound or light 
after reflection on an ideally diffusing surface. As mentionned previously, the angular 
repartition of the sound energy is computed with the Miller indices, involved through the 
individual phase contributions 7m(hx f + ky, + Zz ; ) , which represents the spatial 
scattering function of the reference volume V (equation (8)). 


3.3 Dynamic scattering function 

This leads us to consider the structure factor as a function of time, called dynamic 
structure factor, or dynamic scattering function, by introducing time t through a random 
walk in random environment [5]: 

F(s,o)) = 2 1” cos(a),t)p{T,t)dt (10) 

The dynamical density distribution p(r,t) can be obtained with the probability for a sonic 
particle to walk to location r during the time t P(r,t), that remains equation (5), with the 
following relationship [6): 


p(s, iat) = jdr exp(isr) \dt exp(- ia>t)P{r,t) (U) 

8 

with P(r.t), describing the sonic particle's probability for a fractional Brownian walk in a 
non-integer (fractal) D-dimensional space [7], [8]: 


-—exp , N -> » 

) W1 ASt 


where 5 is the diffusion coefficient of the D-dimensional structure. 


3.4 Angular distribution function 

This function can be evaluated using the Laplace transform [9], After integrating over the 
angles, we obtain, for the pf diffraction order: 
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where D is the fractal dimension of the diffusive structure, d. the dimension of the random 
walk of the phonon [10], and g is the angular distribution function along a characteristic 
direction of scattering: 


g(r) = -^(C 0 (r)-m P(r)) 


(14) 


9<r) i 


First Shell 



Figure 4. Typical angular distribution function The first shell represents the main density function at a 
distance r of the stmclurc 


G 0 = m(o)m(r)} is the second moment of density taken in the points 0 and recalled 

dt 2, POi J 

density-density correlation function. Square of the average density 
constitutes the limit of the density-density correlation function G 0 when r->ao; 
G 0 (r) — > m and g(r) — > 1 . T his function defines the scattering intensity of the structure 
for a defined angle as: 


/, = Jc,(r ) "'dr 

) 


(15) 


3.5 Farceval theorem and diffusion mlume 

Parceval’s theorem formulates that the energy in the frequency domain is the same as the 
energy m the spatial domain [11]. Consequently, the mean square value on one side of the 
Fourier transform equation (8) is proportional to the mean square value on the other side. 
So Perceval’s theorem does allow to express the phonons density distribution as a 
transform of the spatial distribution of the surface scalterers. This property allows us to 
express the angular distribution function as a discreet quadratic summation of elementary 
structure factors as following: 

jp(x,y,zydV t 


(16) 
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where the diffusion volume is a ratio between the square root of the discreet quadratic- 
summation of the structure factors and the angular distribution function. This diffusion 
volume Vw is experimentally obtained by a mathematical morphological measure using a 
Minkowski operator, which provides a ribbon surface constituting a neighborhood area, 
under the condition of continuity [12]. 

Considering the Minkowski analysis of a tridimensional structure, analyzed with a 
structuring element of variable radius A, the phonons density-density distribution can be 
expressed through the roughness autocorrelation of the diffusive structure, involving the 
diffusion volume V , and the structure factor F^y , which defines both the global and 

xyz 

local behavior of the structure as: 


P(x,y>2) 




sin«a+sina 


(17) 


4 Application : a Facade scattering characterization 

41 The urban facade model 

The spatial configuration we measure here is a numerical 3-D model of a neoclassical 
facades of an urban street of Nantes, France, the me d 'Orleans, belonging to a 19* urban 
morphology type, with windows, doors, and freestone casting. One of the main 
characteristics of this type of architecture is the relative exuberance of its facade structure, 
following neo-classical composition. This facade is considered as a tridimensional object 
situated in an ortho-normal space, rotating around the Z-axis (figure 5): 



Figure 5. Orthographical rotative analyze of a facade in the rued ‘Orleans, Nantes. 


4.2 The Minkowski measurement technique 

In order to characterize the scattering behavior of the volume of the facade, we apply a 
fractal Minkowski operator, called Minkowski sausage, to evaluate the vertex multiscale 
densitometry distribution at each incidence angle. This operator replaces each point of the 
vertexes of the urban geometry with a sphere with variable radius A, as seen figure 6: 
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Figure 6. Tridimensional dilation of the urban scene vertexes (perspective views). 

This transformation of the urban geometry corresponds to the dilation operation in the 
morpho-mathematical context [12]. The union of all spheres is called the 3-D Minkowski 
sausage. The variation of their diameter gives us successive perimeter/surface ratios at 
each viewing angle, and regression evaluates the fractal dimension of the structure, in a 
specified validity domain. 

4.3 Facade fractal measurement 

The spatial muliiscale evolution of the perimeter-surface ratio F/S defines the profile’s 
Shape spectrum of the facade [13], This spectrum defines the multiscale relationship 
between the radius evolution of the spherical structuring clement and the “mass” of the 
structure, for each of the angular measure. As seen in the following figure, the specular 
domain is illustrated by a strong decrease of the P/S ratio, which corresponds to the limit 
Au, for the radius of the structuring element. For this domain, the Euclidean dimension d 
and the fractal dimension D of the mean structure reach the same value. This break in the 
facade indentations shape spectrum behavior occurs for 100 cm, for every value of 
incidence angle a (figure 7): 



Figure 7. Urban facade shape spectrums using a spherical recovering etemcnl at different incident angles. 


4.4 Results of the analysis : Facade 's structure factors and vertex densitomentry 

The Fourier transform of the surface roughness reflects the facade’s complexity, leading 
both to the angular distribution function and the spatial scattering function of the indented 
surface calculations [14]. 

As an indicator of the indentation frequency, the Fourier transform discriminates clearly 
the structure of a surface, revealing the spatial occurences of the roughness peaks (figure 
8 . 1 ). 
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The angular distribution function is defined through the structure factor computation 
of the surface, and indicates the facade scattering behaviour for a particular direction of 
the incident beam (figure 8.2). Moreover, the spatial scattering function offers a 
tridimensional interpretation of the angular distribution function, showing the distribution 
of the surface's scatterers along every incidence angle of the acoustic source (figure 8.3). 



Figure 8. Fourier transform (I), angular distribution function (2) and spatial scattering function (3) of the 
facade indented surface. 


These indicators allow the computation of the vertex densitomenlry for every incidence 
angle of the surface, with an increment of 5 degrees for localisation lengths A from 0.05 
to 10 m, which corresponds to acoustical frequency domain of between 25 Hz and 8 kHz. 
These densitometries correspond to die characteristic directions of scattering, through the 
calculation of the density distribution f(x, y, z) for each incidence angle. 

This angular evaluation of the vertex distribution shows azimutal densitometries due 
to interreflexions of the comers and the freestone casting along three windows depth, 
corresponding to the lateral active diffraction zone. 



Figure 9. Angular vertex densitomentry of the urban facade applied to the urban scene Measures for roughness 
values r of. respectively. I to 10 m, 0.2 to 0.5 m and 0.05 to 0.2 m. 


Global polar responses for growing localisation lengths show globally a decreasing 
diffusivity, revealing a bilobc distribution structure of the biggest scatterers, a cardiuid for 
middle-sized ones and very characteristic peaks for high frequency roughness. 


5 Experimental validation: In situ measurements 

In order to validate this geometrical scattering characterization model, we attempt to 
define a new method of measurement, applied in situ on a neoclassical facade ill the 
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historical heart of Nantes, the Hotel Deurbrouck, with windows, free-stone casting, and 
delicate metal guardrail and railing. 

5.1 Measurement Methodology 

Fractal scattering characterisation is here compared to experimental results at each 
incidence angle, by usmg a measurement procedure exploiting inaximum-lenght 
sequences stimulus (MLS). That means a binary value pseudo random sequence with a 
period : L = 2 N - 1 is generated by a N level digital register. The MLS have a quasi flat 
spectrum, and autocorrelation provides a Dirac function. Moreover, its significant signal / 
noise ratio avoids high peak factor and enables urban background noise decorrelation. The 
measurement procedure consists in emitting this MLS impulse sound wave, and then 
recorduig incident wave (time t) and the diffractive wave (time t+dt) of the back-scattered 
region of the facade. The resulting signal, constituting the facade impulse response, is 
analyzed to pull the incident wave away from the rest of the signal by time windowing. 
The content of this window is then analyzed in frequency domain, applying the Fourier 
transform, and provides the facade’s Frequency Transfer Function. Several positions of 
source and microphone provide the reflection law of the facade. 


5.2 Measurement instrumentation system 

This manipulation involves a Supravox broadband 215RTF-biconc 21cm loudspeaker, 
enclosed with a V* length wave system, installed at 6.8m height in the front of the building 
on a mobile system. The 1 /2-inch B&K microphone has a similar height and can move on 
a half-circle with step of 5°, using a laser pointer for precise setup, in order to vary the 
reception incidence angle step by step Facade impulse response is then recorded for each 
angle, through a microcomputer equipped with a numerical acquisition card and software 
emitting MLS. and processing data (MLSSA V.10.0). The microphonic post-treatment 
data provides the back-scattered reflection law for each frequency. Subtraction between 
the resulting signal and the same measurement method applied on a specular smooth 
urban surface provides the scattering effect of the facade extrusions. 



Figure 10. In Situ experimental system. 


We can note that all measured reflection laws verify the specularity mode at low 
frequencies, but a diffuse reflexion behaviour is observed for high frequencies. The 
following figure shows the impulse response provided with a normal positionning of the 
microphone successively in front of the flat and tire neoclassical surfaces. As the direct 
and specular peaks A and D are clearly readable as in the scale model, the different parts 
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of the facade response are more detailed in this measure, so we can discriminate the 
stonework (B), the windows (C) and the guardrail (E) backscattering contributions. 



Figure II. Comparative impulse responses from flat and neoclassical facades 

An accurate impulse response observation shows the correlation between the fractal 
analysis of the facades and the pure acoustical diffractive behaviour [15J. 


5.3 Results comparison 

The following results represent the measured polar reflection laws for each specified 
frequency band. Values describe the early reflected sound energy level (the first 10 
milliseconds backscattered signal) for each reception angle varying from 1 5° to 1 65°. 
Correspondence between geometrical and metrological results is clearly visible through 
the « bilobe » behavior of the low frequencies, evolving towards a cardiold figure for the 
medium acoustical domain, including three reflection lobes in the incidence direction and 
at angles 30°-140° (consequence from sound reflection on windows). As shown on figure 
12, results for high frequencies confirm the acoustical validity’ of the fractal geometry' 
evaluation model too, as we can read on both results the difTusivity peaks in the incidence 
direction and at characteristic angles from 60° to 75° (105-170°), and for grazing angles 
from 15° to 35° (145-165°). 



Figure 12. Comparison of fractal and measured result data around 100 Hz. I kHz and 4 kHz 


6 Conclusion 

Through the determination of the structure factor, the Minkowski sausage technique 
provides a quantification of the scatter distribution function of the indented surface of a 
specified urban neo-classical facade at each incidence angle. In order to validate this 
model, experimental results have been compared to those indicators at each incidence 
angle, through an in situ MLS measurement. Comparison between results and 
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characterization shows a good agreement for frequencies from 15 Hz to 6 kHz at non- 
grazing incidence angles, for eight frequency bandwidths. 

By discerning the angular vertex densitomentry of main types of architectures, we 
will be able to compute their specific angular spatial scattering function for every 
frequency, directly from the Minkowski analysis of the numerical 3-D model of their 
geometry. Developed in the aim of architectural design tools for urban acoustics, this 
method allows a good evaluation of the acoustical reaction of an urban surface by using 
morphological attributes of an architecture. Through that morphological treatment of 
architectural shapes, this research work will confirm the definition of the diffusion process 
as a geometrical dependant phenomenon, influenced by the built structure on urban 
acoustics. 
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BINOMIAL MULTIPLICATIVE MODEL OF CRITICAL 
FRAGMENTATION 
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We report the binomial multiplicative model for km- impact energy fragmentation. 
Impact fragmentation experiments were performed for low impact energy region, 
and it was found that the weighted mean mass is scaled by the pseudo control 
parameter multiplicity. We revealed that the power of this scaling is a non integer 
(fractal) value and has a multi-scaling property. This multi-scabng can be inter- 
preted by a binomial multiplirative (simple biased cascade) model. Although the 
model cannot explain the power-law of fragment-mass cumulative distribution in 
fully fragmented states, it can produce the multi-scaling exponents that agree with 
experimental results well Other models for fragmentation phenomena were also 
analyzed and compared with our model. 


Keywords: brittle fragmentation, power-law, critical phenomena, multi-scaling 

1 Introduction 

Impact fragment at ion of brittle .solids is a typical nonlinear phenomenon. Small 
impact cannot make brittle solids cleave. However, large impact produces cracks 
irreversibly and makes brittle solids fissure to small pieces of fragments. This ubiq 
uitous phenomenon can be seen even in our everyday lives. Thus, many scientists 
and engineers have studied this issue. As known well, cumulative distribution of 
fragment mass shows power-law 1 . Oddershedeet al. 2 and Meibom and Balslev 3 in- 
vestigated what controls the exponent of power-law distribution. They found that 
the exponent is determined by the dimensionality of fractured object. Ishii and 
Matsushita performed the 1-dimensional fragmentation experiments with long thin 
glass rods 4 . They dropped the glass rods from various heights. The cumulative dis- 
tribution obeyed power law form at high dropping height, and obeyed log-normal 
form at low one. 

Recently, Kun and Herrmann investigated the damage-fragmentation transition 
for low impact energy collision by numerical simulation 5 . They used the granular 
solid disks colliding by a point to each other 5 . The transition from damaged state to 
fragmentation state was observed bv increasing the relative collision speed. They 
measured the critical exponents of damage-fragmentation transition and realized 
that scaling-laws of the percolation universality are satisfied near this transition 
region. On the other hand, Astroin et al. studied the low energy fragmentation 
using the random distorted lattice with elastic beam model and fluid MO model 
with LJ pair potential 7 . They corrected that the critical behavior for low energy 
fragmentation differs from that of percolation. Oddcrshede et al. said the fragmen- 
tation process is a kind of self-organized critical phenomenon 2 . However, most of 
experiments examined only on high imparted energy fragmentation. There are no 
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experiments on critical behavior of fragmentation by low inp&rted energy. 

In order to study the critical fragmentation, we performed simple experiments of 
fragmentation. Wo considered a simple binomial multiplicative scenario of critical 
fragmentation. In this paper, we report on results of detailed analyses on the model. 
In the next section, experimental results are presented. In Sec. 3, we introduce a 
binomial multiplicative model and analyze it. In Sec. 4, the results are compared 
with other possible models. 


2 Experiment 


We used glass tube samples as 2-D fractured objects. The tube was put between a 
stainless stage and a stainless plate. A brass weight was dropped to the stainless 
plate. The falling height was controlled on slightly higher than the point at which 
samples did not fracture. After fragmentation, we collected fragments and measured 
t.lic mass of each fragment with an electronic balance. Fractured tubes have the 
approximate 2-D geometry (50 mm outside diameter, 2 mm thick, and 50, 100, 1 50 
mm length). More detailed experimental setups are described in Kef. 8. 

According to Kun and Herrmann’s result, the control parameter should be the 
imparted energy per unit sample mass c, and the order parameter should be the 
maximum fragment mass A/„», 5 . The « is calculated as t = M w gh/M&, where 
A/* , g, h , and A correspond to the mass of falling weight, tiie gravitational ac- 
celeration, the height of falling weight, and the mass of target sample, respectively. 
The log-log plot of maximum fragment mass M max vs. imparted energy per unit 
sample mass t is shown in Fig. 1. As can be seen in Fig. 1, A/ max and < relate with 
negative correlation, qualitatively. However, since the data in Fig. 1 contain large 
uncertainties, we cannot discuss quantitatively on the critical scaling by this plot. 
Therefore, wc have to use another parameter to analyze quantitatively. 

Caiupi proposed a pseudo control parameter multiplicity // in Ref. 9. The p is 
defined as. 


= 


m„ 


Mo 

'M~, 


(i) 


Where m mm , A/ 0 . and A/j correspond to the smallest limit of fragment, mass (we fix 
it at 0.01 g), the total number of fragments, and the total mass of the all fragments, 
respectively. The fragmentation critical point corresponds to the value p — 0 by 
this definition. In general, wc can introduce the fc-th order moment of fragment 
mass distribution A/g- as. 


A/* = X>*n(m), (2) 

m 

where n(m) is the number of fragments of mass m. Certainly, Mo and A/i in Eq. 
(1) are specific cases of A/* (k — 0 and 1, respectively). We consider the fc-th order 
weighted mean fragment mass and assume the scaling. 


~/i 




Mk+\ 

M k 


( 3 ) 
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e (Nm/g) 


Figure I The maximum fragment mass Mi,,** vs. the imparted energy per unit sample mass t. 
Although the rough correlation between A/ mikX and r can be seen , it is too fluctuating to discuss 
quantitatively. 


In Fig. 2, we show the log-log plot of M 2 /M\ as a function of p. Contrary to the 
Fig. 1, the data in Fig. 2 seem to be fitted by a unified scaling line. The scaling 
result for k = 1 is presented as a solid line in Fig. 2. We obtained the nontrivial 
scaling exponent 07 = 0.84 ± 0.05. For other k regime, multi-scaling exponent 
values of ( 7 * were obtained as shown in Fig. 3 (circle marks). In spite of the trivia) 
value <7fc = o — 1 , <fk varies with k, and seems to approach to the nontrivial value 
(~ 0 . 6 ). 

From the definition of 7 * as 


M, 




» 


( 4 ) 


the obtained 7 * values are plotted as square marks in Fig. 3. It seems that 7 k 
approaches to the value around 0.6 again. Of course, F.qs. (3) and (4) relate to 
each other. The relation < 7 , = A- 7 * holds for any k. Thus, when the lias 

a trivial value 1 for all k, 7 * varies as (fc — ] )/k. The trivial curves are shown as 
broken lines in Fig. 3. In addition, the relation (A; + I) 7 fc+i — kyi, — < 7 * can be 
computed from Eqs. (3) and (4). If the difference between 7 k+i and 7 k becomes 
small, 7 k and < 7 * approximately have the same value, as seen in Fig. 3 for large k. 

On the other hand, when the imparted energy was sufficient to fully shatter, 
many fragments were created and the cumulative distribution of fragment mass 
obeyed power-law form. Our results suggest the power is 0.5 about the 2-D frag- 
mentation with the flat impact 8 . In this regime, cumulative distribution functions 
are collapsed by the scaling function written as A r (m)/A / 0 ~ f(tnfn~ a ). The func- 
tion f(x ) consists of the scaling part f(x) ~ a: -0 ‘ s and the decaying part due to the 
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Figure 2. The weighted mean fragment mass Mi/Mi vs. the multiplicity p. The solkl line Indicates 
the form of the power-law fitting M</M\ ~ p - "' (<ri — 0 84 ±0.05). 'I'hree different sire results 
arc fitted by the unified scaling independently of size. 



k 


Figure 3. Multi- scaling exponent it* and obtained from fc-th order weighted mean fragment 
mass The Woken lines Indicate the case of trivial integral scaling corresponding to tr* — 1 and 
1 * = ( k — 1 )/k The solid lines depict results of the binomial multiplicative model at n = 2/3. 
The Ok ar.d asymptotically approach to the same value, in large f> range. From the definition 
of E<|S. (3) and (4), the values Ok-O and it-i exactly show 1 and 0. respectively. 




237 


finite size effect. The value 0.5 concurs to the results of Hayakawa 10 and Astrom et 
al. 7 . In contrast, this value is not consistent with the percolation scaling ansatz 11 . 
In the percolation scaling ansatz, the scaling exponent of cluster size cumulative 
distribution must be greater than 1. Therefore, we can consider that the univer- 
sality classes of critical fragmentation and percolation criticality are different each 
other. 


3 Model 


In order to explain this multi-scaling property, we introduce a simple biased cascade 
model. A binomial multiplicative process is considered with a unit mass initial 
condition. Here we consider a asymmetrical cleaving presented by a parameter a. 
We can limit the range of the parameter a as 1/2 < a < 1 by the symmetry of the 
model. The initial unit mass is divided into two fragments whose masses are a and 
1 — a at first step. This biased cleaving continues some steps until the imparted 
energy dissipates. In this model , we can easily calculate the exponents and y k 
from liqs. (3) and (4) as 



a* +1 +(1 -a)* +l 
a* + (1 — a) k 

(5a) 


<i fc + (1 -«)* = 2- fcl \ 

(5b) 

or more explicit forms 

os, 


a k as - 

Inla*" 1 + (1 — a)** 1 ] — ln[u* + (1 — a)*] 

(6a) 

In 2 


In (ft* + (1 - <0*j 
lk In 2 

(6b) 


If we choose a value a — 2/3, the <r* and -y* become the values depicted by the solid 
lines in Fig. 3. One can confirm the pretty good agreement with experimental data. 
The trivial case presented by broken lines in Fig. 3 corresponds to the case a = 1/2. 
In this case, all fragments at each step are |>crfectly equal. In the case a / 1/2, the 
fragment size distribution has variation and exhibits inultifraetal scaling. 

This model is so simple that we can calculate the fragment mass and the number 
of fragments exactly. We consider the s-th step, and suppose the fragments in which 
the factor a (or l — a) works I. (or s — t) times. In such fragments, the mass m,(() 
is written as, 


m,(t)=o‘(l-<.)-‘, (i<a<l). 

And the number of fragments n,(t) is described as, 


n,(t) 


5! 


(7) 


(«) 
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Figure 4. The cumulative fragment mass distribution for the binomial multiplicative model with 
a = 2/3 and s = 10. 


Since we are interested in the cumulative distribution of fragment mass, the 
cumulative number of fragments ,V„(f) is calculated as 


*,(0 




[9) 


In Fig. 1, we show the cumulative distribution of fragment mass obtained from 
the model. The parameters are taken as a = 2/3 and s = 10. The line of slope 
—0.5 corresponding to the experimental result is also shown as a solid line in Fig. 
4. Unfortunately, clear power-law, which follows the experimental data, cannot be 
observed. However, the distribution curve in Fig. 4 seems to include the region of 
slope —0.5. In this model, we can calculate the local power r — 1 directly by the 
relation, 


*,(< ~ 1) 

*.(<) 


' m,{t 1 ) ' 

. "»,(<) . 


-(f-i) 


Solving the Eq. (10), we obtain the exact form of r — 1 as follows, 


r — 1 = — 


In 

[*.(<-1)1 

. K(t) . 

In 

m,(t 1) 

. ™»(0 . 


In 


2-,-t 


In 


V-l(l 

a‘(l - a) ,- ‘ 


( 10 ) 


(ID 


We show the relations among r — 1, s, and t in Fig. 5. As can be seen in Fig. 5, 
the lower limit of the local slope r — 1 is 0, and it has a divergent tendency. The 
value 0.5 is not a particular one. 
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Figure 5- The local scaling exponent of cumulative fragment mass distribution r — I. (a) The 
relations between r - 1 and t are shown. Each curve corresponds to the case s — 5, 6, • • • , 10 from 
left to right, (b) The relations between r - 1 and * are shown Each curve corresponds to the 
case t = 5.6. • • . 10 from left to right. 


4 Discussion 

In Sec. 2, we concluded that the universality of the critical fragmentation differs 
from that of percolation. Instead, the weighted mean fragment mass was studied to 
reveal the universality of the critical fragmentation. It indicates the mnlti-scaling 
nature and is modeled by the simple binomial multiplicative model. There arc 
some other candidates for the critical fragmentation. From now on, we discuss and 
compare them. 

Similar multiplicative model for turbulent flows was proposed by Meneveau and 
Sreenivasan . They investigated the energy cascade of eddies, and obtained good 
agreement with experimental data at a — 0.3 (in their paper, the corresponding 
parameter was written as pi). This value slightly coincides to ours I - a — 1/3. 
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Tlie same physical mechanism might dominate both cascades of fragmentation and 
turbulence. 

We can fit the data by a = 2/3 very well indeed, however, the reason of symme- 
try breaking by a / 1/2 is not understood well. While the model always requires 
the exact asymmetry presented by a, the cleaving point might distribute. We can 
consider the simple distributed model as described below. We set the unit mass 
segment initial condition again, and consider the probability p(x)dx which presents 
the cleaving point in the range from x to x -+- dx at each step. We assume the 
symmetrical distribution as p(x) = 4x (0 < x < 1/2), and 4 — 4x (1/2 < x < 1). 
This is one of the simplest distribution presented by isosceles triangles. The nor- 
malization condition of this model is J" 0 ‘ p(x)dx = 1. In this model, we can calculate 
the expectation value of the cleaving point x (or 1 — x) as, 

, r 1 2 

/ (1 — x)4xdx + / x(4 — 4x)dx = -. (12) 

Jo 3 

Note that we cannot distinguish the cleaving state (x, 1 — x) and the state( 1 — x, x). 
Thus, the x can be limited in the region 1/2 < x < 1. The expectation value is 
nearly the same as one (a = 2/3) of the above mentioned multiplicative model. We 
can also calculate the fc-th order moment A/* as, 

- jf V + (i - *)‘|pWfc - (t ^ ]• <>») 

We show the computed from the Bqs. (13), (3), and (1) as a solid line in Fig. 6. 
The result does not supply the agreement with the experimental data, particularly 
in large k range. 

Matsuhita 13 and T\ircotte u introduced the model for power-law fragmentation. 
Matsushita examined the model in which each fragment cleaves into 4 pieces at each 
step. Then 1 piece docs not break any more, and the other 3 pieces cleave into 4 
sub-pieces at next step. The same procedure works upon all sub-pieces at each step. 
According to his model, the exponent of the power-law cumulative distribution of 
fragment mass becomes t — 1 = In 3/ In 4 ~ 0.79. We can easily modify this model 
to the case r - 1 = In 2/ In 4 = 1/2 by changing the remaining piece number 1 into 
2. In this condition, we can calculate the A/* for this modified version of the partial 
remaining model at a th step as, 

"*- £'({)*• <u > 

ia] ' • 

Then, the <t* can be computed again, however, the value of cr* depends not only 
on k, but also on s. We show the <7* obtained from tins model at s — 10 as a 
broken line in Fig. 6. This model also cannot provide the appropriate curve of the 
ah- Thus the exact a = 2/3 binomial multiplicative model seems to be the most 
possible model in terms of multi-scaling exponents a*. 
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figure 6. Comparison between the experimental data and the other consider able models. The 
experimental data are shown as circle marks. The exponent c k obtained from the symmetric 
(isosceles triangle) distribution model is presented by the solid line. The broken line indicates the 
result of the modified partial remaining model at a = 10. 


5 Conclusions 

We investigated the criticality of brittle fragmentation. Some models to interpret 
the experimental result are proposed. The exact binomial multiplicative model can 
produce the adequate approximation for t,he exponent <r k . And the cumulative dis- 
tribution obtained from the model is not so worse. However, it requires that the 
cleaving point is exact ly at a. Since the isosceles triangle model has non-divergent 
standard deviation, the distribution of fragment mass resulting from the model 
must approach to the log-normal distribution due to the central limit theorem 15 ' 16 . 
In addition, its o k differs from the experimental data, particularly in large k region. 
The modified partial remaining model can explain the experimental value of the ex- 
ponent t very well. However, the n k from the model shows large discrepancy from 
the experimental data. Each model has merits and demerits. The tot ally sufficient 
model is not presented yet. Furthermore, these scaling exponents will depend on 
detail load condition and dimensionality of fractured object. More detailed exper- 
iments and analyses are necessary to solve the criticality of brittle fragmentations 
completely. 
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This paper consists of three parts. The first part describes a mathematical model of fractal interpolation 
surface on a rectangle field and the calculation formula of the fractal interpolation surfaces. The 
second part presents the study of attitude (the trend and the obliquity) of the fault by using multivariate 
statistics The third part discusses the simulation of roughness of the fault surface dealing with die 
improved methods, the partition of local domains and the determination of vertical scaling factor, of 
fractal interpolation surfaces At the same time, the fractal dimension of the interpolated fault surface 
is obtained. The theory and method discussed in this paper provides a new way for studying the 
influence of the roughness of the fault surface in mining engineering and civil engineering. 

1. Introduction 

The accidents of slope instability and roof fall in mining engineering and civil 
engineering occur frequently. The occurrence of the accidents is closely related to the 
influence of faults and joints in rocks. The attitude and the surface roughness of the 
faults and the joints affect the occurrences of the slope stability and the roof cavc-in 
directly. For many years, the researchers in the field of rock mechanics, geology and 
mining have been paying much attention to the study of the shape and the surface 
roughness of the faults and joints. 

However, faults and joints are in the different layers underground and it is difficult 
to obtain the shape and roughness of the fault surfaces. So, it is urgent to develop 
mathematical models (Mandelbrot 1982, Barnsley 1986.1988. Massopust 1994, Falconer 
1990) so that the real fault shapes can be interpolated approximately for analyzing, 
simulating and predicting in order to research the influences of the roughness of faults 
and joints on the accidents in mining engineering and civil engineering. 

Professor H. Xie(l998) has found out the fractal properties of the fault surface and 
pointed out that the fault surfaces have fine fractal features of statistical self-similarity 
and the rough shape of the fault surfaces is related to the lithology and tectonic stress 
characteristics. He concluded that the roughness of fault surface influences the mining 
subsidence and the instability in the civil engineering directly. 

In this paper, based on the principles of multivariate statistics and the theories and 
methods of fractal interpolation surfaces, the attitude and the roughness shape of fault 
surface are simulated and the fractal dimension of the simulated fault surface is obtained 
by using the altitude data of the fault surface. 
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2. The principles of fractal interpolation surface on a rectangle field 

Let / = [ a , b ], J = [ c, d ] ; and D = / xy = { { jr , ^ ) : a^x^b , c^y^sd J. 
Subdivide D into the subintervals: 


\a = .* 0 <x t <■••<** =b 
1 ^ 0) 

Given a set of data on the grid: {( x,,y t , r (> ), i = 0, I, •••, A. j “ 0, I, •••, jW|, we 
construct an interpolation function / : £)—/?, such that/( at,, _y ; ) = ( /' = 0, 1, ,V. 

7 = 0, I, -,M). 

We will discuss on the three dimensional domain (Heping Xie and Hongquan Sun 
1997) K ~ DX[ A| , A : ] {- 'x><h t <h 1 < + °°). For (e, , d , , *,), (c 2 , rf 2 , e 2 ) GAT, let </ 
( (C| , d\ ,e,),(c 2 .<f 2 ,e 2 )) = max { | C| - c 2 | , | d, -rf 2 |,| e, - e?| }. 

Let /» - [ Jt n|* y i» *~ [ »-ii y »]• «-/»xy„, /t e { 1 , 2, ***, Af } * m e { 1 , 

2, •••, A/ j . And let <b„ : /-*•/„ , *V „ : y— -y w be contraction mapping and satisfy: 

< M* 0 ) = *. .. <M**) = *„ 

^O’ 0 ) = x« ,, ^ m {y u )-y m 

| f I > „(c,)- { l , ,(c 2 )l<A: 1 |c 1 -c 2 | 

J'k.w-'p. < 4)1 I 


where C| , c 2 e / , d , , d 2 e y, 0^ Ar ( < 1 , 0^kj< I . 

Let L „, m : D—R‘ be a contraction transformation : L (IW (jf, >’) = ((!>„ (jt), S' (y) ). 
Let F„ „ : K— [/»i,/» 2 J be continuous, which must obey four equations: 

>.„<*# \Vo. z o,o ) = z «-i.«-i 

^„jh( X N ^0.2/V.O ) = Z #,*-I 

' r r (3) 

*y u , z x ,m ) = z hm 


Forany ( jti.T', ), ( jc 2 , v 2 ) e Dandci ,z 2 e [A,,/i 2 ] .wchave 

1 F„ Jxi,y t . Z\ ) ~F„ m (X 2 <)’ 2 . Z 2 )|^*3 kl -*?l 

»e{l. 2, •••, A'}, me { l,2,--,A/}.0^Aj< I 

Let d>„ (.r) = a „x + b„ . With the conditions (2), wc have 

a»Jfo + h„ = x„. t , a„x N + b,-x^ 

and obtain 

fa* =(x 0 -x H . t )/(x N - X 0 ) 

K = (-Vi*v -x u x 0 )/(x„ -X n ) 


(4) 

(5) 

( 6 ) 
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<D,(x) = *„_i + X “ X ” ' (* ~ x 9 ) n e(l,2,—, W} 

Xy X 0 

Let 4* „ (y) = c„y + d„ . Similarly, with the conditions (2), we have 

k, = (y m -y m -,)'(yM-ye) 

K = 0v iXw -ymy 0 ) , (y» ->«) 




■ y - l (y- > , ) m 6 {1.2, -,Af} 
3V “*> 


Let 

Fr. m ( X , * z) = e„ + f na y + + s„.„z + k nm 

n € {U,-,JV},*€ {1,2,- 

According to Oqs. (3), we have 

Vu-I = + /■aaJ’o + Sn.-.-'oJ'o + Z 0.0 + k *,m 

~ ^njtfX y + f 8 n.mX y y<) ^n.m 2 y.O + 

Z-xm =e„s,x 0 +f nm y M + g„, m x 0 y M +s„ m z 0M +k nni 

Z n.m ^u,m Xy +/„,„}■« +g n .*,Xy>’ M +S„ ,m Z y.M + ^ it, m 


P) 


( 8 ) 

( 9 ) 


( 10 ) 


(ID 


Let m (m € {1,2, ”\A/},me {1,2, ••*, A/j)bc any real number and satisfy |S (VII |< 
1 which is called a vertical scaling factor . We find that we can always solve the above 
equations for e n m ,J K m ,g„ m and k „ m in terms of the interpolation data and S Kjn .We 
obtain 


g n.m 


I 2 n l.m 2 


I 


+ 2 n.m • r ».*( 2 0.0 Z ,V.O Z 0.V + Z .V.M ) 


*o>' 0 -Xyyo-Xoyu +x N yu 


J w ,m 

k njH 


Z |»-I,«|-I 2 it . hi 1 S„„(Z 00 z y.o) gn.m^Xpyo X /y y 0 ) 

x 0~ x s ( 12 ) 

_ “ir-l.w] ~ Z « l.q, ~ 5 n.m ( 2 11.0 ~ Z 0 A( ) ~ g „.m ( *0-fo ~ • Y o3'*> ) 

>« - y» 

~ 2 n.m ~ e n. m Xy ~ J n.*}' H ~ S njv 2 N.M 

n e {1,2,— ,#},»» e {1,2,— , M) 


We define a new mapping G „ ( .r, y, z ): 
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G mj ,(x,y,z) 


F(x t y,z)+a u (y,z)^^-, 

x^[x n . x ,x n ) 
«e{U -,N-\) 

i 

* 

H 

we {1,2, — , A/} 

F ..i. m (x, y,z)-a mm (y, z ) -, 

xe[j^,x,] 

»€{1, 2, — , Af — 1} 

*-•*0 

me{l, 2, A/} 

F . ,( *, *) + /* z) - V ~- V " ' , 

.V €[>„_„ >-*] 
/te{l,2,-,/V> 

>-« ->v. 

we {1, 2, • • •, A/ — 1} 

(x,y,z)-/3 , m {x,z)^^- t 

A’e L>’o, ^ J 
ne{l, 2,-”,A r } 

y,-y« 

we {1, 2, •••,A/~1} 


( 13 ) 


F. m (x,y,z\ 


others 


where 


a = F. m (x M ,y t z))t2 (14) 

P *, *) - ( ix,y 0 ,z)- F„ m (x, , z)) / 2 (15) 

According to the Eq. (13), we can define an Iterate Function System (IFS) ( Barnsley 
1 986, 1 988 ) W„ w (x, y , z) on the field K: 

W n . m ( x ,y , z ) = (<t>„( x ), ^(.y ), ( x ,y , r) ) , 

n e { 1,2,—, N }, w e {1,2,—, M). (16) 

For such defined IFS, we have a unique attractor G = {( x, y ,/(x , y ) ) : ( x , y )eD) 

which is the graph of a continuous function /, such that 

f(Xi,yj) = Zij; / = 0,1,— , N , y = 0,l,— ,M. (17) 

Based on the Iterate Function System (16), the function of the self-affine fractal 

interpolation surface can be obtained: 

f(x,y) = (x) + /..t ; 1 (>-) + g^o;' <*)'*'.' <*) 

(i8) 

where . g„, m and k„ are obtained from Eqs.( 1 2) and 
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— ^+.v 0 ,xe[*,., ,*„],«€ {1,2, — ,AT, 


(19) 


x. -x 


AI-1 


(y -y m ,) y ^~ V ^ - 4 y 0 ,ye{ym.t,ym\, «e{l,2 , -,a/}, 
y„ -y.-i 


( 20 ) 


Let N-M \n the Eq. (18) and a,-c m = 1/A' in Eqs. (6) and (8). So that : 

<&„ = -I; x + ^ , »6{l,2, ■••,#} 

N 

+ me[\, 2,",JV> 

/v 


(21) 


The number of the fields for the interpolation is N 3 * * * 7 ( - hi x ,V). Suppose/* is the fractal 
interpolation function, then we have the dimension theorem of fractal interpolation 
function as follows: 

Suppose E E | .v„, | >N and the interpolation points are noncoplanar, then the box 

dimension of fractal interpolation surface is given by : 


dim( graph /' ) = 1 + log N I Ik. I 


«- I <u-l 


( 22 ) 


3. Attitude analyses of the fault surface 

3. J Elevation data of the fault surface 

We obtained 28 elevation data of a fault surface with seismic reflection data in a coal field 

in south China. For simplicity, we move the down-left comer of the research field to the 

origin of the coordinate system. 



Figure I. Spatial distribution of the elevation data on the fault surface 
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Figure I gives the spatial distribution of the 28 point elevation data. The roundlels 
show the locations of the data on the fault surface. The mesh shape of the data is shown in 
Figure 2. 



Figure 2. Mesh of the clcsatiun data on the fault surface 


On the statistics, the elevation data of fault surface include two kinds of information: 
the attitude and the roughness of the fault surface. At first we divide the elevation data of 
the fault surface into the altitude and the roughness of the fault. We study the attitude of 
the fault with multivariate statistics analyses and simulate the roughness of the fault with 
the fractal interpolation surface. Now we put up the attitude analyses of the fault surface. 

3.2 Trend of the fault 

The study of the attitude of the fault is based on the principle of the trend surface analyses. 
We use the practical data obtained from the fault surfaces to fit the first order trend 
surface. 

z = b„ + b r x + b 2 y (23) 

Where x and y are coordinates, £ trend value of the fault surface, and b n , b, and b } 
coefficients of the trend surface, which can be obtained by using the least square method. 

The intersect line of trend surface (Eq.(23)) and the plane z = 0 is the direction of 
fault surface. The angle formed by the first order trend surface and the plane XY is the 
obliquity of the fault surface 

On the practical data on the fault surface . we obtained the first trend surface 
equation: 

Z = 556.7590 + 0.5454 x + 1.4678 y (24) 

Figure 3 shows the shape of the trend surface. 
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Figure 3. The First order trend surface of the fault surface 

According to the analyses of the trend of the fault, let the i value of the first order 
trend surface Eq. (24) be zero. The equation of trend line can he obtained (see Fig. 4) 

y= -0.3716 x -379.3 153 (25) 

Y 

-340 
-350 
-360 
-370 
-380 

-100 -80 -60 -40 -20 0 

Figure 4. Trend line of the fault surface 

Suppose the angle formed by trend line and X axis is 0, then : 

0 = 1 80"- tg '(0.37 1 6) - 1 80° 20.4° - 1 59.6“ (26) 

Let the angle between trend line and Y axis be <x then: 

a =0 -90° =69.6° (27) 

So, the trend of the fault is NWW 69.6“ . Figure 4 shows the trend line of the fault on the 
XY plan. 
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3.3 Obliquity of the fault 

The angle formed by the first order trend surface and XY plane expresses the obliquity of 
the fault surface. Based on the calculating way of the angle of the two planes, wc can 
obtain the angle of the first trend surface and XY plane. 

Let P, be the first order trend surface and P, be XY plane, that is P| : z = 556.75090 
+ 0.5454 x + 1 .4678 y, Pj: z = 0. then the angle between Pi and Pj. <t>, can be expressed as 

cos <p = r ... * = — ! — - 0.5283 (28) 

V0.5454* + 1 .4678* + 1 1 .8579 


New we have: 


0=57.4° (29) 

So, we obtained that the obliquity of the fault surface is 57.4°. 


4. improved fractal interpolation surface of the fault surface 

The surface interpolated directly by the equations of fractal interpolation surface gives the 
characteristics of the strict self-similarity fractals. In fact, objects studied in nature seldom 
exhibit strict self-similarity fractals. Fractals in nature have the statistical fractal feature 
usually. Similarly, fault surface has the fractal feature but not strict self-similarity. So we 
put forward the methods of the improved self-affine fractal interpolation with the ways of 
the partition of local field and selecting of vertical scaling factor . 


4. 1 The partition of local field 

The fault surface possesses fractal character, but not strict self-similarity.Rcscarchcs 
indicate that the variable z(x) reflecting roughness of the fault surface is a regional 
variable, that is it includes both pertinence and randomicity. Using the variagram theory 
of gcostatistics ( llongquan Sun 1990), wc put forward the method of the local field 
partition. The expression of the spherical model of variagram is: 


0 


3 h I At, 


h = 0 


y(h) = \c 0 +c(- -•(-)) 0 < h <a 


2 a 2 


(30) 


c 0 +c 


It > a 


where a is range, c„ nugget and c n + c sill (see Figure 5). 

The physical meaning of range a is that if the distance betw een two points is less than 
a, the variation of this two points is related to the distance between them. In the process of 
fractal interpolation, the range a is used as the basis of the partition of the local field. The 
calculation formulas of the fractal interpolation are used in the local fields. 
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Figure S. Spherical variogram model 


Suppose we found out a — 0.7 of a set of data with the interval 0.22, then wc select 
4><4 points as the local field (see Figure 6). 



Figure 6. Sketch map of partition of the local field 
4.2 The way of selecting of vertical scaling factor 

We give the w ay of selecting of vertical scaling factor as follows ( Hongquan Sun 1998): 
(D Using the practical data (interpolating data) |.x,„ y t ,z^ }(t=0, 1, .... 0, 1, .... 

A/)and based on the principle of the least square, we construct an one order trend surface 
equation: 
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z = b 0 + b t x + b 2 y (31) 

® According to the one order trend surface equation, we calculate the trend value on 
each interpolating datum point 

i >,i = b o + V/ +b 2 y t (/ = 0,1, •••, W;y = 0,l,-",A/) (32) 

© Using the practical data to detract the trend value on each given point, we obtain 
the deviation value on the corresponding points: 

e u = z u -S u (i=0,l, -,N,j = 0,1,-, M) (33) 


The relationships among given values, trend values and deviation values are shown in 
Figure 7. 


Y 



Figure 7. The relationship among given values, trend values and deviation values 

4.3 The deviation values can be used as the vertical scaling factors 

In the fractal interpolation with the rectangle fields, the data on the regular gridding arc 
expressed as {x, , y, , r v |(/-0, I, .... N; y= 0, I, .... A f) So the trend value and the 
deviation value are denoted by z, f and e t f respectively. Then we have 

Let: 

e= max lie, ,1} (34) 

OitSN'.OSjSM 11 71 ' 

Then the vertical scaling factors arc found out by 


s i.j = 1 N: y *®. 1 *0 


(35) 
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5. Fractal interpolation of the fault surface 

Based on the method of fractal interpolation surface discussed above, the roughness of 
fractal surface is simulated by using the practical data shown in Figure I . The result of the 
simulation is shown in Figure 8. 



Figure 8. Fractal interpolated Fault surface 


Front Figure 8, we can see that there are obviously scraggy local areas on the fractal 
interpolation fault surface. It gives us an intuitive roughness. It shows the virtue of the 
fractal interpolation. With the traditional methods, this result can't be obtained for the any 
closed points arc connected by lines or smooth curves in traditional interpolation. 

With the method of calculating box dimension (Hongquan Sun 1998), we can obtain 
that the dimension of fractal interpolated fault surface is 2. 1 993. 

According to the principles of precision analyses (Hongquan Sun 1998), the 
dimension precision and the deviation precision of the fractal interpolated fault surface 
can be calculated. As the known data number is 28 and the simulated point number is 
4186. So the information content is h = 28/4186 -0.67%. We obtain that the dimension 
precision and the deviation precision are 97.95% and 92.06% respectively. 

6. Conclusions 

Usually, the fracture surface in rocks appears to be statistically self-similar and/or 
sclf-affinc. The fractal geometry supplies an alternative method to describe quantitatively 
the roughness of fault surfaces in geology. Extensive studies show that the morphology 
of fault surfaces in geology really affects the degree of the accidents of slope 
instability and roof caving in civil and mining engineering. However, for a geological 
fault or a joint, to obtain the morphology of whole fault surface is really difficult. It is 
to say that, in rock engineering, only a little information about roughness of a fault 
surface can be obtained from the exposure and several drill holes. The important work 
is how to estimate the morphology of fracture surfaces according to a little 
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information from the surface. Therefore, the theory and method of fractal interpolation 
is needed to develop a new way to estimate the morphology of an entire fault surface 
based on the information from drill holes. 

In this paper, an improved self-affine fractal interpolation method is proposed. The 
variagram in geostatistics is introduced into the fractal interpolation of fault surfaces and 
the method of the local domain partition is established. By use of the principles of the 
trend surface analyses, the deviations on the information points are used as a vertical 
scaling factor. 

The case studies presented in this paper demonstrate that the method of fractal 
interpolation surface is a very useful tool for simulation or generation of the morphology 
of fault surfaces. 
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A new algorithm, called herein the Plotkin power domain algorithm, is discussed; 
it uses the Plotkin power domain as its computational model and it generates black 
and white images coded by an iterated function system, a technique used in fractal 
image compression. A simple complexity analysis for the algorithm is also derived. 

1 Introduction 

A number of algorithms have been proposed for the digitised approximation to the 
attractor of an (hyperbolic) iterated function system, or IFS for short, on the plane. 
Deterministic algorithms for decoding IFS-encoded-images involve determining all 
the descendants of seed pixels. In what follows, a competitive alternative will be 
described and implemented as a consequence of the introduction of Domain Theory 
in dynamical systems, measures and fractals l . It uses the Plotkin power domain 
as its computational model and generates black and white approximations to the 
attractors of various IFS’s. 

The proposed algorithm, after comparing with the most commonly used deter- 
ministic algorithms for the approximation of such attractors, namely the Determin- 
istic Iteration Algorithm (DIA, see 2 ), the Adaptive Cut Algorithm (ACA, see 3 ) 
and the Minimal Plotting Algorithm (MPA, see *), shows to be, under all known 
circumstances, faster than DIA and ACA. Moreover, it can serve as a basis for a 
magnification algorithm, i.e. to render magnified fragments of fractal images; MPA 
shares with the DIA the defect that rendering a small part of a highly magnified 
attractor consumes inordinate amounts of memory. 

An advantage of the new algorithm is that it encapsulates an economical stop- 
ping criterion; roughly speaking, we are in a position to know whether the actual 
attractor has been sufficiently produced in the space of the digitised screen. More- 
over, for a given discrimination capability of the computer screen, the proposed 
algorithm has a determined upper and lower bound for the number of computations 
required before the best possible attractor for the given resolution is constructed. 
The exact number of computations, however, cannot be specified analytically in a 
closed formula, but can be very easily' calculated with the aid of a computer. 

An analytic description of the algorithm as well as a digest of the theoretical 
fundamentals, on which its model is based, follows. However, an extended abstract 
for the theory can be found in 6 , where power domains are discussed along w'ith 
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IFS’s. 

2 A Computational Model 

Although any complete metric space X would be sufficient as a model space for 
an (hyperbolic) IFS, in the case of computer graphics we are especially interested 
in the closed and bounded subsets of R 2 ; under these presuppositions our space 
X C R 2 is a compact metric space. Since the attractor of an IFS is a compact 
subset of X, it is natural to study this set as an element of the associated space 
UX , namely the upper space of X , on which we will focus our attention. 

For any Hausdorff metric space X the upper space UX consists of all nonempty 
compact subsets of X, that is 

UX = {0 ^ C C X | C compact}. 

This space has a topology, called the upper topology , whose base is the collection 

□. = {C € UX I C C a}, 

where a € CIX is an open set of X. This means that, for any open subset a of X, 
the collection of all compact nonempty subsets of X that are included in a forms an 
element of the base for the upper topology. This topology is To; the specialisation 
ordering C u of UX is the superset inclusion, i.e. 

AQm D <-=> Vo 6 nxp4 Ca=>5Ca]<=>A3fl. 

Under this ordering (C u ) the space (UX, D) becomes a directed complete partial 
order (d.c.p.o.), which means that every directed set has a least upper bound (l.u.b.). 
The l.u.b. of a directed set of compact subsets is their intersection; the elements of 
X are maximal elements of UX. 

Furthermore, whenever X is compact as in our case, (UX, 3) can be proved to 
be a bounded complete continuous d.c.p.o. and UX has a bottom element. Since R 2 
is second countable, X is a second countable space as well and the Proposition 3.4 in 
1 suggests that X will have a countable basis of relatively compact neighbourhoods 
(i.e. their closures are compact sets) and that UX will be ^-continuous with an 
induced order basis consisting of finite unions of closures of these relatively compact 
neighbourhoods. 

An (hyperbolic) IFS (X;/i,/a, ...,/jv} or, more briefly, induces a 

map F:UX — * UX defined by F(A) — fi(A) U / 2 (A) U • • • U f.w(A), where arc 
contractions with corresponding contractivity factors s ( for i = 1,2 , .... A. Then 
F is a contraction with contractivity factor s = max, .s, and, according to the 
Contraction Mapping Theorem, F has a unique fixed point in UX. which is called 
the attractor of the IFS. 

We are able to construct the attractor as a result of a deterministic computation 
using the Plotkin power domain CUX, which contains the finite nonempty subsets 
of UX, tliat is, all subsets of the form 

at = {a» € UX | i C 1} 

for a finite nonempty indexing set /. Since UX is ^-continuous, CUX is an u>- 
continuous d.c.p.o. and has an order basis consisting of equivalence classes of finite 
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sets (Aj, Aa, ..., A*} of basis elements A, of UX for 1 < i < k, under the Egli- 
Milner preorder <bm: 

A <£ em C if and only if (Vo eA3ceC:a<£c) 
and (Vc 6 C 3a € A : a c). 

We denote this equivalence class by [{A|,Aj,..., A*}]. The IFS {X; /i-n) in- 
duces a map F.CUX — ► CUX defined by F([{Ai, A 2 , . . . , A*}]) = ({/i(^) ! 
i = 1,2 = 1,2,.-., fc}]- The least fixed point of the function F is 

LU **([{*}]) an( i can be obtained by constructing a finitely-branching tree as 
in Figure 1 , which we call the IFS tree (descendant tree , tree of transformations or 
free of images). 



Figure 1. The IFS tree. 


Since the affine transformations that we use are contractions, then for any 
branch at any depth n of the tree it will hold that diam (/,,/<,••• /i„X) 
s«, •••«,„ diam(X) < s n diam(X) and hence the l.u.b. of any infinite branch 
a singleton set. The equivalence class of the set of l.u.b. ’s of the infinite branches 
of the finitely-branching tree is the least fixed point of F and hence these Lu.b.’s 
are exactly the points of the attractor of the hyperbolic IFS. 

At this point, we have to note a very important property of the infinite finitely- 
branching tree, which is the basis for the new algorithm: every node of the tree is 
a compact set which includes all its children. For example, the node f\X has the 
fundamental property that: 

fiX D hhX,hX D f x f 3 X f t X D f x f N X. 


3 The Plotkin Power Domain Algorithm 

We shall now study how the above mentioned theory can become an efficient al- 
gorithm for a conventional computing machine. In the following, the space X is 
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assumed to be the unit square, i.e. X — (0, 1) x (0, 1]. This assumption will not 
harm the generality of the algorithm since any attractor can be ‘moved’ to the unit 
square under the use of appropriate transformations, such as shrinking, rotation or 
translation. 

The transformations f t ,i = 1,2 used in an IFS are usually affine; affine 
transformations on R 2 have the very desirable property to map parallelograms to 
parallelograms. This means that, in our case, parallelograms will be produced 
at any branch at any level of the tree. This observation is a key element of the 
proposed algorithm as we shall see later on. 

We saw that every branch of the infinite finitely-branching tree wall yield a point 
of the attractor; nevertheless, the computer screen has only a limited resolution and, 
therefore, there is no need to go further down the tree than some level n. However, 
how can we determine which level is the one from which continuing onwards we 
obtain no more visible information for every branch of the tree? The answer to this 
question will be obtained after having computed the contractivity factor for every 
affine transformation of the IFS. For the following definition see also s . 
Definition 1 Let f be an affine transformation on R 2 , that is f& = >tx + b, £, & € 
R 2 , A e R 2 * 2 ,- define the norm |ii4[| 2 of the matrix A to be 

Ml 2 = .max ||Ar||,ar€ R J . 

Il*ll=i 

The quantity || 2 l||j is the contractivity factor S for the. affine transformation f since 
it holds that 


ll/(*)ll<MII-N 

and hence 

ll/(x)-/(y)N<M-(*-y)ll<MIM|x-»l|. 

Lemma 1 If the spectral radius of a matrix A t R nxn is defined to be 

p(A) = max | A||. A 6 C 

where A € C are the eigenvalues of A, then p{A T A) x ^ = s = ||/1||2- 
The following lenuna is an easy consequence of the above. 

Lemma 2 Foe a matrix 

*-(«)«*"*• 


\\Ah 




2 + bi 2 + c 2 + s 2 + y/K 


) 


where A = ((o - s) 2 + (b + e) 2 )((a + s) 2 + (b - e) 2 ) > 0, Va, b, e , » € R. 
Proof. Since 


Ar= 
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then 


A r A = 


/ a 2 + c 2 ab + os \ 
\ab + cs bi 2 + s 2 J 


is a symmetric matrix and the equation del(A T A - A I) = 0 will determine the two 
eigenvalues A 6 C of A. However, det(A r A - A/) = 0 <=> 0 = A 2 - (a 2 + b 2 + c 2 + 
s 2 )A + [(a 2 + c 2 )(6 2 + s 2 ) — (ab -f cs)*j. Since the quantity A = ((a - s) 2 -p (b + 
c) 2 )((a + s) 2 + (b — c) 2 ) > 0, then A 1 A has two distinct real eigenvalues A € R 
whose max{|A|,A G R} is 


| a 2 4 fe 2 


•f c 2 4- s 2 -f- VA ] I n 2 1 b 2 ( c 2 + s 2 - y/A I 


a 2 + b 2 + c 2 + s 2 + y/A 
2 


where A > 0. □ 

By using the above formula we calculate exactly the contractivity factors 
S],s- 2 , ...,sn for each of the affine transformations . . . ,/jv of the system. 

At the root of the tree lies the space X, which in our case is the unit square 
[0, 1] x [0, 1] whose diameter is y/2; at the first level every parallelogram J H X has a 
corresponding diameter less than or equal to s t , n/2, at the second level the paral- 
lelogram /,,/„A has a corresponding diameter less than or equal to s tl y/2. At 
the n-th level the parallelogram /j, fh-finX has a corresponding diameter less 
than or equal to s, 2 • • • s tn \/2. It is obvious that, if at some level n the diame- 
ter of a parallelogram becomes less than e — 1/Af, M being the resolution of the 
screen, then there is no need to go further downwards to other levels for, the image 
produced will not have any noticeable improvement. 

In other words, we construct all branches of the tree, until that level n for which 
the following condition becomes true: s„ s l3 • • ■ s,„ y/2 < e. Since the transforma- 
tions /, are contractions (s, < 1), then the quantity s,,s i3 • • ■ s,„ \/2 will be strictly 
decreasing as n increases and hence for any branch of the tree there will be some 
n € N so that this condition will be satisfied. This proves that the algorithm is 
bound to terminate. 

We just saw that every node of the tree is a parallelogram (subset of [0, 1| x [0, 1]) 
and that each branch converge to a point of the attractor which, for the case of 
the computer screen, can be computed in a finite number of steps. Hence we 
have a sequence of parallelograms {A n | n 6 N} which converge to a point; since 
we are interested in the computation of this point and not in the computation of 
the intermediate parallelograms, it is rational not to compute - at each step - the 
parallelogram A* produced, but any point a, within this parallelogram A,. Since 
the decreasing sequence of parallelograms {A„ | n 6 N}, A n C A n _j converges to 
a point a, then every sequence of points {a„ ! a„ G A n , n € N} which are contained 
in these parallelograms will eventually converge to the same point a. This means 
that if limn—oo A„ = {a} and a„ € A„, Vn G N, then the sequence {a n | n € N} will 
converge to a for any choice n n out. of the corresponding parallelogram A n . This 
observation leads to a significant improvement in the runtime required to construct 
the attractor; at each step only two points have to be calculated. 
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Furthermore, an efficient, implementation should not make any computation 
more than once; this means that f x X, f 2 X , .... fj</X,fifiX, f x f 2 X , .... f^fs-X, . . . 
should be computed only once. It is more than obvious, however, that all the 
nodes of this immense tree cannot be stored in the computer memory. Since it is 
not feasible to avoid redundant computations when we use the above tree, in our 
implementation the tree of Figure 2 is used which, for computational purposes, it 
is proved to be equivalent. 



Figure 2. The action tree. 


The space X stands at the root of the tree; its children, f\X, f 2 X ,. . . , fsX, 
will be the image of X under the affine transformations of the IFS. In general, the 
node /i,/» 2 • • • fi N .ifi N X will have fi N fi x fi 3 ’"fin . 3 fiX, fi N fi x f X3 • • • fi N _ x f 2 X, 
• • •> fi N fu hi '- fis-i f*X as its children. 

This equivalent tree is our main contribution to the implementation of the al- 
gorithm. Although the algorithm incorporates a lot of new ideas, without that 
tree its efficient implementation would have been out of question. Alternatively, 
one should either have to store all the nodes of the tree in the computer memory 
or some computations would have to be performed more than once. In the first 
case, however, the implementation would not be optimal in terms of memory usage, 
whereas in the second case the speed of the algorithm would decrease substantially. 

The two trees have exactly the same first two levels. From the third level on- 
wards, however, the differences start. Even if the second level is identical in both 
trees, a different third level is produced. It is our intention to prove that this 
does not affect the theoretical basis and that the third level is computationally 
equivalent. If at some node of the second level holds that < e then, due 

to the commutative property of the real numbers, also holds that Si 3 s Xx V 2 < e. 
Hence, in the case of the first tree, sqs,,^ < £ means that the children of 
fhft 3 X (that is f, l fi 3 f\X,f u f h f 2 X,...,f ii fi 3 f N X) will not be produced and 
the pixel /,,/„X will be plotted. For this same tree, \/2 < e means that 
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the children of ft 2 fi,X (that is f i2 /< , /i X, /, 2 / 2 A, . . . , / i2 f,JnX) will not be 

produced and the pixel fi 2 fi x X will be plotted. On the other hand, for the sec- 
ond tree, the condition Sj,«t a \/2 < e means that the children of / tl /, 2 X (that is 
fx 2 fiifiX,ft 2 fuf 2 X,...,fi 1 f u f y X) will not be produced and the pixel fiJ i2 X 
will be plotted. Moreover, the condition s, 2 s 4 . y/2 < e, for the second tree, means 
that the children of /, 2 /„X (that is /,, U 2 fiX, fuf X2 f-iX — , f„f\X) will not 

be produced and the pixel /„/,,! will be plotted. It is now more than obvious that 
the third level of the two trees are computationally equivalent. Using induction we 
can prove that the two trees are equivalent at all levels. Thus the two trees are. for 
our purposes, computationally equivalent. 

The second tree, however, has the advantage that in order to compute the nodes 
of a level it suffices to store only N values of the nodes of the previous level. The 
use of the second tree enables us to avoid all unnecessary recomputations; actually 
not even a single recomputation is performed. Furthermore, a tremendous storage 
economy is achieved since at level n we store only N out of N n values of that level. 
This has the additive effect that for the generation of the (n -f 1 ) level only n • N 
values, instead of N + N 2 -I + N n = N(N n — 1 )/(N — 1). need be stored. 

4 The Algorithm and its Complexity 

The actual algorithm in a form of pseudocode, which also provides a definition for 
the equivalent tree of Figure 2, has as follows: 

0. Start. 

1. Compute all contractivity factors s,. 

2. Call procedure produce([x 0 , *o, • ■ • , io]- 0. |v/2, v/2 >/2]), for x 0 S [0, l] 2 . 

3. End. 
where 

procedure produce([xi,xa, . . . ,x.v],g, [di,d 2 ds\) { 

for t = 1, ...,1V do { 

*'i = /<(*,) 

dj — S| * dq 

} 

for t = 1,...,1V do { 
if (d( > 1/A/) then do 

call produce {{x\,x' 2 x^], i, [d\ ,d' 2 ,...,d' N ]) 

else do 

plot pixel x\ 

) 

} 

Having described the algorithm, we shall try to identify the number of compu- 
tations needed for the construction of the attractor. Since the contractivity factors 
of the affine transformations are known, we can find an estimation for the depth 
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Table 1, The number of pixels drawn for the systematic comparison. 


Pixels drawn 

Plotkin PDA 

ACA 

DIA 

MPA^ 

Sierpiriski 

6561 

6561 

2403 

2020 

Dendrite 

8617 

12349 

1329 

1231 

Spiral 

3464 

1838 

940 

481 

Meander 

6561 

6561 

1692 

1507 

Dendrite II 

5413 

6561 

1992 

I860 

Fern leaf 

57031 

71776 

1355 

1168 

Maple leaf 

206080 

206080 

2191 

2184 

Eye 

380881 

535533 

1174 

1164 


of the tree. If and s m , n are the largest and the smallest contraetivity factors, 
respectively, then the depth of the tree will lie between 


— In M 

+ I and dmin = 

— In M 

In Srnox , 

In Sfntn , 



that are the greatest and the smallest depth, respectively. This means that in the 
worst case we need 9 (N 4- N 2 4- • • • + A rd "~) = 9[(/V <f "*“ ,+1 — 1)/(N - 1) - 1], 

thus giving 0(iV dma *) while in the best case we need 9(JV + AT 2 d h A rd "‘ ,, ‘) = 

9[(A rd "'" ,+1 — l)/(N — 1) — 1] computations. This number is explained by the fact 
that 8 computations are needed for the calculation of the new point and only one 
computation is needed for the calculation of the quantity Sj, («j a >/5) since at 
each step the quantity «*,••• \/2 has already been computed in previous nodes. 

The exact number of computations performed before the construction of the 
attractor is C(\/2), where 

C(x\ = { °’ v dx<£ 

\ ]T; =1 C(Sii) 4 9A r , otherwise. 

where N is the uurnber of affine transformations and M is the resolution of the 
screen. Although, it is extremely difficult to find a closed formula which gives the 
exact number of computations, the above mentioned recursive formula can be used 
to obtain this number with the aid of a computer. 


5 Conclusions 

The current implementation of our algorithm is written in Microsoft Visual Basic 
6.0. It is capable of drawing fractal images using the Plotkin PDA, the DIA, the 
ACA and the MPA, and displaying the depth of the action tree, the number of 
points used for rendering and the total runtime. The fractal images (M = 100) 
used for the comparisons of the various algorithms arc illustrated in Figure 3. 
The Plotkin PDA wras finally tested and rated by comparing the various fractal 
attractors produced by it versus the attractors produced using the DIA (level— 30), 
the ACA and the MPA. Time results are given in CPU seconds on a Pentium IV 
PC with a 1.5 GHz CPU clock running Windows 2000 SP 3. 

As can been seen from Figure 4, our algorithm is extremely efficient for the 
decoding of pictures which have been compressed using some method of fractal 
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Figure 3. The Sierpidski triangle, a dendrite, a spiral, a second dendrite, a meander, a fern leaf, 
a maple leaf and an eye 



« MM 



• Me 


Figure -t. The time results of the systematic comparison. 
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compression based on IFS. This is explained by the fact that natural images - such as 
the face of a person - lack self-similarity and hence a lot of affine transformations are 
employed for the coding. Each of them, however, will have a very small eontractivity 
factor and hence our tree will have small depth (10 for the maple leaf, 31 for the 
fern leaf, 45 for the spiral, 3 for the eye and 8 for the other figures); therefore, 
the construction of the attractor will terminate very quickly, except for the maple 
leaf, since the Plotkin PDA as well as the ACA ignore overlapping. The number of 
points drawn are shown in Table 1. 


Appendix 

We list in Tables 2-8 the IFS codes for some of the examples discussed in the main 
text. 


Table 2. The IFS code for the Sierpinski triangle. 



a 

6 

C 

3 

d 

e 

i 

0.5 

0 

0 

0.5 

0 

0 

2 

0.5 

0 

0 

0.5 

0.5 

0 

3 

0.5 

0 

0 

0.5 

0.25 

0.433 


Table 3. The IFS code for a dendrite. 


/ 

a 

6 

c 

3 

d 

e 

1 

0.5 

0 

0 

0.5 

00625 

0.15 

2 

0.21 

-0.20625 

0.528 

0.21 

0.789 

0 

3 

0.5 

0 

0 

0.5 

0.375 

0.375 

4 

-0.2 

0.1125 

-0.288 

-0.2 

0609 

0 075 


Table 4. The IFS code for a spiral 


/ 

a 

b 

c 

3 

a 

e 

1 

-0.18 

0.126 

-0.2571 

-0.18 

0.815 

0.8485 

2 

-0.8 

0.4 

-0.4 

0.8 

-0.088 

0.2514 


Table 5. The IFS code for a second dendrite 


T 

a 

6 

C 

9 

3 

e 

i 

0.5 

0 

0 

0.5 

0.3125 

0 

2 

0.5 

0 

0 

0.5 

0.496094 

0 

3 

0.28 

-0.25 

0.64 

0.28 

0.523437 

0.05 
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Table 6. The IFS code for a meander. 



T 

rs — r 

c 

8 

d e 



i 

[ 0 0.33 -0 768 

0 

0.4609 0.9375 



2 

0.5 0 

0 

0 22 

0.5 0.9375 



3 

0.5 0 

0 

0.24 

0.5 0.9375 




Table 7. 

The IFS code for 

a fern leaf. 


I 

a 

6 

c 

8 

d 

* 1 

1 

0 

0 

0 

0.16 

0.5 0.07 

2 

0.2 

-0.195 

0.3066667 

0.22 

0.41625 0.045 

3 

-0.15 

0.21 

0.3466667 

0.24 

0.5575 -0.07333 

4 

0.85 

0.03 

-0 5333 

0.85 

0.07249999 0.1725 


Table 8. The IFS code for a maple leaf. 


/ 

a 

b 

C 

8 

d 

e 

1 

06 

0 

0 

06 

0 18 

036 

2 

0.6 

0 

0 

06 

018 

012 

3 

0.4 

0.3 

-0.3 

0.4 

0 27 

036 

4 

0.4 

-0.3 

0.3 

0.4 

0.27 

009 
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COMPARATIVE DYNAMIC SCALING ANALYSIS OF QUASI-2D 
ELECTRODEPOSITED SILVER PATTERNS UNDER LOCALIZED 
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Data from the dynamic scaling analysis of the growth front of silver patterns elec- 
troformed in a qua»i-2D cell under localized and non-localized random quenched 
noise are reported. The plating solution either embedded in filter paper (FP), or 
containing disordered glass beads (GB), or as agarose gels (AG) were utilized. The 
scaling exponents from the displacement of the driven interface are a ~ 0.63 ± 0.05 
and p = 0.60 ± 0.05 for FP, irrespective of its pore size distribution; a — 0.64 ± 

0.05 and 0 = 0.58 ± 0.05 for GB; and rv = 1 .25 ± 0.10 and D = 0.88 ± 0.15 for AG. 
Exponents for FP and GB fit the predictions of the directed percolation depinning 
(DPD) model for D = 1, whereas for AG they coincide with those calculated by 
Leschhom from a lattice model of probabilistic cellular automata. The difference 
between exponents resulting from FP, GB. and AG can be attributed to a non- 
localized random pinning in AG, which introduces a size-dependence mobility of 
obstacles in the gelled medium. 


Keywords: Pinning, Directed Percolation Depinning. Cellular Automata. 


1 Introduction 

The behavior of driven interfaces produced far from equilibrium and subjected to 
quenched random forces remains a challenging problem. Those driven interfaces 
may exhibit self-similar, self-affine or even non-fractal behavior. The driven force 
(/•’) may result from pressure gradients, magnetic fields as in the ordering kinetics 
of impure magnets *' 2 , and a chemical potential favoring the growth of one of the 
coexisting phases. For F < F c , where F c is a critical value of F, the interface 
is pinned and its front displacement is only possible due to thermal fluctuations, 
whereas, for F > F e , the interface is capable of moving with a finite velocity. 
Accordingly, F c is related to a pinning-depinning transition. Considerable progress 
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has been made in understanding the dynamics of non-equilibrium interface growth 
in a medium with random pinning forces in the context of experiments, analytical 
theories, and a variety of models 3 . These experiments included, among others 4 , 
the growth of bacterial colonies 5 , fluid flow displacement experiments in porous 
media 6,78 ' 9 , paper 10 and sponge-like material 11 wetting, propagation of burning 
fronts 12 , and paper tearing 13 . Plausible continuum descriptions of the interface 
dynamics under a uniform random driving force F. based essentially on a roughening 
and smoothing mechanism, are given either by the Langevin equation 14,15 : 

^ = vV 2 h + F-r)(x,h). (1) 

or the Kardar-Parisi-Zhang (KPZ) 16 non linear equation: 

^ = ^h+~(Vhf + F- n (r,h). (2) 

where h = h( x, t) is the height of the interface at position x at time t. 

The first term in equations (1) and (2) accounts for the growth front smooth- 
ing by surface tension-like relaxation, v being a surface tension coefficient. The 
second term in equation (2) accounts for the directional velocity of impinging par- 
ticles referred to the tangent plane of the growing front, being A a constant. Other 
terms in equations (1) and (2) contribute to roughening. The term »/(r,/i) repre- 
sents a quenched random force rather than fluctuating in time as in the original 
Edwards- Willkinson or the Kardar, Parisi and Zhang (KPZ) equations. Numerical 
solutions of equations (1) and (2) have been obtained under the assumptions that 
the noise term can be expressed as a power law correlation 17 the existence of 

long-range correlated noise 1819 Z0 > an d hinting the role of anisotropy 21 in order to 
reproduce experimental data. Several attempts have also been made to understand 
the roughening behavior of the interface on a phenomenological level by analyzing 
models that incorporate the essential roughening and smoothening mechanism 22 . 
Models based on the directed percolation theory 23 have been applied successfully 
in many situations 10,24 and extended to others with the incorporation of several 
modifications 25,26 . Nevertheless, despite these advances, the physical meaning of 
results from either lattice models or continuum equations, is not fully agreed be- 
cause of the large dispersion of experimental data 3 . We report the experimental 
scaling exponents resulting from the dynamics of quasi-2D silver electrodeposits 
made in different aqueous environments under either localized or non-localized ran- 
dom field pinning. Exponents for filter paper and disordered glass beads fit the 
predictions of the directed percolation depinning (DPD) model for D = 1. Experi- 
mental exponents for agarose gels show an anomalous roughness in comparison to 
the predictions of the KPZ equation that can be explained by the lattice model of 
probabilistic cellular automata. 

2 Experimental 

Silver patterns were grown utilizing a linear quasi 2D electrochemical cell with a 
parallel plate silver anode and cathode arrangement at 2 cm distance. Further 
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details of the electrochemical cell design were described elsewhere 27 . Two differ- 
ent. plating solutions (I and II) were utillizcd. Solution I consisted of x M silver 
perchlorate + 1 M perchloric acid (0.005 M < x < 1 M). This solution was used 
either embedded in filter paper (FP) of different pore size, i.e., Whatman 41* and 
Whatman 42* or in a bed of glass beads 5 pm average diameter (GB). Solution II 
was an agarose gel (AG) made of y M silver sulfate 4- 0.5 .W sodium sulfate 4- 0.01 
M sulfuric acid 4- 0.6% w/v agarose (0.008 M < y < 0.024 M). The AG was pre- 
pared by first dissolving silver sulfate and sodium sulfate in hot water, then adding 
agarose and heating up to the boiling point, and finally, while cooling, sulfuric acid 
was added. The hot agarose sol was then poured into the cell and cooled down 
for gelling. For bath plating preparation analytical quality reagents and Milli-Q* 
water were employed. Disordered media were placed between the cathode and an- 
ode, and pressed between Lucite* or glass plates at a 0.025 cm distance. Silver 
patterns were grown under a constant cathode-to-anode potential in the range -1.0 
< Aiac < -1.2 V utilizing a Radiometer 320 potentiostat. For this range of AF ac 
the electrochemical reaction was under a mass transport regime as was concluded 
from the cathodic polarization curve. For each run, the cathodic current (l c ) and 
charge ((?<,) transients were recorded. The interface motion was followed utilizing a 
charge-coupled device video camera (Hitachi 220) coupled to a stereoscopic micro- 
scope (C. Zeiss Sterni 200). The images were digitized with a spatial resolution of 
568 x 744 pixels and 8-bit intensity resolution using a KS 300 Kontron Electronics 
frame grabber. The imaging system was arranged to capture only the central 1 cm 
wide domain of the interface to avoid edge effects. 

3 Results and Discussion 

We found a remarkable difference in the growth pattern dynamics resulting from 
runs made in FP, GB, and AG media, as the localized random quenched noise 
for FP and GB constrasts with the random quenched noise resulting from AG. 
In fact, the AG structure consists of random distributed agglomerates of different 
size, covering the range from a fraction of a pm to approximately 1000 pm. The 
average channel width between agglomerates is near 400 pm, a figure that is close 
to the average branch width of silver electrodeposits produced in AG. It is worth 
to realize that the gel structure is very sensitive to the gel preparation procedure 
2 *. For such a size distribution of agglomerates the possibility exists that small 
agglomerates move faster than larger ones. The percolation of the largest agglom- 
erates becomes also possible, approaching localized random quenching. Therefore, 
in contrast to FP and GB, the size and velocitiy distributions of agglomerates in 
AG would represent a new random pinning situation that we refer to as either 
non-localized or pseudo-quenched random noise. Thus, for AG, the description of 
pinning forces would result more complicated than for FP and GB. The validity 
of the agglomerate motion hypothesis in AG was demonstrated by running the fol- 
lowing experiment. First, a fringe of approximately 0.5 cm of AG gel was placed 
in contact with the cathode surface. Then, a portion of methylene blue-stained 
colored AG was added between the fringe and the counter electrode, and finally 
pressed between the plates of the cell. This resulted in a predominantly uncolored 
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AG fringe on the cathode surface and AG with diffuse colored spots filling the rest 
of the cell. In a black and white digitized image, a 200 x 700 mm reference box 
was drawn at the border of a spot of methylene blue-stained gel opposite to the 
cathode, A first gray scale histogram (blank) was constructed for the pixels inside 
the box. Then, after the growing front was just going to touch the reference box 
edge, another gray scale histogram was made. This histogram showed the appear- 
ance of a larger number of darker pixels in the reference box (Fig. 1), as expected 
from the displacement of small agarose agglomerates pushed ahead by the moving 
front. Therefore, agglomerates, particularly those of smaller size, should contribute 
as moving obstacles for making the displacement of the growing front more diffi- 
cult. The sieving effect of agarose in the conducting medium would be equivalent, 
to pinning the rate of motion of the growth front at two length and time scales that 
are associated with the random distribution of agglomerates and channels, and the 
appearance of a pseudo pinning/depinning transition 2a . Silver growth patterns 
formed at A E ae = -1.20 V from agarose- free 0.02-1 M aqueous silver sulfate + 0.5 
M sodium sulfate + 0.01 M sulfuric acid consist of a first rather compact layer 
about 0.06 mm thick produced for 0 < t < 15 s , followed by a branched layer 
about 0.21 mm thick, and later by a dense branched layer (Fig. 2a). On the other 
hand, growth patterns run in 0.6% w/v agarose gel exhibit the first rather compact 
layer for 0 < t < 30 s followed by a densely packed brandling for 30 < t < 200 
s, and finally, a small number of columns with a fan-like dense branching (Fig. 
2b). We note that these changes cannot be attributed to any possible interference 
of agarose in the proper electron transfer process. Its presence only produces a 
decrease in the cathodic limiting current by about 25% in going from agarose-free 
solution to gels 2 ®’ 29 , which is attributed to the sieving effect of the medium. At 
any rate, the mobility of small agglomerates has to be considered in relation to 
the impinging rate of discharging ions on the surface of the growing phase. For a 
mass transport limiting current regime, the impinging rate depends on the local 
concentration gradient of silver cations at the growing front and, therefore, can 
be modified by adjusting the concentration of these ions in the medium. For the 
analysis of the above pseudo-noise, one can define < V j>, the average directional 
growing front velocity, V p , the velocity of silver cations in the medium that is 
related to the diffusion coefficient of these ions, and V the random walk velocity 
of agarose agglomerates. For large agglomerates V l — ► 0, and for smaller ones 
Vt. increases with the reciprocal of the average agglomerate size. Thus, for < V /> 
» V p < V i, the growing front displacement is under pinning, whereas depinning 
occurs for <V'/> ~3> V p 9? Vl (Fig. 3). 

The morphology of the driven interface obtained in FP and GB shows compa- 
rable sieving effects (Fig. 2c-e) such as those already described for AG, despite the 
fact that FP and GB involve localized random pinning obstacles. For the same 
electrodeposition time (f), the comparison of growth patterns run with Whatman 
42* (Fig. 2c) and Whatman 41* (Fig- 2d) shows a slower front displacement for 
the enhanced pinning forces in Whatman 42*. Similar results have been reported 
for glass bead fluid flow experiments 1 , in which both the permeability k and the 
fluid displacement velocity decrease by using smaller size glass beads. 

The dynamic scaling theory predicts that W(L,t), the interface width of a grow- 
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Figure 1. Images of silver quasi-2D growth patterns formed from 0.024 M silver sulfate + 0.5 
sodium sulfate +- 0.01 M sulfuric acid 4- 0.6% w/v agarose gel at AE c -a — -0.120 V and 298 
K. and their corresponding histograms. A reference box was drawn at the border of a spot of 
methylene blue-stained gel opposite to the cathode. The gray scale histogram shown in (a) was 
obtained either in the absence of silver electrodeposit or when the latter was still far from the 
reference box edge. The histogram shown in (b) was obtained when the electrodeposit front was 
just going to touch the reference box edge. In this case, the gray density (darker pixels) at the 
left-hand side of the reference box has notoriously increased, and then the histogram shows a 
significant change in half width, symmetry, as well as a shift of its maximum value. These effects 
are attributed to the motion of small size stained gel agglomerates. 
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Figure 2. Quasi-2D silver patterns obtained at AEc-a = -0.120 V and 298 K, from different 
media from (a) 0.024 M silver sulfate + 0.5 sodium sulfate + 0.01 M sulfuric acid at t = 300 s; 
(b) 0.024 M silver sulfate + 0.5 sodium sulfate + 0.01 M sulfuric acid + 0.6% w/v agarose (gel) 
at t = 120 s (b.l), t = 1020 s (b.2); (c) 1 M silver perchlorate 4- 1 M perchloric acid embedded in 
filter paper Whatman 41*. t = 480 s; (d) 1 M silver perchlorate + 1 M perchloric acid embedded 
in filter paper Whatman 42*. ( = 480 a; (e) 1 M silver perchlorate + 1 M perchloric acid in 5 pm 
glass beads. I = 300 s. 
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ing front at time t and length scale is 


1 A 

W(M = \ tEWMI-MOF 

N ** <=i 

where /»{«,<) is the height of the » column, and the mean height is 


Ml) = I £ h ^, 0 


i=l 


for length scale L and growing time t, equation(3) scales as 


30 


(3) 


(4) 


W(L,t)xI°f(t/Li) ( 5 ) 

Equation (5) for t » becomes W(L,t) oc L n , and for t <%L it be- 

comes W(L,t) oc t 1 * . Then, from these equations the roughness exponent n and 
the growth exponent 3 can be evaluated. The value of o is related to the surface 
texture and to the fractal surface dimension Dp of the self-afline surface, Dp = 3 
• o. Thus, for o — ► 1, Dp —¥ 2, i.e, the surface tends to be Euclidean (ordered), 
while, for o -4 0, Dp -t 3, the surface exhibits an increasing degree of disorder 
(fractal). The exponents o and 0 are not independent and there is a simple way 
to collapse the temporal and spatial W(L,t) data onto a single curve by plotting 
W fL a versus t/L%. 

Experimental data plotted as log lF(Z,,f)= log W’ rms versus log t and log W 
(L,t) = logW rm , versus log L after saturation time (/ L^) from runs made in 

AG (Fig. 4.3), FF (Fig 4.1), and GB (Fig. 4.2) exhibit reasonable linear regions 
approximately one order of magnitude in both axes. These plots show, however, 
different functionalities that depend on the characteristics of the medium 24 . 25 . 26 . 29 . 

Scaling exponents resulting from runs made in pinning-free medium (Fig. 2a) 
are n = 0.5 and ft = 0.33, in agreement with KPZ equation as earlier reported 
27,31 . Data from our disordered media are o = 0.63 ± 0.05 and 3 = 0.60 ± 0.05 
for FP. irrespective of its pore size distribution; a = 0 64 ± 0.05 and 3 = 0.58 
± 0.05 for GB; and a = 1.25 ± 0.10 and 8 = 0.88 ± 0.15 for AG. Despite data 
scattering, there is a significant difference between the three media The values of 
the scaling exponents obtained from runs made with both FP and GB agree with 
the predictions of the directed percolation depinning (DPD) model 9 - 24 ' 2S . O n the 
other hand, results from gels are consistent with a lattice model based on cellular 
automata 32 . 

The value of a in AG is much larger than that expected from equation (1). 
This would mean that quenched noise roughens the interface more than thermal 
noise. On the other hand, the value of 0 above 0.5 points out the development of 
an unstable interface. Finally, the value of the dynamic exponent, z = j = 1.42 
indicates that the dynamics of the depinning transition is superdiffusive. Thus, the 
scaling exponents show a remarkable dependence on whether the random pinning 
forces are localized or associated with mobile obstacles with specific size and velocity 




Kiii 


mmi 






pMiH 


Ir^sS: 


MW| 

M?W 




Figure 3. Scheme for the growth of silver electrodeposits in a gelled medium. Large percolated 
agglomerates and small colloidal particles characterized by wide size and velocity distribution func- 
tions. Black dots denote silver ions in the solution; white ellipsoids represent agarose molecules 
that form a number of free and partially percolated agglomerates: blacks areas correspond to elec- 
trodeposited silver. < F/> is the average growing front velocity; V p is the velocity of electrode- 
positing ionic species in the solution; V /, denote the displacement velocity of agarose agglomerates 
in the medium. The horizontal dashed trace line represents the average plane of the growth front. 
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distribution functions. These facts allowed us to distinguish between localized and 
non-localized random field pinning. This distinction provides a possible reason for 
the anomalous roughness behavior as compared to the KPZ equation for the AG 
medium. 
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The study of the emergence of structures in biological systems, complex in essence, 
is of a great interest. It has been < deserved for a long time that the shape of fingers 
is correlated to the “drawings" of the epidermal ridges. But the exact relationship 
between the final '.ID shape of the finger and the ‘iD epidermal pattern remains 
unclear. We show here that the pattern of the epidermal ridges explains naturally 
several features of the final shape of fingers, after the pattern is established. 


1 Introduction 

The main purpose of this paper is to show that an orientational field plays a crucial 
role in the formation of biological structures, frequently branched like in lungs, kid- 
neys, and even in plants. How does an orientational order influence morphogenesis? 
This question may he asked in presence of many biological structures, starting at a 
small scale by sub-cellular structures such as the mitotic spindle, and going up to 
individual plant cells such as root hairs, and to more macroscopic structures, like 
trees, vegetables or animal organs. All parts of animals and plants are formed with 
fibers and cells which, in most cases if not all, exhibit an orientational order This 
orientational order is certainly linked to both the elongated nature of biopolymers, 
and to the anisotropy of individual cells, such as fibroblasts l,a . In most cases, these 
two features are not independent. In the case of animal tissue, the biopolyiners are 
essentially the collagens, the keratin, the chitin. Depending on the tissue, up to 
80% of the dry weight of mammalian organs, such as the lung, or even of skin, may 
be collagen. In animal tissue, the orientational order is often very conspicuous: 
abdomen of insects, cartilage rings of the lungs, stacks of rings of arthropod an- 
tennas, etc. all show regular orientational order, in the form of rings going around 
an ellipsoidal or a cylindrical structure 3,4! \ Now, one should notice that regular 
shapes, such as fruits, or antennas of arthropods may be fibered very simply, while 
more complex branching shapes will be fibered in a very complex pattern which 
spouses the branching structure intimately (figures 1 and 2 € ' 7 ). Since the tissue 
is generally intrinsically fibered, one. should wonder how the fibered nature of the 
tissue contributed to the branching morphogenesis. We shall not treat here the 
case of a branching structure, but concentrate, as a first step, on simple spheroidal 
shapes. 

However, even for simple fibered spheroidal ''shells” there exist complex orien- 
tational situations, in the form of loops, whorls, or arches (figure 3), these are the 
classical names, in forensic science of the dermatoglyphs, i.e., the complex drawings 
made by the epidermal ridges (the “fingerprint” is the ink or grease print left on an 
object, e.g. paper). Another very frequent structure is the triradii (see figure 3b). 
These topologies arc actually classically described in physics of liquid crystals by a 
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Figure 1. The fractal branching complexity in the lung: the fiberetl structure of the mesenchyme 
plays a crucial role in the morphogenesis of organs. In this classical engraving (Gray’s anatomy 
book) one sees the cartilage rings and triradii at bifurcations, which play a role in the mechanical 
equilibrium of the first branching points. 



Figure 2. In more distal parts of the lung, the alveolae (right) arc all built with collagen fibers 
stretched around alveolae. The lung structure is akin to a very fibered branching "foam" (left). 
The collagen is laid down by fibroblasts during growth of the branches. 
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figure 3. Three type* <>f fingerprint patterns: arch (a), loop (l>), whorl (c). Arche* dress 5% of 
fingers, loops 60% and whorls 30%. 


singularity index They correspond to topological singularities of the orientational 
field The triradii, for example, is, at least topologically, the - i/2 singularity of the 
theory of liquid crystals 8,9 . In this article, we wish to address the question of the 
relationship between the “drawing”, or pattern, of a 2 D orientational field, which 
dresses tangentially a 3 D structure, and the overall morphology of the said 3 D 
structure. The simplest instance of such a situation is the shape of the soft tissue 
of the last phalanx of fingers. Other situations may be found in fruit or vegetable 
shapes. We will show that a presumptive spherical shell bearing an orientational 
field akin to liquid crystals is deformed with respect to sphericity. A bump should 
be expected on the shell, in the region of the singularities. However, contrary to 
intuition, the bump is not located in the center of the singularity, but. is shifted to 
another position, as will appear clear in the sequel. Prior to going into the technical 
details of the model, we wish to recall a few facts about epidermal ridges. 


2 Epidermal Ridges 

2. / General facts 

Terrestrial vertebrates exhibit a bare skin surface at the tips of fingers. The skin 

in this area, especially on toes, is much thicker than the skin in other places of the 

body. There exists micro-reliefs in the millimeter or sub-millimeter range which 

may be in the shape of dots (pegs, warts), in the shape of lines (epidermal ridges 
-ER) or in the shape of aligned dots. Epidermal ridges are found on human fingers, 
on many primates fingers, and even on fingers of animals which are more remote 

phylogenetically, especially the koalas. Epidermal ridges are also found at the end 
of the tail of many monkeys. Kidges with larger dimensions arc found also on 

the skin of many animals, often on the face. Considering the epidermal ridges of 

humans, it must be said that there exist a few genetic conditions such as absence of 
ER 2 * * * * * * * 10 (extremeley rare), or aligned dots instead of lines 10 . In the case of absence 

of ER, the skin is often “bad”, sweat glands are insufficient, the skin is dry and 
painful, and it exhibits cracks and crevasses 11 . 
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2.2 What at r. epidermal ridges? 

Ridges appear as “folds” of the skin. They arc found on the palmar side of the 
fingers and on the hand, although they are not as pronounced in the region of the 
wrist. In some mutants, one observes very small nails, and sometimes even an 
absence of nail, in those cases, the epidermal ridges may well go all around the 
phalanx n ’ 13 . The “folds” are approximately as thick as 3 times their width. This 
is to say that the pattern is quite deeply rooted, down to the dermis M . This is 
apparent in the fact that they are very difficult to remove or alter, and, unless 
the skin is deeply damaged, they will regenerate. The “folds” are made of several 
layers, which do not have strictly the same wavelength. The surface ridge breadth 
encompases actually two wavelengths of the deeper primary ridge system, found in 
the stratum basalis (deeper skin). At time of formation, the surface ridge breadth 
is of the order of 50 micrometers, and grows linearily with embryo size 14 . Sweat 
glands open up in the bottom of the furrows of the folds of the stratum basalis, 
but they open up on the surface on the summit of the folds (which have a doubled 
wavelength). Cells are smaller and more numerous in the bottom of the crevasses, 
in the deep layers. The uppermost layers are composed of dead cells which chip 
away on top as the skin regenerates in the bottom. The skin tissue is a composite 
material, which also comprises vessels and nerves. There exist correlations between 
the position of nerves, vessels, and the structure of the interstitial tissue, but we 
shall consider the skin as some uniform medium. 


2.3 Genetics of epidermal ridges 

Epidermal ridges are not strictly predetermined genetically. The correlation of pat- 
terns between identical twins is statistically significant, but only slightly better than 
between left and right hands of an individual U18 . This is to say that the patterns 
may sometimes be very close, but it is common that they can be completely differ- 
ent. There are epigenetic factors. There exist statistically significant relationships 
between many medical disorders and the shape of ER ll,l °. ft seems that the pat- 
terns are attractors of some process, which can give different outcomes, although 
it is strongly influenced by genetics. A reasonable hypothesis is that general fea- 
tures such as length and width of the fingers are under genetic control, while the 
detailed drawing is more variable and prone to depend on epigenetic cues. A proof 
that epidermal ridges are not themselves genetically coded is found in aberrant 
fingers. Very severely malformed fingers, especially branching fingers, have most 
generally well ordered ER which dress the finger in a pattern that adapts itself to 
the malformation * 3 . It sounds very unlikely that a set of genes would have been 
ascribed to making a specific ER for a very malformed finger. Also, it seems that 
mechanical properties of the tissue, which play a role in the problem (see below) are 
affected by mutations concerning collagen anlagen, or osmotic balances. Hence, a 
natural correlation exists between the formation of ER and possibly other diseases 
or physical characters. 
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2. ^ WTien and how do they form f 

Epidermal ridges form between the 8th and 15th week of gestation. The formation 
of the epidermal ridges starts distally, and proceeds towards the more proximal part 
of the finger. The appearance of ER is correlated to the presence of mount elevations 
on the fingers and hands called the volar pads. There are 11 possible locations of 
such mount elevations on the finger and hand l2 . They truly “correspond" to the 
position of the whorls, arches, loops, and triradii which anyone may find on his hand, 
although the correlation may be inverted. For example, close to the fourth finger, 
in the region where the proximal phalanx joins the hand there is generally a bump, 
in the adult, which was actually a dip, in the embryo, between two pads. During 
growth, it seems that the pattern was somewhat buckled upwards, but keeping the 
correlation with the initial structure. The mount elevations named volar pads exist 
in some animals in the adult, in the form of walking pads, as in cats. However, 
in humans, the mount elevations appear only transiently as swellings, and they 
disappear progressively during the period of formation of the ER (“involution" of 
the volar pads). Therefore, it is considered in prenatal anatomy that ER appear 
in response to stresses in the volar pads, as they regress, contract or shrink. There 
is no dynamic study of this phenomenon which is not surprising, considering that 
it occurs in utero, on an embryo about 2 months old. After regression of the volar 
pads, and formation of the ER, there is a constant growth of the fingers, with an 
increase in tension of the skin 15 > M . 

The question of the exact mechanism of formation of the ridges is not yet an- 
swered, although it may be speculated that mechanical factors orient cell division 
in a way that generates “folds”. Indeed, classical biological studies have shown, 
apparently, that the skin does not actually fold 12 1 4 (hence the comas above). Ac- 
cording to biologists “the epidermal ridges are not folds resulting from movement 
of the parts but are rather the result of epidermal proliferation” H (p. 161, and 
references therein). It is a differential development of cell layers which generate the 
apparently “folded” structure. We shall now on use the word folds without comas, 
although it is understood that they appear by differential growth. This description 
is reminiscent of the Grynfeld instability 16 in physics by which folds form, not by 
buckling, but by surface diffusion which reorganizes the surface in an apparently 
buckled shape, in order to accomodate the clastic energy imposed by a uniaxial 
(tangent to the surface) stress. Such differential buckling is also observed in brain 
folding 4 . In this case, there is some information about the individual motion of 
cells : cells devide actively in the bottom of the fjords and migrate to the top of 
the folds, with a motion which is perpendicular to the fold direction (they climb 
uphill the giry). This is compatible with what is observed in skin H . On more 
fundamental grounds, study of individual cells have shown that cells tend to dev- 
ide more actively in response to tension. From a physical point of view, it is well 
known that stresses are higher in the bottom of the furrows 16 . It makes sense that 
the bottom of the furrows should lead the cell division, and be the pool of new 
cells. A significant observation in, this context is that the relative thicknesses of 
the cell layers change during formation of the ER; it has long been suggested that 
this produces stresses which stimulate growth 14 . Another significant observation 
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is that, in the late stage of formation of ER (115mm-l40mm), new ridges appear 
not by cellular proliferation, but at the expense of existing ridges. The skin is at 
that moment stretched and, as the ridges get away, new ridges appear in between 
by reorganization of the former ridges. This is even more reminiscent of a Gryn- 
feld instability. Indeed, in this case, the tissue seems to reorganize itself to reduce 
uniaxial tensile stress (such an instability works with tensile as well as compressive 
stress). For a detailed description of the anatomy of the cell layers during formation 
of ER, the work of Hale 14 is of considerable interest. 

Now, in anatomy, several global morphological observations suggest a role of 
mechanical factors. Indeed, the shape of the fingers is correlated to the drawing of 
the ER Especially, more elongated and narrow fingers are significantly correlated to 
the presence of loops 15,11 . Penrose 17 considers that the lines of the ER spouse the 
lines of principle curvature of the shape of fingers (especially the pads) at time of 
formation. This idea is essentially based on the observation that in many abnormal 
fingers, especially in the absence of nails, the KR simply makes stacks of rings with 
the axis oriented in the direction of the finger, and with circles running around the 
finger (this situation is the one generally observed on the middle phalanx, although 
the circles are interrupted on the dorsal side of the fingers) 13 . This idea, although 
suggestive of an anisotropy in the problem, does not clarify the mechanism of 
formation. If there is an anisotropic differential growth in reaction to tension, then 
one would expect the skin to extend and “buckle” by cellular proliferation in the 
other direction, and form folds parallel to the finger axis (the tension being higher 
azimuthally because of a smaller curvature) An argument contrary to this one 
would be that the finger, and especially the cartilages, extend by growth and tend 
to stretch the whole finger. Although a static view would consider that the tension 
is higher in the azimuthal direction, the force is greater in the direction of growth 
of the finger. This is apparent in the fact that the finger extends forward more than 
radially Then, a possibility arises that the skin over-responds to such a stretch by 
a proliferation which is not in pace with the growth. If the skin extends more than 
the finger, it has to buckle in order to accomodate the extra-matter (an opposite 
effect is observed in shar-pei dogs, for example, which are very folded at birth; the 
folds of the baby shar-pei progressively decrease as the body of the dog gets bigger, 
because the skin, after birth, does not extend as rapidly as the body of the animal). 

In such a view, the extension is by tension, and not truly by curvature. Another 
possibility is that tension in one direction induces proliferation in the perpendicular 
direction. Another feature which should be taken into account is the intrinsic 
anisotropy of the mechanical properties of such a folded material. Indeed, the 
bending modulus of a folded material will be lower in the direction perpendicular 
to the folds than in the direction parallel to the folds 5 . 

Still, these models all suppose that formation of the folds, and especially the final 
2D pattern, follows passively the dynamics and morphology of the finger growth, in- 
cluding of the volar pads, and neglects completely the fact that the folds themselves 
have their own dynamics and that they will induce morphological consequences on 
the growth of fingers. Even if the volar pads are responsible for the establishment of 
the pattern, the composite material of which the skin is made exhibits, in the end. a 
very conspicuous orientational order, which has itself morphological consequences. 
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If, as is observed, the skin tension increases in the last phalanx during growth, the 
drawing of the ER will play a role in the final finger shape. In the end, it is more 
than probable that the AL> shape of the finger and the 2D pattern all form hand in 
hand. 

We shall consider in the rest of this article only one aspect of the problem, in 
that we will assume that a folding mechanism by differential growth is at work 
which generates the patterns of ER as we see them. We then admit that there is 
an orientational order with a vector t defined everywhere by the local direction of 
the ER, which is recorded for good in the skin. We will suppose that the ridged 
layer is a thin shell bearing an internal turgor pressure, as is likely during embryo 
development. We then address the following question: if the turgor pressure is 
itself uniform, would the last phalanx of any linger, covered with a pattern of ER, 
be a cylinder with a hemispherical cap? We will show with a simple model that 
this is not the case, and that the shape would depart from sphericity. It comes 
as a surprise that the shape is qualitatively one of a finger. This implies that the 
orientational order plays an important role in the morphology, and probably the 
dynamics of growth, of a biological tissue. 

3 The model 

To model the impact of the epidermal ridges on the shape of the palmar side of 
fingers, we suppose that the elasticity along the ridges, more keratinized, is different 
from that in the furrows (grooves) between the ridges. This orientational order leads 
to a stiffness locally higher in the longitudinal directions parallel to the ridges than 
in the transversal directions. During the growth of the fingers, the local pressure 
due to the multiplications of dermal cells, leads to form the final “equilibrium” 
shape of the fingers in a manner somewhat similar to the equilibrium shape of a 
crystal. It is well known that the shape of crystals depends on how the surface 
tension varies with orientation. In our a case, we have to consider a special kind of 
crystal : one whose surface tension depends on the drawing of the lines. 

In a simple approximation, the ridge-bearing surface of the skin is considered 
as a membrane, dressed by a vector field of modulus 1 tangent to the surface 
and with a varying in plane orientation t(r) the ridges at point r. The distortion 
energy due to the anisotropy of this vector field contains at order (Vt) 2 , three main 
contributions, associated to three elastic constants. These constants correspond to 
three basic types of deformation, splay, twist and bend. These deformations relate 
the tendency of the director (here the direction of a tangent to the fiber structure) 
to remain parallel to restoring torques throughout the media. The three constants 
of importance are: splay - a change in the direction of the director when moving at 
right angles to the director; bend - a change in the direction of the director when 
traveling in the direction of the director; twist - a change in the direction of the 
director when moving out of the direction of travel at right angles to the director. 
The corresponding free energy density, called the Osecn-Frank free energy is, 

Fd = K\{div t) 2 + A'jft.rot t + r) 2 + A' 3 |t x rot t| 2 + 

(A's + A’^)(/r(grad tf-(div t) 2 ) 



Figure 4. A sphere dressed with our 3D epidermal ridges. The ridges are obtained by solving the 
Laplace equation with boundary conditions on the two singular lines 


The constant A‘ 2,1 = 1,2,3 correspond to the splay, twist and bend elastic 
constant respectively. They give the energetic cost of a non parallel configuration 
in terms of these three pure (independent) distortions. The parameter r represents 
an intrinsic elastic stress in chiral materials. In the present study we only consider 
the dominant splay contribution with, 

Fd = K\(div t) 2 

The Frank’s constant. K\ is positive, ensuring that the deformed membrane 
corresponds to a minimum of energy. 

3.1 Modeling the ridges 

The fingerprints belong mainly to three classes, and among these classes, the fin- 
gerprints having a ridge configuration with a loop core (figure 3b), are the most 
common. They represents 60% of all the cases. We have roughly simulated this 
pattern using the image of a tennis ball, as shown in figure 4. This makes the 
calculations simpler. 

In figure 4, the black lines are singular and join two cores. The various lines 
simulating the ridges are then obtained as cquipoteutial curves between the two 
extreme singular curves. To the upper one the value of the potential is taken equal 
to +1, to the lower one we have attributed the value —1. So, such a drawing would 
correspond to the palmar side of a finger, to which we have performed a symmetry 
with respect to the plane of the nail, and a symmetry with respect to the plane 
separating the two last phalanx. 

From the curves, simulating the ridges, we can extract the free energy contri- 
bution 


F = F 0 + F d = F 0 + Ki(div t) 2 (I) 

Figure 5 shows the resulting Frank clastic energy of the surface. 

We observe a divergence of the energy density in the four directions correspond- 
ing to the four loop cores. Notice that due to the symmetries only one of them will 
correspond to Lhe palmar region of a finger. 
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Figure 5. Frank energy associated to the ridges in figure -1. We use spherical coordinates with a 
radius proportional to F 



Figure 6. Principle of the WulfT construction. 


3.2 Constructing the equilibrium shape 

The construction of the equilibrium shape from the surface tension of the mem- 
brane, can be done using Wulff's construction 18 , as for crystalline shapes. In 
spherical coordinates, we plot the rays OG where OG = F n(r), where n(r) is the 
normal vector at a point r of the undeformed sphere (figure 5), F is given by equa- 
tion (1). The equilibrium shape is obtained as the envelope of the planes normal to 
OG at point G. Let us recall that a tension is associated to an interfacial energy, if 
the interfeial energy is constant, then the surface is spherical (soap bubble). But, if 
the interfacial energy varies, so does the tension in the surface, and the calculation 
of the shape is ore complex. The shape has to balance the distribution of tensions 
with the pressure exerted perpendicularly to the curved surface at each point. This 
is what the Wulff’s construction provides.The construction is shown in figure G. 

4 Results 

The result of the effect of the orientational field possessing a core singularity, is 
shown in figure 7. In principle the process has to be performed iteratively, and this 
equilibrium shape taken as a new starting point to recalculate the diffusion field and 
the the Frank elastic energy. But this appears to be a second order contribution. 




Figure 8. A typical finger with the epidermal ridges showing a (displaced) bump in the region of 
the core. 


We observe that these results also explain the particular position of the bump on 
the palmar side of the fingers. As clearly visible in figure 8 the summit is not right 
at the core of the epidermal ridges pattern, but somewhat more distal. Anyone 
may check this on his or her own fingers. 

Let us consider now our singular surface energy (figure 5), it has four singu- 
larities, one pointing towards the reader in figure 4 and 5. We observe that the 
drawing of the lines is not symmetrical around the axis (there is a loop instead of 
a target, which breaks the symmetry). Let us make a schematic 2D cross-section 
in a plane passing through the core, and along the singular line of the loop (figure 
9. left). We sec that although the singularity in surface tension is at the point O, 
the cusp in the shape is not, The polar equilibrium shape presents a cusp shifted 
with respect to the Oz axis. The envelope from the Wulff construction is shown on 
the right. It confirms the asymmetry. 
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Figure 9. Asymmetry of the bump. The core is ori the <>/ axis while the summit of the bump is 
displaced towards the left 


5 Conclusion 

The protruding feature in the region of the core finds itself (as anatomically ob- 
served) somewhat displaced from the position of the core. In other words, the very 
centre of the “epidermal ridges' 5 of the dressed sphere is not at the summit of the 
relief. This fact has a more deeply rooted origin. When an equilibrium shape is 
formed with a symmetrical surface tension across a given direction (say for ex- 
ample a square symmetry), the corresponding shape has the very same symmetry 
and the same direction of mirror symmetry. However, if an equilibrium shape is 
formed with an asymmetrical surface tension with respect to a plane or axis, then, 
not only the resulting shape is not symmetrical around the direction that breaks 
the symmetry, but, in addition, the very position of the direction of asymmetry 
is shifted towards the “softer” region. This is clearly shown in figure 9, on a 2 D 
calculation, in polar coordinates, which would be the analog of a cut across the last 
phalanx, by a vertical plane passing through the nail and the core, down to the 
first joint. This gives a simple explanation to the mismatch between the position 
of the core of ER (symmetry breaking of the orientational field), and of the actual 
position of the summit of the finger pad (symmetry breaking of the corresponding 
shape). The more general consequence of this fact is that the local orientational 
field t(x, ;/, z) which is imparted on skin cells contains a great deal of morphological 
information and hence part of the “positional information” leading to the exact 
finger shape 19 . Therefore, the fields of “morphogens” are not solely the concen- 
trations of all possible bio-chemicals in the problem, but also a vector, “recorded” 
in the orientational field. This fact, of course, may have much wider consequences. 
The energetics of an orientational field implies specific morphological tendencies for 
given topological configurations, a fact well admitted in physics of liquid-crystals. 
In the biological case, the position of holes, dimples or protrusions, the orientation 
of defenses, pins, darts, roots or branches and the speed of growth of such organs, 
will all be influenced by the presence of orientational singularities. Wc acknowledge 
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that the bio-mechanics of a growing tissue is certainly more complex in the general 

case, than the model which wc have used. 
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1 Introduction 


1.1 Wavelets and principal component analysis 


Since the introduction of wavelets, we have seen a proliferation of different wavelet 
bases. The choice of an intrinsically well-adapted wavelet for the analysis of a 
given class of signals is therefore a non trivial t-ask. In this paper, we propose a 
new approach for the construction of data adaptive orthogonal wavelet bases. Our 
approach is based on a generalization of principal component analysis. 

Mast applications of wavelet bases exploit their ability to efficiently approximate 
particular classes of functions with few non-zero wavelet coefficients (Mallat 6 -b). 
These coefficients arc scalar products rp ! S of a wavelet xp with the signal S. If S 
is regular and sp has enough vanishing moments, then the wavelet coefficients are 
small at fine scales. Several methods (e.g. Gerouimo et al. 2 ) have been developed 
to control the magnitude of wavelet coefficients via vanishing moments. Other 
methods include the matching pursuit algorithm (Mallat and Zhang s ), the spectral 
approach of Lilly and Park 4 and wavelet packets (Learned and Willsky 3 ). Yiou et 
al. 7 constructed data-adaptivc wavelets with principal components (PC). However, 
these wavelets all have the same support diameter, i.e. they do not form a multiscale 
basis. 

None of these approaches aims at the direct minimization of the mean square 
average wavelet coefficients E{(tp T S) 2 ) for a given reference signal (£(...) denotes 
an expectation value). In thus paper, we propose to adapt principal component 
analysis (PCA) to the construction of bases that have multiscale compact supports. 
To our knowledge, thus approach to the wavelet adaptivity problem has not beeu 
investigated. To connect wavelets with principal components, we construct localized 
functions that minimize (or maximize) their correlation with the signal of interest, 
while remaining mutually orthogonal, They have compact supports with variables 
diameters. These functions are a multiscale generalization of principal components, 
and therefore we call them multiscale principal components (MPCs). 
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1.2 Notations and terminology 

We focus on one dimensional real signals defined at discrete coordinates x t , i = 
1,2 The value of a signal / at x = x* is denoted by f(i). The signal is 
regarded as a column vector / =■ (/(l),/(2),...,/(jV)) r . All vectors are assumed 
to be jV-dirnensional, unless specified otherwise. The diameter of the support of a 
function is often called the size or scale of the function. 


2 Overview of our approach to the construction of multiscale 
principal components 

We consider the construction of a basis of MPCs denoted by d> x ,fa,...,<j> N - We 
assume that the <t>„ s are localized functions. In this paper, wc say that a function 
is localized if its support is of the form in, m], where n and m are finite integers. 
The support diameters of the fas, denoted by N„, n = 1,2,..., A r , are assumed to 
satisfy A r i < N 2 < ... < Ns- We build the 4>„s from small to large scales. In the 
first step, we build 4 > x , which is the first order MPC. d>, is localized on its support 
Zi and is constrained to have unit norm. Under this constraint, it must minimize 
E((<pJ F) 2 ). In the second step, we build </> 2 , which is the second order MPC. fa 
is localized on its support Z 2 , has unit norm and must be orthogonal to <fi x . Under 
these two constraints, fa must minimize E((<f>J F) 2 ). More generally, at the fc th 
step, we build <p k , which is the MPC of order k. <t> K is localized on its support 
2k, has unit norm and must be orthogonal to <f> x ,fa , ... and d>k-i- Under all these 
constraints, <t> k must minimize F) 2 ). W T e iterate this process until a complete 

basis is obtained. The final result is an orthonormal basis of MPCs for which the 
energy contained in the small scale coefficients has been minimized. Consequently, 
most of the energy is contained in the large scale MPCs. 


3 Construction of the first order MPC 

3.1 The optimization problem 

We want to construct a normalized function </>, that has minimum correlation with 
a given reference signal, but which has a compact support 2\ = [f | , k\ + N x — 1) C 
[1,JV] of width JVi . The reference signal F = (F(l), F(2), ..., F(A r )) T is assumed 
to be a stationary random process. Wc define the first order MPC, to be the 
solution of tire optimization problem 

{ F((<^fF) 2 ) is minimum 

*lfa = 1 

(l)-a expresses the minimum correlation criterion, whereas (l)-b is a normalization 
constraint. F being stationary, the non-zero components of 4>\ will be independent 
of the location of Zj within the range [1, A r ). For simplicity, we will therefore solve 
(1) with Zi = (I, Afi]. Using <t>] F = F(») <M»), it follows that E((<pJ F) 2 ) 
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call be simplified according to: 


■V, N , 

F) 2 ) = X] E C ‘d *i(0 * 0) (2) 

i^i 

where C,, == E(F(i)F[j)) is the corrr.lnt.ian matrix of F. We define a vector < 0 , of 
dimension that contains the first A'i non- zero components of tf>,, i.e. 

= ^l(n), Vn € [1, ATi] (3) 

and a matrix Cj, of dimension N, x h\, by 

Ci(n,m) = C(n,m), V(n, m) € [1, A'i) x [l.WjJ (4) 

Using (3) and (4), (2) becomes F) 2 } = <fj Ci < 0 , and consequently the 

problem (1) can be written in the equivalent form 

{ £ = <p\ Ci < 0 , is minimum . . 

v>r v>i = i (5) 

(5) is a well-known constrained optimization problem that is encountered in the 
derivation of principal components (except that we minimize instead of maximiz- 
ing). This problem can be approached with the Lagrange multipliers method. We 
form the auxiliary function U = ipj Ci <p, — A (y>f <p, — l), where A is a Lagrange 
multiplier. Setting iNJ/dipi(i) = 0 for all i yields 


Ct <fi = A ip, (6) 

which implies that yj. is an eigenvector of C t . Let us denote by ti n the iVi normal- 
ized eigenvectors of Ci, and by A„ the corresponding eigenvalues sorted in decreas- 
ing order ( n = 1, 2, ..., N<). With < 0 , = u„. the function £ in (5) takes the form 
£=uj Ci u n = u% A n u n = A„. £ is therefore minimum for the eigenvector that 
has the smallest eigenvalue, i.e. <p, = u,v,. We should stress that the first order 
MPC is not really a new concept. Indeed, it is simply the principal component with 
minimum eigenvalue for a signal F which is restricted to the interval Ti . 

4 Construction of higher order MPCs 
4-1 The optimization problem 

Once the first order MPC is obtained, the next step is to construct a second one. 
More generally, we want to construct the k' h MPC when the first k - l MPCs are 
given. Our goal is to obtain a complete oTthonormal basis. We want <t> k to be 
a normalized function that has minimum correlation with F, that has a compact 
support Ifc — [l,A r fc], and that is orthogonal to all the jV-dimensional vectors 
(£ 1 ,4> 2 ,...,<£i t _ 1 . Wc will assume that the supports are embedded in each other 
according to J k 3 Z*-i 3 ... 3 T\ y and that jV > A'* > Nk-i > ... > N\. This 
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optimization problem can be formulated as follows: 



is minimum 

<Pk <t>k 

- 1 

<t>k - i 

= 0 

•Pk <£*-2 

= 0 

... 

= 0 

<p‘k <f> i 

= 0 


As in section 3.1. we define the AVdimensiona! vectors ipj by 

ft(n)=^j( n ), Vn € (l, /Vfc] , j = 1,2, k - 1 (8) 

and the matrix C* of dimension N k x N k by 

C fc (n,m) = C(n,m), V(n.m) e [1, A r *] x [l.W*] (9) 

The definitions (8) and (9) allow us to reduce the dimension of the problem, which 
also reduces the computational burden. Using (8) and (9), we obtain 

E((*lF) 2 ) = & C k <p k (10) 

Using (8), (9) and (10), the problem (7) takes the equivalent form 

ifT Cfc (fi k is minimum 
¥>*¥>* = 1 

■ ¥>*_i =o (ii) 

.¥>*<? i =0 

The optimization problem (11), which is more complex than the problem (5), can be 
approached as follows. The orthogonality constraint to the vectors <^>,,<^> 2 , — , <fik- 1 
defines a vector subspace of dimension D k = N k — (k — 1). Let us denote by 

(P;,t — 1,2 D k ) an arbitrary orthonormal basis of this subspace. Each P,- is 

orthogonal to all the ^„s, i.c. 

P7>„ = 0, r»= 1,2, 1 (12) 

for i = 1,2, ...,D k . Such a basis can always be constructed by applying Grain- 
schmidt orthogonalization to a collection of D* vectors that have been made or- 
thogonal to all 9 n s. In the basis {P,}, we denote the coordinates of <p k by t/,, 
f- 1,2 i.e. <p k = y> Pi- If Y = (j/i,j n,...,yD k ) T and P is a (non 
square) matrix formed of the column vectors P, (P,j denotes the j th component 
of P,), then it can be shown that <p k and Y are related by 

V>* = P T Y (13) 

which is a classical formula from linear algebra (i.e transformation of coordinates 
corresponding to a change of basis). Using (13), (11) takes the equivalent form 

j (P 7 Y) r Cjt P 7 Y is minimum 
\ (P r Y) r P 7 ' Y =1 


( 14 ) 
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On one hand, (P r Y) T C k P r Y = Y r P C k P r Y. On the other hand, 
(P T Y) t P r Y = Y t P P T Y = Y r Y, Indeed, P P 1 = I because P is unitary, 
i.c. formed of orthonormal vectors. It follows that (14) reduces to 

f Y T (P C k P r ) Y is minimum ..... 

\ Y T Y = 1 (l5) 

The transformation (13) has therefore reduced the optimization problem (11) to 
the classical principal components problem (15), which Is formally identical to (5). 
The solution of (15) is straightforward: Y is the eigenvector of P C k P 7 having 
the smallest eigenvalue, anc then we use (13) to obtain <p k . It is emphasized that 
P C k P 7 is the expression of the matrix C k in the subspacc of the vectors orthogonal 
to In that sense, MPCs are truly a multiscale generalization of 

classical principal components. The procedure described above can be used to 
construct MPCs iteratively. It can be iterated until a full basis is obtained. In 
the next example, we will see that data-adaptive wavelets can be constructed by 
applying this procedure only once. 

5 Diadic MPCs 

5. 1 Definition 

We consider signals of dimension N — 2" 0_1 L o, where no > 0 and L 0 > 2 are 
integers. Diadic MPCs will be denoted by v rtm , where n and m arc width and 
location indices respectively. The d> nm s sharing the same n have identical sizes 
t n , defined by t n = 2" 1 /, 0 for n = 1,2, ...,n© and t„ = A' for no < n < n mM . £, 0 
and („ 0 are the the minimum and maximum function sizes, respectively. If n < no, 
then the supports of m and t/v m +i are adjacent and disjoint, which implies the 
orthogonality property Moreover, ip nm is obtained from 

l by a simple translation of the support of It follows that we ueed only 
to define the construction method of if> n j for each n. If n > n fl , then there is a 
unique large scale MPC for each n. The if> n ,„s form an orthonormal basis of 7? ,v , 
so that any signal F can be expanded as 

M(«) 

(16) 

nsl m=l 

where A/(n) is the number of MPCs of size f n , given by M(n) — 2" 0- '* for n = 
1,2,..., no, and by A/(n) = 1 for no < n < The location of the supports of 

the MPCs is illustrated in figure 1 

5.2 Construction 

The first step is to build the MPCs of first generation. They have equal width 
and adjacent but disjoint supports. They are denoted by V’l.it. * = l,2,...,.Vf(l), 
and their supports are [(k — 1) + l,fc £j), where 1 < fc < A/(l). We build 

d> ltl by solving the optimization problem (1) : Vi.i 1S normalized and minimizes 
b\(F 7 %l> i,i ) 2 ). There is only one normalization constraint to satisfy, hence tr’i.i is 
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a first order MPC. The other first generation MPCs, i.e. ^1,* for k > 1 , are eas- 
ily obtained by translating the support of ip l x to the right by k Lq points (figure 
1 ). The second step is to build the MPCs of second generation. They have equal 
width (2, i.e. are twice larger, and have adjacent but disjoint supports. They are 
denoted by V*?,*- k = 1,2, ..., M(2) and their supports are [(fc — 1) /j + l,k £ 2 ]- 
It is stressed that each MPC of second generation is embedding a pair of adjacent 
first order MPCs. We start with V’ 2 , 1 . that must be normalized and orthogonal 
to j and %l > j 2 . V > 2 1 i 8 therefore the solution of the optimization problem ( 7 ), 
using d>x = «/»! !, <f> 2 = V’i.z- and d> ; , = ^2.1 ■ i Q the terminology of section d, ip 2 ,i 
is therefore an MPC of order 3 , but of second generation (the generation level is 
determined by the function size, whereas the order is determined by the number of 
constraints to be satisfied in the optimization problem). As previously, the other 
d>2 k s for k > 1 are obtained from by translation (figure 1 ). 
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This process is iterated in a self-similar way for MPCs of generation 3, 4, ... 
until the MPC of generation no and size N is obtained. Once the largest scale 
N is reached, it is necessary to build additional large scale MPCs of size A' to 
get a complete basis of functions. Indeed, N basis vectors are needed to describe 
AT -dimensional signals. The additional large scale MPCs are obtained by solving 
(7) using all vectors previously constructed as orthogonality constraints. The con- 
struction process is stopped once a total of N orthonornal MPCs is obtained. 


5.3 Diadxc MPCs with Lq — 2: degeneracy o] MPCs bases 

As a reference signal, we used a stationary random signal containing 20000 points, 
obtained by smoothing a white noise on 20 points (using a moving average). The 
white noise has a uniform distribution in |— 0.5, 0.5). The correlation matrix was 
estimated from this signal. 

We first built a set of diadic MPCs with Lo — 2, •— 6 and n mM = 7. We 

observed that these MPCs happen to be the Hoar wavelets. Moreover, we discovered 
that this result is virtually independent of the reference signal considered, i.e. of 
the correlation matrix. In that sense, the case I.q — 2 is degenerate, i.e. different 
signals lead to virtually identical MPCs. This degeneracy is partly explained by 
the fact that there is little freedom in the optimization problem. Indeed, the vector 

j, which has two components (* 1 , 12 ), must be normalized, i.e x 2 + x 2 = 1, 
which leaves only one variable to adjust in the optimization. Wc will sAy that the 
number of degrees of freedom iV,if(l) is one. This restricted freedom persists for 
MPCs of higher orders. Indeed, consider for instance t (> 2 It has four components, 

it must be orthogonal to two vectors (i.e. V 1.1 and i/» 12 ) and be normalized. It 
follows that ATdf (2) = 4 — 2 - 1 = 1, i.e. there is again little room for adjustment 
in the optimization. More generally, it can be shown that A^f(n) = 1 for n > 1. 


5-4 Diadic MPCs urith La > 3: data- adaptive. MPC bases 

Using the same reference signal, we built a set of diadic MPCs with La = 3 and 
no = 6, so that N = 2 n<1 " , Ao = 96. The number of small scale MPCs (i.e. ( < N) 
is 2"° — 2 = 62, and therefore the number of large scale MPCs (i.e. t — N) is 
96 — 62 = 34, which is much larger than for the case Lq — 2. It follows that 
n„, u = 62 + 34 = 96. We plotted only the first four large scale MPCs in figure 2. 
These MPCs. which are no longer similar to the Ilaar wavelets, were found to be 
sensitive to the reference signal, i.e. they are truly data-adaptive. 

It is stressed that we modijied the construction rule for large scale MPCs. At 
small scales, we minimized E{(F T xl> n .) 2 ) as usual. However, at large scale, we 
maximized the mean square E((F r t/i n l ) 2 ) instead of minimizing it. In this way, 
we obtain first the large scale components which carry most of the energy, as one 
does in a classical PC analysis. In practice, this is done simply by choosing the 
maximum eigenvalue solution of the system (15). Wu also built diadic MPCs with 
Lq > 4. We found that they vary significantly with L 0 , which indicates that a 
large variety of adaptive bases can be obtained with our construction method. We 
emphasize that small scale MPCs naturally happen to have zero or nearly zero 
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average. This was verified for different signals and varying Lo- In that sense, 
MPCs are natural wavelets. 


» • 4 


• at 





ENERGY ( % ) 

CUMULATIVE ENERGY (%) 

1 

1.05423 

1.05423 

2 

0.725452 

1.77968 

3 

0.452912 

2.23259 

4 

0.249469 

2.48206 

5 

0.0936624 

2.57573 

6 

21.907 

24.4827 

7 

19.2795 

43.7623 

8 

15.0983 

58.8606 

9 

11.725 

7C.5855 


Figure 2. Basis of diadic MPCs adapted to a smoothed white noise. We used Lo — 3, ■ 6 and 

fiti.sx = 96. Top to bottom, left to right: V„,i • n = 1,2 9. Tho support size f„ of each MPC is 

written on top of each plot. The large scale j* with n > 9 are not shown n is the geneialion 
order For largo scale MPCs, i.a. f = 96, we maximized the mean square E((F T itn , t )*) instead 
of niiuiiniziug it. 


5.5 Example: Diadic MPCs with La — .3 for a random binomial measure. 

We have seen that the MPCs obtained with smoothed white noise are not self- 
similar. One may wonder if signals having a built-in self-similarity have self-similar 
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MPCs. To provide a partial answer to this question, we computed tire MPCs for a 
random binomial measure 

The latter was generat ed by the usual dyadic self similar cascade process. More 
precisely, each interval I of size L is split into two adjacent disjoint subintervals 
of width f./2. Each subinterval receives a fraction uq = 0.3 or u> 2 = 0.7 of the 
measure of 1 (the measure of the initial interval is unity), wq and wj are chosen 
randomly with equal probability. This process was iterated 14 times, resulting in a 
signal composed of 2 6 * * * * * * * 14 = 16384 data points (figure 3). 



Figure 3. Logarithm of a random binomial measure. 


At the end of the construction process, we took the logarithm of the resulting 
signal to further strenghten self-similarity. Indeed, the logarithm of a multiplicative 
process can be regarded as a fractal sum of pulses, where the pulses arc statistically 
self-similar. This sum of self-similar pulses resembles a decomposition on a dyadic 
wavelet basis. 

The MPCs obtained with this signal arc shown in figure 4. As can be easily seen, 
the resulting MPCs are not self-similar. This means that the optimal representation 
of a self-similar signal, from the standpoint of MPCs, is not necessarily produced 
by a self-similar wavelet basis. 


6 Conclusions 

Wc have shown that orthonormal bases of functions with multiscale compact sup- 

ports can be obtained from a generalization of principal component analysis. These 

functions are the eigenvectors of the correlation operator expressed in vector sub- 

spaccs. Using MPCs, many approaches are a priori possible for the construction of 

orthogonal bases. In particular, we sluawed that we could construct diadic wavelet 

bases. MPCs, which minimize their correlation with a reference signal, are data- 

adaptive. Moreover, MPCs arc natural wavelets, i.c. they have typically a zero or 
nearly zero average. Since they minimize the energy contained in the small scale 

coefficients, MPCs should be very efficient for data-compression and denoising. 
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Figure 4. Basis of disci lc MPCs adapted to a random binomial measure. We used La ■» 3, no — 5 
and ixu = 96. Top to bottom, left to right: V>„, , n — 1.2,..., 9. The support size t n of each 
MPC is written on top of each plot. The large scale V>„ ,s with n > 9 are not shown, n is the 
generation order. For large scale MPCs, i.e. t = 96, we maximized the mean square JS{(F T V' n i) 3 ) 
instead of minimizing it, 


References 

1. D. L. Donoho and I. M. Johnstone. Ideal spatial adaptation via wavelet 
shrinkage. Biometrika, 81:425-455, 1994. 

2. J. S. Geronimo, D. P, Hardin, and P, R. Massopust. Fractal functions and 
wavelet expansions based on several scaling functions. Journal of Approxima- 
tion Theory, 78(3):373-401, 1994. 

3. R. E. Learned and A. S. Willsky. A wavelet packet approach to transient 
signal classification. Appl. Comput. Harmonic Anal., 2{3):265-278, 1995. 

4. J. M. Lilly and J. Park. Multiwavelet spectral and polarization analyses of 
seismic records. Gcophys. J. Int., ( 122): 1001— 1021, 1995. 

5. S. Mallat and Z. Zhang. Singularity detection and processing with wavelets. 
IEEE Transactions on Signal Processing, 41(12):3397-3415, 1993. 

6. S. Mallat. A wavelet tour of signal processing. Academic Press, 525 B Street, 
Suite 1900, San Diego, CA 92101-4495, USA, 1998. (a) section 4.3. (b) section 
7.2.1. (c) section 10.1.1. (d) section 9.1.3. 

7. P. Yiou, D. Sornette, and M. Ghil. Daia-adaptivu wavelets and inulti-scalc 
singular spectrum analysis. Physica D, 142:254-290, 2000 


COEXISTENCE OF DOUBLON AND DENDRITE STRUCTURE WITH 
PHASE-FIELD MODEL 

Seiji Tokup.aga 

Interdisciplinary Graduate School of Engineering Science, Kyushu University, Kasuga, Fukuoka, 

816-8580, Japan 

Email.tokunal@asem.kyushu-u.ac.jp 
Hidetsugu Sakaguchi 

Department of Applied Science for Electronics and Materials 
Interdisciplinary Graduate School of Engineering Sciences. 

Kyushu University, Kasuga. Fukuoka. 816-8580, Japan 

Doublon is one or the typical patterns found m crystal growth. It is a pair of symmetry broken 
fingers. In this paper, we obtain numerically parameter range of coexistence of doublon and 
dendrite structure with a phase-field model. We perform numerical simulations in a 
two-dimensional channel, setting small seed of crystal at left-bottom side of the channel as an 
initial condition. The oscillation of groove of doublon appears in some parameter range even 
though without perturbation. In other parameter range, both dendrite and doublon make their 
appearance along same growth direction. 

1. Introduction 

Crystal growth has been intensively studied as a problem of pattern formations far from 
equilibrium [1,2]. Many fascinating patterns such as dendrites have been studied in 
experiments of crystal growth [3,4,5] and computer simulations [6,7,8], Recently, the 
phase-field model became one of the popular methods of computer simulations for crystal 
growth [9,10,11], 

A diffusion field is very important in the problem of the crystal growth [2], Doublon is 
one of the typical growth patterns in diffusion fields. The doublon takes a form of two 
fingers growing in a pair and has a narrow groove between the fingers. It has mirror 
symmetry with respect to the center of the groove. This doublon structure was first 
predicted by Ben Amar and Brener as an asymmetric dendrite along the wall of a channel 
[12]. They have shown analytically that the growth velocity of the doublon is in 
proportion to ninth power of the degree of nonequilibrium, the power of which is fairly 
different from the normal dendrite. The doublon patterns were found in several 
experiments. Akamatsu et al. found some doublon patterns in an experiment of directional 
solidification [13]. They confirmed that the doublon structure needs low anisotropy and 
high undercooling. Furthermore, they discovered that the width of groove is inversely 
proportional to the undercooling. Loscrt ct al. investigated the stability of doublet 
structure changing the strength of fluctuation with an experiment and a phase-field model 
[14]. The doublon patterns were found in the experiments of Lipson’s group of drying 
water film [15]. Doublon patterns arc considered to exist in a parameter region where the 
dense branching morphology (DBM) appears. Ihle et al. discussed qualitatively the 
stability region of the doublon in the parameter space of surface tension anisotropy and 
the supercooling [17,18,19]. Recently, we reported the stability of doublon structure [20], 
In ref. 20, doublon was classified into two, surface tension doublon and kinetic one, and 
each was investigated. 
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A phase-field model is a useful simulation model for such growth patterns that group 
have a form of the Ginzburg-Landau equation coupled with the diffusion equation. For 
melt growth, the Ginzburg-Landau equation represents the dynamics of phase transition 
from liquid phase to solid one and it is coupled with the heat conduction equation for the 
latent heat generated at the growing interface. The phase-field model is a method for 
numerical simulation to study interfacial pattern formation phenomena in solidification 
and other systems. The well-recognized appeal is to avoid the explicit tracking of 
macroscopically sharp phase boundaries, by introducing an order parameter p, which 
varies smoothly from one value to another one. It is possible to simulate the case of 
negligible interface kinetics that is physically relevant at low undercooling for a large 
class of materials, by the improvement of the model by Karma and Rappel [10]. 

In this paper, we use the phase-field model to investigate the detail of the transition 
range between doublon structure and dendrite one. We set small seed of crystal at 
left-bottom side of a channel as an initial condition. If one of the two fingers of doublon 
that steps a little ahead by some perturbation wins the competition against the other by 
gaining more diffusion field supply, the doublonlike structure with two symmetrical 
fingers will be destroyed. On the other hand, if the other finger catches up, when one 
finger steps a little ahead, the doublon structure is stable. We investigated the detail of the 
result in another paper [20]. In this paper, wc will obtain a pattern coexisting of doublon 
and dendrite. 

We introduce our model equation and the numerical method in Sec 2. In Sec. 3, we 
show some of the numerical results when the strength of the surface anisotropy and the 
degree of supercooling arc changed. 

2. Model equation 

The model equations of the phase-field model arc 


= {p - Ml - P 2 ) } 0 ~ P 2 ) 

4- d x {W{6?d x p- IVmWyP) (1) 

+d y {W{0?d y p+W(e)WX9)d x p}, 

qu^DV’u+qpf 2 , ( 2 ) 

where, X is a dimensionless parameter that controls the strength of the coupling 
between the phase and diffusion fields, p is an order parameter and p~\ and /;--l 
correspond to solid and liquid phase, respectively, t{0) is an anisotropic time constant, 
WW is an anisotropic diffusion constant and W(Q) is a partial differential of W 
with respect to 0. The variable u is the dimensionless temperature that is expressed as 
u = (T-T u )/(LIC p ), where T, T», L and C p are respectively, the temperature, the 
melting temperature, the latent heat and the specific heat. The diffusion constant for m is 
denoted by D. The term d,pl 2 in Hq. (2) represents latent heat production at the 
interface. The value 0=arctan(<?„p/<?,p) is the angle between the direction normal to 
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the contours of constant p and horizontal axis. 

Four-fold rotational symmetry is assumed for the anisotropy and 


H , (0) = l + e,cos(4$, (3) 

z{0) = H'(e){i-e l cos<40)}, (4) 

where the parameters e s and e k denote strength of surface anisotropy and that of 
kinetic anisotropy, respectively. Karma and Rappel derived the fundamental equation of 
crystal growth as the sharp-interface limit of the phase-field model as 


^M=DV 2 M, (5) 

^i-~d^9)K-p(0)v n . ( 6 ) 

Equation (5) is the diffusion equation for u and Eq. (6) is the generalised Gibbs-Thomson 
condition, respectively, where d n (0), K,fi(9) and v n denote respectively the 
anisotropic capillary length, the interface curvature, the anisotropic kinetic coefficient 
and the normal interface velocity. These parameters are expressed using W {9) and 
z(9) as 


d o {9) = — {W{9)+W'{0)}, 


m= 


1 r(9) 


1 - A 


W\9) K + ./F 


AJW(9) L 2Dt(9) I J 


(7) 

( 8 ) 


where, I = 2*J2I3, .7 = 16/15, F=V 21n2, K-0.13604. If r(0)=IF(0) J and the 
parameter A is chosen as A = (2ID)/(K + JF), the anisotropic kinetic coefficient 
P(9) vanishes, that is, the kinetic effect becomes negligible and the capillary 
length </ 0 (£7)oc 1-15^0054# . If the parameter A is chosen such as 
A = (1. %ID)f(K +JF), the anisotropic coefficients d 0 (9) and ft(9) are expressed 
as d o {0) ocl-l5e,cos40 and /?{#) oc 0.1 ~{e k + 0. 9e,)cos40 . We use 
A = (2 ID)!(K -t- JF) as a typical case without the kinetic effect. We have performed 
numerical simulation of the phase-field model cq. (1) and cq. (2) with the finite difference 
method of gridsizc Ax = 0.4 and timestep A/ = 0.0 1 5 . The simulations were done in a 
channel (a rectangular box) of size L, X 1^=480 x 96. We have used a channel system to 
study the time evolution of two fingers. (In a square box, there appear many branches and 
the interactions among many branches are complicated.) The initial conditions are 
pfx.y.i-Q)™- 1 and ufx.y.t-O)-- A , where A denotes the dimensionless supercooling, 
except for the region of the crystal seeds. Inside of the crystal seeds, p(x,yl=0)=l and 
u(x,y,t=0)=0. We set seed of crystal whose radius is three grids at left-bottom side of a 
channel as an initial condition. The boundary conditions for p and u arc the no-flux 
boundary conditions at x=0 and y^O.Ly, and the fixed boundary conditions 
p(x.y)=-!.u(x,y)~- A at x=L x . 
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3. Result and discussion 

We show the results of simulations in a channel with phase-field model. Figs. 1 arc growing 
patterns increasing the strength of surface anisotropy e } and changing supercooling A . 
Fig. 1 (a) is a pattern in A =0.74, e s =0. Because the anisotropy is zero, the growing 
crystal cannot have a clear growth direction. As a result, whole growth direction is 
destined to go along the channel, and a symmetry broken finger along the bottom of 
channel appears. When e, is low but not zero, the main growl h direction is (1,1). The 
crystal that is growing toward (1,1) direction forms symmetry broken pattern along the top 
of the wall. Fig. 1 (b) is a pattern that makes a symmetry broken finger along the top of the 
wall. Although Fig. 1 (c) shows the form of a symmetry broken finger like Fig. 1 (b), one 
finger can grow also along the bottom of wall of a channel. In fig. 1(d), a symmetry 
broken finger grows along the bottom of the wall, a finger runs along the top of wall. As 
increasing e s , main growth direction changes from (1,1) to (1,0), therefore the symmetry 
broken finger tends to make its appearance along the bottom of the wall. Fig. 1(e) is a 
purely symmetry broken pattern growing along the bottom of channel. Fig. 1(f) is 
oscillating groove pattern that was reported by us [20]. In rcf.20, oscillating groove 
pattern appears near the boundary of doublon and dendrite. Furthermore, a perturbation 
was adopted in the simulation of ref. 20. In this paper, we find the oscillating groove 
pattern between doublon and dendrite even though without perturbation. Figs.2 uses the 
same parameter as Fig. 1(0- If the tip of the pattern reaches x-440, the growth for the 
anisotropy parameter is stopped, and the numerical data for the order parameter and the 
temperature are saved in our computer. The order parameter and the temperature profiles 
in the tip region (p’(x,y),u’(x,y)) are used for the initial conditions for the next step, that is, 
p(x,y,t=0)=p’(x+320,y), u(x.y,t=0)=u’(x+320,y) for x<160, and p(x,y,t-0)=- 1, u(x,y,t=0)-- 
A for x>160. Fig.2(a) is a next computational process of Fig.l (0- The oscillation is 
gradually attenuated and make straight groove at last in this parameter. Fig.2(b) is also a 
next computational process of Fig.2 (a). Tire groove was partially buried. In this parameter, 
the groove of doublon has tiiree forms, that is, oscillating, going straight, buried. As 
increasing e a , the form of dendrite appears instead of that of doublon. Fig.l (g) is a 
dendritic pattern growing to (1,0) direction. 

Fig.3 (a) are growing patterns fixed A =0.8 and e s =0.007. Fig.3 (b) is a next 
computational process of Fig.3 (a) using a same method as Figs.2. In Fig.3 (a), both 
dendritic pattern and symmetry broken pattern can grow along the same direction. At first, 
the crystal which is growing along a channel is perfectly dendritic. Therefore, it seems 
that the dendritic pattern exists in the parameter. However, the crystal going to (1,1) 
direction makes a groove along the top of wall, and begins to grow. The tip of the crystal 
forms symmetry broken finger, that is, one of a pair of doublon. At last, since the velocity 
of doublon is faster than that of dendrite, doublon overtakes dendrite and dominates the 
diffusion field in Fig.3 (b). However, the simulation was carried out in wider channel, the 
dendritic pattern may preserve its appearance for longer. Though the velocity of doublon 
is faster than that of dendrite in this parameter range, a dendrite structure has made first. 
The parameter range coexisting doublon and dendrite is very narrow. Outside the 
parameter range, the thing made first remains to the last. 
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4. Summary 

In this paper, we report some doublon patterns with phase-field model. The effect of the 
wall of channel is very important to make a doublon pattern. In the very narrow range, 
dendrite and doublon patterns coexist growing to same direction. Even though the velocity 
of doublon pattern is faster than that of dendrite, the dendritic pattern grows first of all. 
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<s)A=0.78.cs=00065 


Figure I. Growing patterns increasing the strength of surface anisotropy £? t and changing the supercooling A . 



Figure 2. Second and third computational processes of Fig. 1(f). 
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The proofs seems lo show that the ancient Mesoamencan architects and artists developed 
geometrical concepts, and used them in their works, for example to get orientations of the 
buildings with a relationship with the gcoinancy and the alignment with the equinox, as 
was signed by Aveni, Hartung and Broda. ' 

Pyramids had a religious function related to the myth and the ritual expressions, 
traditions and ideology. These buildings were established in specific sacred spaces in 
order that the people can experience a powerful holy event. The relationship between 
death, art and architecture is also evident 4 . A lot of ritual ceremonies take place on the top 
of the mountains or pyramids or on the platforms like steps. A pyramid was 
fundamentally a ceremonial building that represented a pattern of the cosmological 
organisation and the center of the world 5 . 

A pyramid is a series composed by different number of platforms of different sizes. 
Then we have to analyze all the structure together, but by the other side, we have to sec 
these buildings like boundaries and try to study their separated sequential segments in 
order understand better the distinct aspects of the correlation functions. 

The aim of this work is lo study these structures trying lo find out the patterns and 
designs and the forms into this complex geometry that appear to enclose a specific guide 
of information encode in them. What we want to decipher the possible interconnected 
nature of different reckoning systems. To do it we present here three different procedures 
of analysis. The first one studies the structures like scries from the point of view of areas 
against volumes. In a second one we visualize the pyramid like the reason of the volume 
interpolated with its empty complement mould. The third one is the calculation of the 
fractal dimension of a big number of pyramids with the Box counting method that shows 
rather the roughness of an object or fluctuations of the height over length scale. In the past 
we found those Mcsoamcrican artworks, sculptures and architecture to have fractal 
dimension. 4 

In the first group we included 16 pyramids to study. The Fractal Dimension average 
was 1.236*0.108 with r*“ 0.918. 

We name the second procedure "reason of the volume against the empty 
complement". To get logic structure it is necessary to add an extra imaginary platform at 
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the lop in order to form a mould, what makes it a complex model. The analysis was done 
with the GS+ program (version 5.1 .1 Gamma Design software, 2001). This model can be 
described through the following equation: 

£ vp,«irr -ivp ,) D 

!■» 

llnrd procedure. Fractal Dimension. In these group 14 pyramids were included in the 
analysis. The Fractal Dimension general average of this group was 1.312±0.179 with r 3 = 

0.874.Wc collected 26 images from pyramids of different Mesoamerican cultures that 
were scanned and saved as bitmap files on a computer. Thereafter the images were 
analyzed with the program Benoit, version 1 .3 1 in order to calculate Box, Information and 
Mass Dimension, and their intercepts on log-log plots. 

The total averages of this group were for Box Dimension Db = 1 .93 1 ±0.0 10, 
Information Dimension Di = 1.941 ±0.000 17 and Mass Dimension Dm = 1.95910.042. 

The first two procedures show the existence of fraclality in series of different kind of 
pyramid measurements and the change or relation between the parameters. 

The reason as to why in the third procedure we got bigger Fractal Dimensions than in 
the two first, could be due to this one measuring die roughness of an object as a whole, 
what is completely different to at measuring geometric relations of particular scalar 
properties and study the power function describing the fraclality of the pyramids. 
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It is well known that crystals of some substances can grow in dendritic patterns. The 
morphology exhibited by crystals of certain substances that grow in the surface of a thin 
agar plate is complex and can be described by fractal geometry |1, 2,3.4 1. Some of these 
structures can be explained by the Diffusion Limited Aggregation model (DLA) [5]. 
However, there arc other structures as dense branching morphology that need different 
models |2|. 

In this work, the morphology variety of crystal growth of mercury (II) chlonde 
(Merck) in thin agar-agar (Merck) plates was studied. To cany out the experiments it was 
necessary to divide all the microscope slides used into 4 equal parts of 1 .0 X 1 .5 cm each, 
edging the divisions of each slide with silicon glue. These four spaces in the slides have 
been called cells. Experiments were performed by spreading 25 pL or 50 pL of the 
solutions on the cells. It was observed that when water evaporates crystals start to 
develop. Drying times and temperatures (.10 to 70 °C) were controlled. The center of cells 
took one minute to 5 hours to dry, this time is called drying time. 

Finally, the crystals obtained after the evaporation of solution, were observed through 
a microscope at 50 and 100 magnifications. They were also photographed using a 
Samsung Digimax 101 camera at its highest resolution. 

At temperatures of 30 ± 2°C. it was observed that the morphology depends more 
strongly on the drying time than on the concentration. At long drying limes, the structures 
are DLA-likc. The fractal dimension was determined by box counting method [2] and by 
mass-radius method [2] and the results agreed with the values reported in literature 
(around 1.7) |2.51. 

At short drying times compact structures and patterns of crystallization appear in 
bands. These bands can be considered as periodic crystallization (Fig. la). 

The same tendency occurs at temperatures of 50 ± 5 *C and 70 ± 5 “C, though new 
patterns were observed, as can be seen in Fig. lb, that shows spirals of crystallization that 
grow inside, towards a central compact crystal. 

At temperatures of 30 ± 2 °C. the spirals do not form, but sometimes a ring of 
crystallization around a big compact crystal can he observed. 

The DLA-like structures are a well known phenomenon in crystallization 12,51- 
DLA-likc structures appears at long drying time (not too long, because of the appearance 
of faceted crystals instead) because this process is governed by diffusion. At short drying 
times, the velocity of growth is higher and therefore, the crystallization is more irregular: 
the degree of randomness is higher. These structures are thinner than DLA-like (their 
color is paler). That is: the structures arc more random, flatter, they do not have enough 
time to crystallize in ordered and thicker structures. 

Although the bands resemble 1 icsegang rings, they arc not the same because in the 
actual experiments the initial concentrations of ions arc homogeneous and the bands of 
crystallization arc approximately equidistant. This could be explained as follows: initially, 
the concentration of the salt is homogeneous, however, when the water evaporates, the 
concentration increases following an evaporation front (the edge of the crystallization and 
the moist gel). If the evaporation is fast the salt will supersaturate. Suddenly, some of the 
salt crystallizes and these crystals consume the ions around it. Here a band of crystal 
appear followed by an empty space. The evaporation front goes ahead and the ions can 
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not diffuse to empty space and in this space the concentration never reaches high enough 
level for the salt to crystallize. Nevertheless after the empty space there are ions at higher 
concentration that can he even more concentrated until supersaturation. The process is 
repeated until the velocity decreases or the evaporation front stops. 



Fig. 1 Example of periodic and sp>ral crystallization. a) was obtained by growing 25 pL HgC-'lj 0.20 M in agar 
0 75 g/100 ml, al 25 4 2 *C, drying time was 5 min; b)was obtained by growing 50 |iL HgClj 0.10 M in agar 
0.20 gf 100 mL at 50 4 5 "C, drying time was 10 min The scale is the same for both images 


At higher temperatures spirals can appear. The explanation could be the same- 
sometimes, a crystal grows slowly before it is touched by an evaporation front. When one 
or more evaporation fronts move towards this crystal, the crystallization stops in some 
region around the previous crystal (the salt around it has been depleted). Then, empty 
regions with a crystal in the center can be seen. The fronts can generate concentric circles 
around the central crystal (by the same mechanism as the bands of crystallization). At 
higher temperatures, the growth velocity is higher too. and possibly there are different 
velocities for the evaporations fronts and these velocities are changing over time; this 
way. instead of concentric circles, a spiral appears. 

More research is needed to prove and refine the mechanisms proposed above for 
bands and spirals in crystal growth on agar slides. Maybe this mechanism can be applied 
to other phenomena with periodic crystallization. 
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El Nin<y Southern Oscillation phenomenon is regarded as one of the most important 
elements in year-to-year variations in the Earth’s climate, with over half of the globe being 
subjected to weather anomalies associated with this phenomenon [2J. The Galapagos 
Islands, located within the core of the El Nino/Southem Oscillation region, contain 
numerous closed-based saline lakes that are ideally situated to provide a potentially 
continuous, long-term record of ENSO events. Bainbridgc Crater Lake, occupying a small 
eruption cone, is a -3 m deep hypersaline lake. The lithostratigraphy and mineralogy of a 
4. 1 m long sediment core from the offshore portion of the basin was used to investigate 
the hydrological and brine chemical fluctuations over the past 6200 years by Riedingcr et 
al. [5], X-radiography of the core was used in this study to better define the frequency and 
intensity of El Nirio events. Last et al. (4] provide methodological details on x-ray image 
acquisition, image enhancement and analyses. More than 500 distinct lamination couplets 
(e.g.. light-dark beds), representing individual ENSO events, identified on the x- 
radiographs provide the basis for our assessment of millennial-scale variability of El Nino 
over the past six millennia. 

Fractal geometry has been applied to a wide range of phenomena in recent years 
[3]. Many observations of nature consist of records in time or a series of observations, 
which can be characterized by the Hurst exponent (//). The trace of the record is a curve 
with fractal dimension D=2-H, 0<H<J. When the Hurst exponent H is greater than 0.3. 
the scries record is persistent: that is, an increasing or decreasing trend in the past favors 
an increasing or decreasing trend in the future. The increments arc positively correlated. If 
H <0.5, the increments are negatively correlated. For ordinary Brownian motion. H-0.5. 

Here we analyze in terms of Hurst exponent and fractal dimension the variability 
in gray level of x-radiographs of finely-laminated sediments from Lake Bainbridge Crater, 
Galapagos. We obtain fractal characteristics of gray-scale intensity data for two parts of 
sedimentation (Parti: relatively recent 3 millennia. Part2: the period from 3-6 kyr B P.) 
and compare them. Considering the sedimentation rate is approximately constant on these 
two parts of the stratigraphic sequence, gray-scale intensity data scries arc approximately 
analogous to a time series with 0.2 M C year-interval for Parti and with 0.4 ,4 C year - 
interval for Part2. The dark-light stratigraphic variation evident in the x-radiographs 
represents fluctuation from strong El Nifto (low gray scale intensity values) to non-El 
Niflo (high gray-scale intensity values). 
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Two methods have been used to measure the Hurst exponent of gray-scale 
intensity data: the power spectrum method and the width method. The power spectrum 
method gives the fractal characteristics of data as a whole, and the width method 
characterizes them depending on length or time scale. 

The Hurst exponents found by the power spectrum method are equal to 0.88 and 

0.8 for Parti and Part2 data respectively. These rather high values of Hurst exponent 
indicate that gray-scale intensity data as whole have persistent behavior in both parts of 
stratigraphic sequence. Persistence means that these data exhibit clear tendency with 
relatively little noise. Non-randomness of grayscale intensity data is characterized by a 
fractal dimension (£>=2-//), which is equal to 1.12 for data from Parti and 1.2 for data 
from Part2. That means that gray-scale intensity data are strongly non-random We 
interpret this persistent stratigraphic behavior in the distribution of laminae has reflecting 
hydrologic control by the external influence of El Nino/Southern Oscillation phenomena. 

The values of the Hurst exponents obtained by the width method vary from 0.09 
to 0.77 depending on time scale and, therefore, gray-scale intensity data have different 
behaviors on different scale. The youngest part of the record has a persistent behavior 
with H=0.77 for times up to about 5.6 years and the older part of the sequence has 
persistent behavior with H=0.64 for times up to about 26 years. Decreasing time scale of 
persistent behavior of gray-scale intensity data in more recent sedimentation record 
indicates that data from Parti exhibit clear tendency, for example periodicity, on smaller 
scales than data from Part2. As any periodical function has persistent behavior on length 
scale equaled to haif of its period, then we may suggest that data from Parti have 
periodicity about 1 1.2 years and data from Part2 about 52 years. This result is consistent 
with other conclusions in literature about increasing frequencies of ENSO activity since 
3000 yr B.P[5J. 

A persistent behavior with the Hurst exponent of H-0. 7 was also found in the 
analysis of gray-scale intensity data of oscillatory zoning in cave calcitc from Hungary 
(cave Semlo-Hed) [1]. Formation of oscillatory zoning in this calcite was also controlled 
by external processes occurring outside of the cave. 
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Plant species adapt themselves to a wide range of water availability conditions from wet 
to desert areas. Most plants lower their K c (water requirements) [1] either through 
conservation mechanisms or by enhancing their uptake of limited soil moisture. K< is the 
ratio of the actual optimal water absorbed by a plant (ET cnp ) to a reference ET U called 
potential evapo-transpiration, which is calculated from meteorological station data. 

ET tK f m K ( * ETo (1) 

The depth and density of the root system are considered to be major factors determining 
the amount of water absorbed by a plant. Deep taproots in combination with shallow 
surface roots permit plants to capture moisture effectively, such as that from light rains or 
from lower parts of the soil profile. Quantification of such root architectural traits is 
difficult, and describing root systems based on their biomass or length distribution has not 
proven to be completely successful. 

Tl>e use of fractals, however, to study the root branching of plant species such as sorghum, 
has revealed that the genotypes of African origin are more highly branched, with deep 
roots, than US-derived genotypes [2]. The fractal dimensions of plant roots have also been 
found to differ among genotypes of the common bean [3]. Earlier work by Tatsumi and 
Takagai [4] found fractals useful for diagnosing root development, and revealed that the 
fractal dimension can be a good indicator for estimating system size as well as the 
complexity of root branching. 

The aim of the current study is to assess genotypic variability' (K f ) of root branching in 
olives ( Olea europea L ), as per the new proposed Equation 2 that takes into account the 
variability within the olive crop and water requirements. More specifically, we seek to 
determine quantitative architectural/branching parameters using fractals along with 
analysis of physiological processes underlying genotypic WUE such as water flow and 
transpiration of the plant. 

ETcr^-KSKtxETc (2) 

Pencil-long, pencil-thick cuttings were taken from five different olive cultivars (G1 G5). 
Prior to planting, cuttings were dipped in rooting hormone to improve the strike rate, and 
the rooting was then carried out under mist. At 3 months old, the plants were placed on a 
copy stand and their unages were captured using a digital camera linked to a computer. 
The root fractal dimension D parameters (D>, and D,) were determined for 30 root images. 
The fractal dimension values of the roots were then contrasted against another set of field 
data related to the measurement of stomatal conductance (porosity), stomatal resistance. 
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and transpiration from the leaves. The stomatal properties are related to the ease with 
which water vapor diffuses out through small pores (stomata) in the leaves during 
transpiration and the case with which carbon dioxide diffuses in through the same pores 
during photosynthesis (carbon fixation). The measurements were taken on olive trees 
using an LI-1600 portable infrared gas analyzer (Ll-COR, Inc., USA). 

The highest values of the different fractal dimensions of the roots were found in cultivar 
G3. In terms of results related to the WUE parameters measured on the leaf, die same 
cultivar (G3) had the lowest stomatal conductance, with a value of 0.36. In terms of water 
flow into the plant, G3 had the highest value of 4.5. Intriguingly, the same cultivar, G3, 
loses less water, having a transpiration value of 6.37, the lowest among all five cultivars 
(Table 1). 


Table 1. WU E param eters and root fractal dimension values for each olive cultivar 


Cultivar 

Water flow 
(kgs') 

Transpiration 

(kg s ‘ nr*) 

Stomatal 
conductance 
(mmol m* s') 

D h 

(edge) 

Dr 

Gl 

333 

8.20 

0.50 

1.889 

1.064 

G2 

2.83 

8.47 

0.54 

1.910 

1.146 

G3 

4.50 

6.37 

0.36 

1.919 

1.194 

G4 

2.23 

6.67 

0.41 

1.903 

1.189 

GS 

3.83 

9.03 

0,58 

1.907 

1.181 


The analyses conducted demonstrate that fractals can be used effectively to discriminate 
between cultivars and, most importantly, may also assist in the selection of cultivars with 
superior WUE. 

We are currently investigating the measurement of root branching/architecture through 
fractals in further detail in relation to WUE parameters, and will carry out genomics 
studies to shed light on the inheritance— and, in particular, the function — of root 
architecture in relation to water use efficiency. 
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Development of open parametric l^systenis creates an exiting prospect of crop modeling 
visualization; this allowed the explicit effects of environment on the L-model. 

Two varieties of soybean. Essex (a conventional grain type) and Moon Cake (a 
tail growing vegetable type) were growing in three controlled climate chambers at a 
photoperiod 14 hours, light intensity 390 pmol m * s' 1 , and temperatures 32/27, 26/21. and 
20/1 5°C (day/night). Temperature and photoperiod are the leading environmental 
variables determining the rate of progress towards flowering for soybeans ( I J. The models 
for quantitative description of soybean vegetative development were taken from [2]. For 
visual modeling, a software L-Studio [3] was used. 
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Figure shows photographs (1-6) of the plants of cultivar Essex at the moments 6 series of 
measurements for temperature 32/2TC. a visual L-model of these plants (la-6a), and 
plant maps (schematically) at the same moments (lb-6b). The maps were used for 
recording the measurements and as a first step of data generalization for L-modeling. 

There was no qualitative significant morphological difference between two 
cultivars. The effect of temperature was significant from the moment of emergence. 
Simulations were successfully run for all treatments. 

Specifics of applying L-systems in crop modeling consists in the fact that most of crop 
models simulate a "typical" or an "average" plant in a canopy. For such plant, a 
mechanistic crop model (i.c. GOSSYM, GLYCIM) provides information on intemodc 
elongation rates, rates of leaf appearance, growth of leaf area, branching, leaf turgor and 
senescence and biomass distribution between organs as dependent of environmental 
variables Data collection, that is sufficient to parameterize such model, is sufficient also 
to parameterize the L-system model. Linking a mechanistic crop simulator with L-system 
appears to be feasible. 

In general, the studies at the level of individual plant are not given the attention 
they deserve, and the wider use of L-system modeling can help mend this situation. 
However, even at the level of a single plant the issue of accuracy depends on the question 
asked. For example, it is not obvious that estimating light interception by leaves of 
different age may require the same accuracy of the plant architecture representation as 
estimating temperature and gas regime and gradients. In crop modeling, where one deals 
with a canopy with high variability in individual plant parameters, architecture 
representation with L-systems may require yet different accuracy. Here the evaluation of 
l-system model accuracy should be what Wdstcn et al. [4] called functional. 

Introduction of L-systems in crop modeling would add a new facet to the 
problem of crop model validation. The analysis of the basics of the user interface 
requirements (5) shows that the L-systcms model coupled with a crop model could serve 
as an interactive and attractive for users component of a crop model interface. 
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The nondeterministic time-invariant statistics 1 needed to understand and model 
the nature of the distribution of Internet transmissions associated with file transmis- 
sions result in heavy-tailed distributions which reflect their fractal-like behavior 2 . 
The fractal-like behavior implied that the burstiness (degree of self-similarity) of 
aggregated Ethernet traffic (LAN or local area networks) should not be modeled 
by pure Poisson or Poisson-related models. The Poisson type models were shown 
to be less bursty as the number of traffic sources increased. The fractal nature of 
data transmissions for the Internet results from a diverse and random set of trans- 
mission patterns for file transfers. Some of the self-similarity in Internet traffic can 
be attributed to computer file system characteristics and user behavior. 

This paper presents the Tocorime Apicu information sharing (IS) model 3 which 
benefits from extending the view of the World Wide Web (IV 3 ) as an information 
universe * that contain thematically unified dusters (TUCs) — random collection 
of websites 2 , and incorporates the honeybee information sharing model. The in- 
formation sharing model uses an information ecosystem that maps the Internet 
to a composite set of self-coutained ecosystems (TUCs and ISPs — Internet ser- 
vice providers). Information availability of each self-contained ecosystem reflects 
stochastic fluctuations 2 that can occur within randomly selected areas of the In- 
ternet which can be detected by measuring the self-similarity (fractal) behavior in 
the Web. The network factors that result in the fractal behavior of Internet traffic 
patterns were detected by using rescaled adjusted range or RS statistics to individu- 
ally measure the degree of self-similarity (fractal behavior) between the location of 
the Tocorime Apicu HTML Resource Discovery (HRD) system and selected TUCs 
using the global Internet navigational backbone. 

The information ecosystem merges the social hierarchy of honeybees infor- 
mation sharing with the techniques of distributed ami stientific computing, high- 
performance knowledge discovery in databases (KDD), hypertext, information re- 
trieval (IR), and wide-area networking — the Internet. As in each localized view 
of an honeybee colony’s ecosystem, each self-contained information ecosystem re- 
sponds differently taking into account 1) time of day, 2) time zone, 3) various 
holiday and/or vacation patterns, and 4) ever-occurring major newsworthy events. 
The information sharing model was introduced in the author’s Ph.D. dissertation 3 . 

The Internet navigational problem led to a decentralized approach for retrieving 
Web pages located throughout the Internet which combines adaptive mechanisms 
and policies based on honeybee foraging strategies incorporated into the HRD sys- 
tem to adaptively (and continuously) solve the network routing problem. The net- 
work routing problem requires shortest path routing that minimizes “hops” between 
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the source and raudomly chosen TUCs and/or ISPs. Network factors that must be 
considered are connection requirements (end-to-end delay, delay variation, mean 
rate) and network conditions such as the self-similarity (fractal behavior) resulting 
from Web users and file transmissions. The HRD system objectives include maxi- 
mization of resource utilization and overall LAN, WAN (wide area networks), and 
Internet (LAN + WAN) throughput. Simultaneously, the HRD system attempts to 
minimize rejected request packets and guarantee quality of service (QoS). Within 
cadi TUC, RS statistics can be used to measure the degree of self-similarity between 
the HRD system and each website hosted by the TUC. 

Self-similarity for a time series dataset 1,6 has been defined using the aggre- 
gate sum of m — I time measurements over non-overlapping blocks of size m. The 
aggregate sum, X' m) = (Xj[ m> ; k = 1,2,3,-- ), was rescaled by a factor of m H to 
approximate a zero-mean, stationary time series, X = (Xt',t = 1,2,3, •••). Self- 
similarity exists in the data traffic associated with determining a customized route 
if and X haw the same distribution 

X t = m~ H Xi for allm E N (1) 

i=t»-m+l 

The presence of a distributional self-similar time scries implies that the autocorre- 
lation function 

r(k) = E[(X t -ri(X t+k -ri]/o' (2) 

for X and X m differs by a factor of m H . The self-similarity parameter H = 1 - f 
is meaningful when X = 

The standard usage of these statistical methods 1 are plots for time variance, 
the RS statistics of the self-similar dataset, the power spectrum frequency, and the 
Whittle estimator — a measure of the true underlying level of self-similarity. The 
slow decay variance for a self-similar time series can be plotted using a variance-time 
plot. This log-log plot can be generated by plotting the variance of X^ against m. 
RS statistic plots can be used to show that self-similar datasets grow according to a 
power law where the exponent H is the function of the number of points within each 
dataset. It should be noted that RS statistic plots arc normally used to monitor 
the self-similar nature of Web traffic for a single site, as opposed to simultaneous 
monitoring of multiple sites used in this adaptation of the honeybee information 
search strategies. 
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FYactal and multifractal tools have found a large number of applications in 
recent years. They are increasingly used in areas including astronomy, medical im- 
age/signal processing, telecommunications, finance, speech processing, etc... With 
the spread of fractal analysis in such diverse fields, it seems important that re- 
searchers and practitioners willing to make use of fractal tools dispose of a stable 
set of methods for computing, e.g., fractional dimensions or multifractal spectra. 
Such methods should be both thoroughly tested and up-to-date, so that they may 
serve as a benchmark to compare approaches and results. We present in this paper 
FracLab, an open and free software toolbox that has been developped to serve as 
such a benchmark. FracLab currently contains roughly 800 routines that can be 
tested and enhanced by the community, and may be used as a reference in various 
situations. A second aim of FracLab is related to a receut evolution in the use 
of fractal analysis: It has been realized that it is often beneficial to apply fractal 
tools to arbitrary (i.e. "non-fractal") signals. The best known example is fractal 
image compression based on IFS theory, as popularized in 1 : I FS- based compression 
allows to process any kind of images, without an assumption of "fractality". This 
is also the point of view adopted in FYacLab: FracLab performs fractal process- 
ing of signals, rather than processing of fractal signals. This approach should not 
be too surprising: Just as, e.g., gradient-based algorithms are often successfully 
applied for image segmentation even when there are no mathematical or physical 
reasons for the original signal to possess an ordinary derivative, a fractal analysis 
may yield new insights for “non-fractal" data. FracLab proposes to use fractal 
analysis in exactly the same way as other mathematical tools arc used in everyday 
signal processing: Under certain assumptions, one may always estimate a gradient 
from discrete data (for instance via a model). In the same way, FracLab computes 
fractional dimensions or multifractal spectra by making adequate assumptions (e.g. 
that the underlying continuous signal belongs to a parametric class). From a gen- 
eral point of view, fractal analysis with FYacLab will be of interest when some 
relevant information is carried in the irregular part of the observations. An ex- 
ample is radar imaging. Such data are difficult to process because of the presence 
of a specific noise, the speckle. However, speckle is not pure noise, but rather a 
genuine part of the signal, caused by the interferometric nature of radar images. 
Furthermore, speckle, which is the irregular part of the signal, contains information 
which is essential about the imaged region. This information is well analyzed with 
the help of fractal tools (see 3 for more information). 

We hope that FYacLab will help disseminate the use of fractal tools in the pro- 
cessing of irregular but arbitrary signals. This will allow to discover now situations 
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where fractal analysis yields an interesting alternative to classical signal processing. 

We now describe briefly the main functionalities of FracLab. FracLab may be 
approached from two points of view: 1- Computation of various fractal parameters 
and synthesis of fractal signals. 2-Sigual and linage processing. In order to make 
FracLab user friendly, a graphic interface is provided. 

Synthesis of fractal signals. Two types of signals can be generated : measures 
or functions. Measures are interesting when one needs to take into account the 
resolution in au explicit way. For both measures and signals, either deterministic 
or stochastic data may be generated. FracLab allows to synthesize a substan- 
tial subset of all classical fractal models described in the literature : 1D/2D frac- 
tional Brownian motions, multifractional Brownian motions, (generalized) Weier- 
s trass functions, L6vy motions, (wavelet based) 1/f process®, lacunary wavelet se- 
ries, 1D/2D random multiplicative measures, generalized Riesz products, ... 
Fractal and Multifractal Analysis. The most basic parameters that can be 
computed are of course fractional dimensions. In the current implementation of 
Fraclab, the box 2 and regularization dimensions are available. In many applications 
in signal processing, one is more interested in local characterizations of the data. 
Holder exponents are then more relevant. A specific set of tools allows to estimate 
both pointwise and local exponents using various methods. In addition, correlation 
exponents may be computed, as well as 2-microlocal exponents. Large demotion 
and Legendre Multifractal Spectra may be computer! through various estimations 
procedures. Finally, FracLab allows to test the Leiry-stabihty of a given process 
and to estimate the associated relevant parameters. 

We emphasize the fact that FracLab computes fractal exponents through a robust 
procedure capable of estimating inferior limits and not only plain limits. This is 
useful in many real-world applications, where the exponents are not well-defined. 
Signal and Image Processing. FracLab allows to perform segmentation of both 
signals and images. In the former case, a modelling based on a generalization of IFS, 
called weakly self affine functions, is used. Images are segmented into edges/regions 
of given regularity through multifractal analysis. It is also possible to regularize and 
denoise 1D/2D data using various methods based on Holder regularity analysis or 
multifractal analysis. Finally, one may interpolate 1D/2D data in a such a way that 
the evolution of various fractal features are controlled in the process. 

A few dozens of research groups are known to use FracLab at this time. 

FracLab may be downloaded freely at http://fractales.inria.fr or www.irccyn.ec- 
nantes.fr/hcbergement/FracLab/. More details on FracLab may be found in'* . 
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